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Order parameter - dxy pairing amplitude ∼ φ

Also consider in parallel another simpler, and 
previously understood case
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Ising theory for nematic ordering

Field theory for dSC to dSC+nematic transition
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Field theory for dSC to dSC+nematic transition
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Yukawa coupling is strongly relevant

RG analysis close to 3 dimensions 
yields runaway flow to strong coupling

Field theory for dSC to dSC+nematic transition
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Yukawa coupling is strongly relevant

RG analysis close to 3 dimensions 
yields a relativistically invariant fixed 

point with all velocities equal

Field theory for dSC to dSC+idxy transition
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Integrating out the fermions yields an effective 
action for the nematic order parameter

Expansion in number of fermion spin components Nf
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+ irrelevant terms

where Γ is a non-local and non-analytic functional of φ.

The theory has only 2 couplings constants: r and v∆/vF .
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Integrating out the fermions yields an effective 
action for the nematic order parameter

Expansion in number of fermion spin components Nf

Y. Huh and S. Sachdev, arXiv:0806.0002

Because the order parameter couples to a fermion current,
a constant φ can be gauged away, and the effective poten-
tial is unrenormalized

V (φ) =
r

2
φ2 +

u

4
φ4 + . . . (1)

The order parameter critical exponent γ = 1.



Renormalization group analysis
Couplings are local in the fermion action, 
so perform RG on fermion self energy

Y. Huh and S. Sachdev, arXiv:0806.0002

• The fermion self energy determines the wavefunc-
tion renormalization of the the fermions (ηf ) and the
renormalization of the velocities vF and v∆.

• The wavefunction renormalization of φ (ηb) is set by
the requirement that the Yukawa coupling φΨ†τxΨ
have unit magnitude.

• The non-renormalization of the effective potential
yields the correlation length exponent ν = 1/(2−ηf ).



The 1/Nf expansion has only one coupling constant
at criticality: v∆/vF .

The RG has the structure:

dynamic critical exponent : z = 1 +
1

Nf
F1(v∆/vF )

fermion anomalous dimension : ηf =
1

Nf
F2(v∆/vF )

RG flow equation :
d(v∆/vF )

d"
=

1
Nf

F3(v∆/vF )

where we have computed the functions F1,2,3(v∆/vF ).

Renormalization group analysis
Couplings are local in the fermion action, 
so perform RG on fermion self energy



Renormalization group analysis
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Renormalization group analysis

The RG flow is to v∆/vF → 0 with
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= − 8
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So v∆/vF has a minimum as a function of r at the quan-
tum critical point. More precise results are obtained by a
numerical integration of the RG equation.



Renormalization group analysis
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Renormalization group analysis

In the limit v∆/vF → 0, the effective action becomes
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Renormalization group analysis

In the limit v∆/vF → 0, the effective action becomes

Sφ ∼ N

v∆

[
terms that have at most a divergence

which is a power of ln(vF /v∆)
]

⇒ The theory is controlled by the expansion parameter
v∆/Nf , and so results are asymptotically exact even for
Nf = 2.
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Fermion spectral functions
φ fluctuations broaden the fermion spectral functions

except in a wedge near the nodal points
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Scanning tunneling microscopy of BSCCO
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Neutron Scattering-LSCO

Vignolle et al., Nature Phys. 07
Christensen et al., PRL 04
Hayden et al., Nature 04
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SC to SC+SDW quantum critical point

Phase diagram predicted 
by E. Demler, S. Sachdev, 
and Y. Zhang, Phys. Rev. 
Lett. 87, 067202 (2001).

http://arxiv.org/find/cond-mat/1/au:+Chang_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Chang_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Niedermayer_C/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Niedermayer_C/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Gilardi_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Gilardi_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Christensen_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Christensen_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ronnow_H/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ronnow_H/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+McMorrow_D/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+McMorrow_D/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ay_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ay_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Stahn_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Stahn_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Sobolev_O/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Sobolev_O/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Hiess_A/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Hiess_A/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Pailhes_S/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Pailhes_S/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Baines_C/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Baines_C/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Momono_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Momono_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Oda_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Oda_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ido_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ido_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Mesot_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Mesot_J/0/1/0/all/0/1


Si(r, τ) = Re
[
eiK1·r Φ1i(r, τ) + eiK2·r Φ2i(r, τ)

]
.

K1 =
(

2π

a

) (
1
2
− ϑ,

1
2

)
, K2 =

(
2π

a

) (
1
2
,
1
2
− ϑ

)
,

Brillouin zone

K1

K2
SDW order parameters



Tx Ty R I T
Φ1i −e−iϑΦ1i −Φ1i Φ2i Φ∗1i −Φ1i

Φ2i −Φ2i −e−iϑΦ2i Φ∗1i Φ∗2i −Φ2i

SDW field theory

LΦ = |∂τΦ1|2 + v2
1 |∂xΦ1|2 + v2

2 |∂yΦ1|2

+|∂τΦ2|2 + v2
2 |∂xΦ2|2 + v2

1 |∂yΦ2|2 + r(|Φ1|2 + |Φ2|2)

+
u1

2
(|Φ1|4 + |Φ2|4) +

u2

2
(|Φ2

1|2 + |Φ2
2|2)

+w1|Φ1|2|Φ2|2 + w2|Φ1 · Φ2|2 + w3|Φ∗
1 · Φ2|2

Most general theory invariant under spin rotation, square 
lattice space group, and time-reversal symmetries
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Stable fixed point in a 6-loop RG analysis:
w∗

1 = u∗1 − u∗2, w∗
2 = w∗

3 = u∗2, v∗1 = v∗2

M. De Prato, A. Pelissetto, and E.  Vicari 
Phys. Rev. B 74, 144507 (2006).

O(4)⊗O(3) invariant theory for ϕai, with a = 1 . . . 4 an O(4) index,
and i = 1 . . . 3 an O(3) index, and

Φ1i = ϕ1i + iϕ2i, Φ2i = ϕ3i + iϕ4i.

SDW field theory
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SDW field theory



Properties of O(4)⊗O(3) fixed point:

The following 9 order parameters have divergent fluctuations at
the spin-density wave ordering transition with the same exponent
γ:

• The real ‘nematic’ order parameter, φ ≡
∑

i

(
|Φ1i|2 − |Φ2i|2

)

which measures breaking of Z4 symmetry

• Charge density waves at 2K1 and 2K2:
∑

i Φ2
1i and

∑
i Φ2

2i

• Charge density waves at K1±K2:
∑

i Φ1iΦ2i and
∑

i Φ∗
1iΦ2i

At the quantum critical point, the susceptibilities of these orders
all diverge as χ ∼ T−γ , with

γ =
{

0.90(36) MZM, 6 loops
0.80(54) d = 3 MS, 5 loops

A. Pelissetto, S. Sachdev and E. Vicari, arXiv:0802.0199
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Outline

1.  Nematic order in YBCO
          Broken lattice symmetry but no spin order

2.  Theory of the onset of nematic order in a d-wave 
           superconductor

     Infinite anisotropy fixed point

3.  SDW order in LSCO
          Emergent O(4) symmetry

4.  Nodal quasiparticles at the O(4) critical point
          Unique selection of quasiparticle coupling to 

(composite) nematic order
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Wavevector mismatch suggests SDW order 
and nodal quasiparticles are decoupled

Coupling of quasiparticles to SDW order
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Coupling of quasiparticles to SDW order
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Possible higher order coupling ~ ΦΨ†ΨΦΨ†Ψ2



L1 = λ1

(
|Φ1|2 + |Φ2|2

) (
Ψ†

1τ
zΨ1 + Ψ†

2τ
zΨ2

)

L2 = λ2

(
|Φ1|2 − |Φ2|2

) (
Ψ†

1τ
xΨ1 + Ψ†

2τ
xΨ2

)

L3 = εijk

[

(
Φ∗

1jΦ1k + Φ∗
2jΦ2k

) (
−λ3Ψ†

2τ
xσiΨ2 + λ′

3Ψ
†
1τ

zσiΨ1

)

+
(
Φ∗

1jΦ1k − Φ∗
2jΦ2k

) (
λ3Ψ†

1τ
xσiΨ1 − λ′

3Ψ
†
2τ

zσiΨ2

)]
.

A. Pelissetto, S. Sachdev and E. Vicari, arXiv:0802.0199

Coupling of quasiparticles to SDW order

Higher - order couplings allowed by symmetry:

Energy-energy coupling
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Coupling of quasiparticles to SDW order

Higher - order couplings allowed by symmetry:

Nematic coupling
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Coupling of quasiparticles to SDW order

Higher - order couplings allowed by symmetry:

Spiral spin order coupling
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dim[λ1] =
1
ν
− 2 = −0.9(2)

dim[λ2] =
(γ − 1)

2
=

{
−0.05(18) MZM, 6 loops
−0.10(27) d = 3 MS, 5 loops

dim[λ3, λ
′
3] =

{
−0.84(8) MZM, 6 loops
−0.76(8) d = 3 MS, 5 loops

A. Pelissetto, S. Sachdev and E. Vicari, arXiv:0802.0199

Coupling of quasiparticles to SDW order

Scaling dimensions of these couplings:

http://arxiv.org/abs/0802.0199
http://arxiv.org/abs/0802.0199


A. Pelissetto, S. Sachdev and E. Vicari, arXiv:0802.0199

Coupling of quasiparticles to SDW order

Coupling of nematic order is nearly 
marginal:

Quantum-critical features appear 
in fermion spectrum via coupling to 
nematic fluctuations of spin density 

wave order.
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Conclusions
1. Theories for damping of nodal quasiparticles in 
cuprates

2. Nematic theory for has a fixed point with           = 0 
which is approached logarithmically.  The theory is 
expressed as an expansion in 

3. Exact results for a strongly interacting fixed point with 
large fermion anomalous dimensions - leads to “Fermi 
arc” spectra at low temperatures.

4. Nematic order also emerges naturally from theory of 
SDW ordering, as the most efficient source of 
quasiparticle damping.

The RG flow is to v∆/vF → 0 with

d(v∆/vF )
d!

= − 4
π2Nf
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(
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and a more precise result is obtained by numerically integrating
the RG equation.
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