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Solutions of IEM have metric and gauge field (F = dA)

ds2 = V (r)d⌧2 + r2d⌦2
d
+

dr2

V (r)
, A = iµ
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where d⌦2
d
is the metric of the d-sphere. All parameters of the solution are

determined in terms of the chemical potential µ (related to the charge Q), and

the Hawking temperature of horizon, TH (related to the mass M).
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SYK model Charged black holes
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A0 is the area of
the horizon at T = 0.
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SYK model Charged black holes
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A0 is the area of
the horizon at T = 0.

What is the origin of the low-T behavior?
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Reissner-Nordstrom black hole of 
Einstein-Maxwell theory

⇣

total
charge Q
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3+1
dimensional
spacetime
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
Is there a mapping to a quantum system with Planckian dynamics in 0+1 dimensions?



Charged black holes
In the T ! 0 limit, at fixed µ, we obtain a charged black hole
solution with radius r0(T ! 0, µ) = Rh. All properties of this
black hole can be expressed in terms of Rh
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• In the near-horizon region, we change co-ordinates from r to
⇣ so that
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Quantum path integral for charged black holes

S. Sachdev,   
Journal of Mathematical Physics 

60, 052303 (2019)
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is the metric ansatz, where ds22 is an arbitrary metric in the (⇣, ⌧) spacetime, and � is a
scalar field in the (⇣, ⌧) spacetime.
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h is the area of the horizon at T = 0, R2 is the intrinsic curvature of
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Saddle point of IJT yields the low T entropy, including the co-e�cient of the linear-T term.
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SYK model Charged black holes
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A0 is the area of
the horizon at T = 0.
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SYK model Charged black holes
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A0 is the area of
the horizon at T = 0.

Probe 
fermion
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Tom Faulkner, Hong Liu, John McGreevy, David Vegh (2009)
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SYK model Charged black holes

<latexit sha1_base64="2iL0prQnKULadsDd4fv3kipBF5I="></latexit>

A0 is the area of
the horizon at T = 0.

Probe 
fermion
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A. Sen (2008)
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Quantum path integral for charged black holes

Maldacena, Stanford, Yang
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Remarkably, the partition function of the 1 + 1 dimensional JT gravity theory can be evaluated exactly (here
we are ignoring the gauge field path integral, which is subdominant at fixed Q)

ZQ =

Z
DhD�1 exp (�IJT )

The action is linear in �1, and the integral over �1 yields a constraint R2 = �2/R3
h
i.e. the metric h is rigidly

AdS2. The only dynamical degree of freedom in JT gravity is the shape of the boundary, determined by a
time reparameterization ⌧ ! f(⌧). To ensure that the bulk metric obeys its boundary condition, we make
the spatial co-ordinate ⇣ a function of ⌧ , so we map (⌧, ⇣) ! (f(⌧), ⇣(⌧)). Then the metric obeys its boundary
condition provided ⇣(⌧) is related to f(⌧) by (here ⇣b is a small constant whose value cancels in the final result)
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Finally, we evaluate IGH along this boundary curve. In this manner we obtain the action
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where � = 32⇡3R3
h
/2 is precisely the linear-T co-e�cient in the black hole entropy.



Quantum path integral for charged black holes
<latexit sha1_base64="MExziOOFzm6rEwm2rVHEHqhwts8=">AAAGR3icdVRbb9xEFHbKbilboCk88nJEjLSrOpu9hHCRKiWAEA88tCVpKuJkNR6P7VHGM9Z4nI3l+PfwW3jgFcSv6BvisWdmnVW3BEurPTpzLt/5ziUqBC/NZPL31r33ev377z/4YPDww48+frT9+JOXpao0ZSdUCaVfRaRkgkt2YrgR7FWhGckjwU6jy+/t++kV0yVX8tjUBTvPSSp5wikxqFo87h2GUnEZM2lgcJQYpoEAVTJROicCclKAUZBwyQ0Dw/KCaWIqzWBIZAw8lUpzmYLJmPUymkeVDQwqcbqUVClDdyZiSERFTeXyjgJYogORsNQuMJoKtQQmmU5rKIjGUmyYpJL0Nh6B+ZPpbsxzJm05iC4ShF5CpgSDJTcZ0IxoTOeHOTEZJaJ53sJT </latexit>

After a conformal map to finite temperature (and ignoring the contribution of the gauge field
fluctuation), we can write the low energy partition function of a 3+1-dimensional black hole
with charge Q = 4⇡Rh/(gF ), as a path integral over a single field f(⌧) in one time dimension:

ZQ = exp
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Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧}

!

where � = 32⇡3R3
h/

2, A0 = 4⇡R2
h, and f(⌧) is a monotonic function of ⌧ obeying

f(⌧ + 1/T ) = f(⌧) + 1/T .

We divide by the (infinite) volume of the SL(2,R) group because

{f, ⌧} = {af + b

cf + d
, ⌧}

where a, b, c, d are constants with ad� bc = 1.
At the saddle point, f(⌧) = ⌧ , and this yields the linear-T term in the entropy.

Maldacena, Stanford, Yang
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SYK model Charged black holes
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A0 is the area of
the horizon at T = 0.

Probe 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SYK 
model



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The Sachdev-Ye-Kitaev (SYK) model
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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Conformal solution at µ = 0, G(⌧) ⇠ sgn(⌧)p
|⌧ |
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Complex SYK model
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A0 is the area of
the horizon at T = 0.

S.S. 2010, 2015
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path

integral
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S. Sachdev, PRX 5, 041025 (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;                               

K. Jensen, arXiv:1605.06098; J. Engelsoy, T.G. Mertens, and H. Verlinde, arXiv:1606.03438

<latexit sha1_base64="+4hBxtz/Q8ePVWT/vnETXoV8smQ="></latexit>

Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+Ns0�NSeff [f,�] ,

where E0 / N is the ground state energy.
Symmetry arguments, and explicit computations, show that the e↵ective action is
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where f(⌧) ⌘ ⌧ + ✏(⌧), the couplings K, �, and E can be related to thermodynamic
derivatives and we have used the Schwarzian:
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G-⌃
path
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Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
<latexit sha1_base64="zgaVWmiThfFkqaYYyzH/Niezp2c="></latexit><latexit sha1_base64="zgaVWmiThfFkqaYYyzH/Niezp2c="></latexit><latexit sha1_base64="zgaVWmiThfFkqaYYyzH/Niezp2c="></latexit><latexit sha1_base64="zgaVWmiThfFkqaYYyzH/Niezp2c="></latexit>

J. Maldacena and D. Stanford, arXiv:1604.07818; 

R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017); 


A. Gaikwad, L.K. Joshi, G. Mandal, and S.R. Wadia, arXiv:1802.07746



<latexit sha1_base64="E4Rdq6GbRDDdMserB8sE98OxNtE="></latexit>

S(T )

kB
=

1

~G

 
A0c3

4
+

p
⇡A3/2

0 c2

2

kBT

~

!

�3

2
ln

✓
⇤

T

◆
+ . . .

G(⌧) ⇠ e�2⇡ET⌧

✓
T

sin(⇡T ⌧)

◆2�

lim
T!0

1

kB

@S

@Q = 2⇡E

D(E) ⇠ exp

✓
A0c3

4~G

◆
sinh

 p
⇡A3/2

0

c3

~G
E

~c

�1/2!

SYK model Charged black holes

Probe 
fermion

<latexit sha1_base64="E4Rdq6GbRDDdMserB8sE98OxNtE="></latexit>

S(T )

kB
=

1

~G

 
A0c3

4
+

p
⇡A3/2

0 c2

2

kBT

~

!

�3

2
ln

✓
⇤

T

◆
+ . . .

G(⌧) ⇠ e�2⇡ET⌧

✓
T

sin(⇡T ⌧)

◆2�

lim
T!0

1

kB

@S

@Q = 2⇡E

D(E) ⇠ exp

✓
A0c3

4~G

◆
sinh

 p
⇡A3/2

0

c3

~G
E

~c

�1/2!

<latexit sha1_base64="pdIPCdiSGyLR8JuAypfJwYBaOYk="></latexit>

S(T )

kB
= N(s0 + � kBT )

�3

2
ln

✓
N1/3U

kBT

◆
+ . . .

G(⌧) ⇠ e�2⇡ET⌧

✓
T

sin(⇡T ⌧)

◆2�

lim
T!0

1

NkB

@S

@Q = 2⇡E

D(E) ⇠ exp(Ns0) sinh
⇣p

2N�E
⌘

<latexit sha1_base64="2iL0prQnKULadsDd4fv3kipBF5I="></latexit>

A0 is the area of
the horizon at T = 0.
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There is an extensive entropy as
T ! 0 (limT!0 limN!1 S/N 6= 0);
however, the ground state is not
extensively degenerate. Instead,
the energy level spacing is exponentially
small in N down to the ground state,
implying the absence of quasiparticles.
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Can we find a quantum simulation of a black hole whose D(E) matches the

Bekenstein-Hawking entropy? Yes, for charged black holes:

• For generic black holes in 3+1 dimensions, the SYK model yields:

D(E) ⇠ exp

✓
A0c3

4~G

◆
sinh

0

@
"p

⇡A3/2
0 c2

~2G E

#1/2
1

A

where A0 is the horizon area at T = 0. There is

no degeneracy, but an exponentially small level

spacing down to the ground state.

In more recent work, the SYK quantum simulation

has also consistently described the evolution of the

entropy for a black hole past the Page time.
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• With su�cient low energy
supersymmetry, string
theory yields:

D(E) = exp

✓
Ac3

4~G

◆
�(E)

+ ✓(E ��)f(E ��) + ...

There are exponentially many
degenerate BPS ground states,
and an energy gap � above
the ground state.
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In more recent work, the SYK quantum simulation

has also consistently described the evolution of the

entropy for a black hole past the Page time.M. Heydeman, L. V. Iliesiu, G. J. Turiaci, and W. Zhao, 2022
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FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018 MATBG: Jaoui et al. 2021
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Linear-in temperature resistivity from an 
isotropic Planckian scattering rate

Gaël Grissonnanche1,2,3, Yawen Fang2, Anaëlle Legros1,4, Simon Verret1, Francis Laliberté1, 
Clément Collignon1, Jianshi Zhou5, David Graf6, Paul A. Goddard7, Louis Taillefer1,8 ✉ & 
B. J. Ramshaw2,8 ✉

A variety of ‘strange metals’ exhibit resistivity that decreases linearly with 
temperature as the temperature decreases to zero1–3, in contrast to conventional 
metals where resistivity decreases quadratically with temperature. This 
linear-in-temperature resistivity has been attributed to charge carriers scattering at a 
rate given by ħ/τ = αkBT, where α is a constant of order unity, ħ is the Planck constant 
and kB is the Boltzmann constant. This simple relationship between the scattering rate 
and temperature is observed across a wide variety of materials, suggesting a 
fundamental upper limit on scattering—the ‘Planckian limit’4,5—but little is known 
about the underlying origins of this limit. Here we report a measurement of the 
angle-dependent magnetoresistance of La1.6−xNd0.4SrxCuO4—a hole-doped cuprate 
that shows linear-in-temperature resistivity down to the lowest measured 
temperatures6. The angle-dependent magnetoresistance shows a well de#ned Fermi 
surface that agrees quantitatively with angle-resolved photoemission spectroscopy 
measurements7 and reveals a linear-in-temperature scattering rate that saturates at 
the Planckian limit, namely α = 1.2 ± 0.4. Remarkably, we #nd that this Planckian 
scattering rate is isotropic, that is, it is independent of direction, in contrast to 
expectations from ‘hotspot’ models8,9. Our #ndings suggest that 
linear-in-temperature resistivity in strange metals emerges from a 
momentum-independent inelastic scattering rate that reaches the Planckian limit.

Immediately following the discovery of high-temperature supercon-
ductivity in the cuprates, it was noted that their normal-state resistiv-
ity is linear over a broad temperature range10. Linear-in temperature 
(T-linear) resistivity extending to low temperatures indicates a strongly 
correlated metallic state, and it was recognized early on that under-
standing T-linear resistivity may be the key to unravelling the mystery 
of high-temperature superconductivity itself11. Since then, T-linear 
resistivity has become a widespread phenomenon in strongly corre-
lated metals, occurring in systems as diverse as organic and iron-based 
superconductors3 and magic-angle twisted bilayer graphene12. The fact 
that T-linear resistivity is often found in proximity to unconventional 
superconductivity is highly suggestive of a common underlying origin, 
but T-linear resistivity at low temperatures lies outside the standard 
Fermi-liquid description of metals and thus remains a central unsolved 
problem in quantum materials research.

The difficulty in developing a controlled, microscopic theory 
of T-linear resistivity has led to the creation of new theoretical 
approaches that draw on techniques developed for the study of 
quantum gravity, including holography and the Sachdev–Ye–Kitaev 
model13–17. Although these theories are not microscopically moti-
vated, they explicitly account for strong quasiparticle interactions 
in a controlled way and suggest that T-linear resistivity might emerge 

as a universal principle—independent of microscopic details. The 
transport scattering rate 1/τ in these models obeys the so-called  
Planckian limit:

ħ
τ

αk T= , (1)B

where kB and ħ are the Boltzmann and Planck constants, respectively, 
and α is a constant of order unity. Simple estimates of α, based on the 
Drude model, from a wide variety of metals with T-linear resistivity 
are consistent with Planckian-limit scattering4,5,18. The Planckian limit 
even applies to conventional metals such as gold and copper, where 
T-linear resistivity at high temperatures is caused by electron–phonon 
scattering. Phonons, however, cannot explain T-linear resistivity in 
the T → 0 limit, suggesting that the Planckian limit is independent of 
microscopic origin. Estimates based on the Drude model provide no 
information about how the scattering rate varies in momentum space. 
Angle-resolved photoemission spectroscopy (ARPES) does provide the 
momentum dependence19, but only for the single-particle scattering 
rate and not for the transport scattering rate that determines the resis-
tivity. What has been missing is a full momentum-space description of 
the transport scattering rate.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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Fig. 2 | ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24.  
a, Left: the ADMR of Nd-LSCO at p = 0.24 as a function of θ for four different 
temperatures, T = 25 K, T = 20 K, T = 12 K and 6 K, and at B = 45 T. The grey area 
near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.

Nature 595, 667-672 (2021)
Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
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Properties of a strange metal:
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and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.
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However, this model has resistivity ⇢(T ) = 0.

This is because of momentum conservation: the black brane also ‘slides’ in response

to an external electric field. This non-Fermi liquid is not a strange metal.
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T/ω0

∼ g2

Free fermions

1

1/10
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Quantum critical:
SYK-NFL

Impurity-like NFL
Quantum critical:

∼ g−2

g

FIG. 1. Schematic phase diagram of the SYK model for electron-
boson coupling as function of the dimensionless coupling constant
g = ḡ/ω3/2

0 , where ω0 is the bare phonon frequency. At lowest T the
normal state would be a non-Fermi-liquid state with anomalous ex-
ponents, similar to other SYK models. For g < 1 superconductivity
sets in at Tc/ω0 ∝ g2, comparable to the temperature where quantum-
critical SYK-NFL sets in. Thus, pairing occurs instead of the low-
T quantum critical state. At strong coupling a new intermediate-
temperature regime opens up that is characterized by fully incoherent
fermions. Coherent pairing of such incoherent fermions is still pos-
sible with finite transition temperature Tc → 0.112ω0.

or magnetic fluctuations; see also the summary section of this
paper. In this more general reasoning we see the justifica-
tion of our statements as they pertain to the aforementioned
materials.

II. MODEL

We start from the following Hamiltonian:

H = −
N∑

i=1

∑

σ=±
µc†

iσ ciσ + 1
2

M∑

k=1

(
π2

k + ω2
0φ

2
k

)

+
√

2
N

N∑

i j,σ

M∑

k

gi j,kc†
iσ c jσ φk, (5)

with fermionic operators ciσ and c†
iσ that obey [ciσ , c†

jσ ′ ]+ =
δi jδσσ ′ and [ciσ , c jσ ]+ = 0 with spin σ = ±1. In addition, we
have phonons, i.e., scalar bosonic degrees of freedom φk with
canonical momentum πk , such that [φk,πk′ ]− = iδkk′ . Here,
i, j = 1 . . . N refer to fermionic modes and k = 1 . . . M to the
phonon field. Below we consider the limit N = M → ∞. We
briefly comment on the behavior for arbitrary M/N in Ap-
pendix C. For simplicity, we assume particle-hole symmetry
which yields µ = 0 for the chemical potential. Notice, the
coupling to phonons usually shifts the particle-hole symmetric
point to a nonzero value of µ. This is a consequence of the
Hartree diagram. However, this contribution vanishes in the
N → ∞ limit.

The electron-phonon coupling constants gi j,k are real,
Gaussian-distributed random variables that obey

gi j,k = g ji,k . (6)

The distribution function has zero mean and a second moment
|gi j,k|2 = ḡ2. The unit of ḡ is energy3/2. Thus, even for µ = 0,
the model has two energy scales, the bare phonon frequency
ω0 and ḡ2/3. For convenience we measure all energies and
temperatures in units of ω0 and use the dimensionless cou-
pling constant g2 = ḡ2/ω3

0. Whenever it seems useful, we will
reintroduce ω0 in the final results.

We perform the disorder average using the replica trick
[73]. Since gi j,k only occurs in the random part of the inter-
action we are interested in the following average:

e−Srdm = e−
∑

i jk gi jkOi jk , (7)

where Oi jk =
√

2
N

∑
σa

∫ β

0 dτ c†
iσa(τ )c jσa(τ )φka(τ ). Here, a =

1, . . . , n stands for the replica index and the overbar denotes
disorder averages, while τ stands for the imaginary time in
the Matsubara formalism with β = (kBT )−1 the inverse tem-
perature. The gi j,k are for given k chosen from the Gaussian
orthogonal ensemble (GOE) of random matrices [74]. We
obtain for the disorder average

e−
∑

i jk gi jkOi jk |GOE = eḡ2 ∑
i jk (O†

i jk+Oi jk )2
. (8)

There is an important distinction between the models with
and without time-reversal symmetry for individual disorder
configurations. If we allow for complex coupling constants
with gi j,k = g∗

ji,k , then, for given k, gi j,k would be chosen
from the Gaussian unitary ensemble (GUE). Performing the
disorder average for the case of the unitary ensemble yields

e−
∑

i jk gi jkOi jk |GUE = e2ḡ2 ∑
i jk O†

i jkOi jk . (9)

As can be seen from the distinct behavior of the disorder
averages in Eqs. (9) and (8), the orthogonal ensemble with
time-reversal symmetry contains, in addition to terms like
O†

i jkOi jk , that also occur in the unitary ensemble, the anoma-

lous terms O†
i jkO†

i jk and Oi jkOi jk . The anomalous terms can
be analyzed at large N by introducing anomalous propagators
and self-energies. These terms give rise to superconductivity
(see Appendix A).

The subsequent derivation of the self-consistency equa-
tions of the model in the large-N limit proceeds along the lines
of other SYK models [36,39–43,55,56]. Assuming replica
diagonal solutions, we obtain a coupled set of equations for
the fermionic and bosonic self-energies and Green’s func-
tions. This derivation is summarized in Appendix A. The
most straightforward formulation can be performed using
the Nambu spinors ci = (ci↑, c†

i↓) in the singlet channel.
Then, we obtain the coupled set of equations for the self-
energies:

(̂(τ ) = ḡ2τ3Ĝ(τ )τ3D(τ ), (10)

)(τ ) = −ḡ2tr(τ3Ĝ(τ )τ3Ĝ(τ )), (11)

with D−1(νn) = ν2
n + ω2

0 − )(νn) and the fermionic Dyson
equation in Nambu space Ĝ(εn)−1 = iεnτ0 + µτ3 − (̂(εn),
where τα are the 2 × 2 Pauli matrices in Nambu space.
Here, εn = (2n + 1)πT and νn = 2nπT are fermionic and
bosonic Matsubara frequencies, respectively. These relations
correspond to the Eliashberg equations of electron-phonon
superconductivity, however, with the inclusion of the fully
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See also Yuxuan Wang, PRL 124, 017002 (2020)
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a critical boson
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• Nematic order

• Ferromagnetic order

• Transverse component
of abelian or
non-abelian gauge field

• Antiferromagnetic order...
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Fermi surface coupled to a critical boson
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Yields a state without quasiparticle excitations, but the theory is not systematic at large N

Sung-Sik Lee (2009)
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“Yukawa” coupling: g

Z
d2rd⌧  †(r, ⌧) (r, ⌧)�(r, ⌧)

P.A. Lee (1989)

(a)

(b)

(a)

(b)
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Boson self energy ⇧(q, i⌦) ⇠ �g2
|⌦|
q

(Landau damping)

Boson Green’s function D(q, i⌦) =
1

q2 + �|⌦|/q

Fermion self energy ⌃(k̂, i!) ⇠ �isgn(!)|!|2/3

Fermion Green’s function G(k, i!) =
1

i! ⌥ kx � k2y � ⌃(k̂, i!)



Fermi surface coupled to a critical boson
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2
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Main idea:
Introduce N flavors of fermions and bosons, and examine
an ensemble of theories with di↵erent Yukawa couplings.
In the large N limit, every member of the ensemble is
expected to have the same critical properties, and so it is
easier to study the average theory.

Ilya Esterlis, J. Schmalian, PRB 100, 115132 (2019) 
Yuxuan Wang and A. V. Chubukov, PRR 2, 033084 (2020) 

E. E. Aldape, T. Cookmeyer,  A. A. Patel, and E. Altman, arXiv:2012.00763  
Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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The theory self-averages, and the average partition function can be written exactly
as a ‘G-⌃’ theory involving a path integral over bilocal in spacetime. We introduce
the spacetime co-ordinate X ⌘ (⌧, x, y), and all Green’s functions and self energies
in the path integral are functions of two spacetime co-ordinates X1 and X2.

Z =

Z
DG(X1, X2)D⌃(X1, X2)DD(X1, X2)D⇧(X1, X2) exp [�NI(G,⌃, D,⇧)] .

The G-⌃-D-⇧ action is now

I(G,⌃, D,⇧) =
g2

2
Tr (G · [GD])� Tr(G · ⌃) + 1

2
Tr(D ·⇧)

� ln det [(@⌧1 + "(�ir1)) �(X1 �X2) + ⌃(X1, X2)]

+
1

2
ln det

⇥�
�@2

⌧1 �r2
1 + s

�
�(X1 �X2)�⇧(X1, X2)

⇤
.

where we have introduced notation

Tr (f · g) ⌘
Z

dX1dX2 f(X2, X1)g(X1, X2) .
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G-⌃-D-⇧ Theory



Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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The saddle point equations are

⌃(r, ⌧) = g2�D(r, ⌧)G(r, ⌧),

⇧(r, ⌧) = �g2G(�r,�⌧)G(r, ⌧),

G(k, i!n) =
1

i!n � "(k)� ⌃(k, i!n)
,

D(q, i⌦m) =
1

⌦2
m + q2 + s�⇧(q, i⌦m)

.
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G-⌃-D-⇧ Theory
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Exact Solution at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
�1

"(k) + ⌃(k̂, i!)

where the co-e�cient is known exactly in terms of the Fermi velocity and
Fermi surface curvature at the Fermi surface point along the direction k̂.



Fermi surface coupled to a critical boson

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..
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Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,
P. A. Lee, PRB 50, 17917 (1994)
examined these graphs and concluded that
the d.c. resistivity ⇢(T ) ⇠ T 4/3

and �(! � T ) ⇠ !�2/3.
These results do not account for
conservation of total momentum i.e. ‘boson drag’.



Fermi surface coupled to a critical boson
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)

S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (2014) 

A. Eberlein, I. Mandal, and S. S. PRB 94, 045133 (2016)
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Conservation of momentum implies
the d.c. conductivity is infinite

Re�(!) = D�(!) + . . .



Fermi surface coupled to a critical boson
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“Yukawa” coupling:
gij`
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i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..

<latexit sha1_base64="TBwURNC5jZyXdS2mo2qPSw5wLe0="></latexit>

Conservation of momentum implies
the d.c. conductivity is infinite

Re�(!) = D�(!) + . . .

Zhengyan Darius Shi, Hart Goldman, Dominic V. Else, T. Senthil arXiv:2204.07585

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)

S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (2014) 

A. Eberlein, I. Mandal, and S. S. PRB 94, 045133 (2016)
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Fermi surface coupled to a critical boson with spatial disorder
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

Random potential: +
1p
N

Z
d2rd⌧ vij(r) 

†
i (r, ⌧) j(r, ⌧)

Random interactions: +
1

N

Z
d2rd⌧ g0ijl(r) 

†
i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , g⇤ijlgabc = g2 �ia�jb�lc , vij(r) = 0 , v⇤ij(r)vlm(r0) = v2 �(r � r0)�il�jm

g0ijl(r) = 0 , g0⇤ijl(r)g
0
abc(r

0) = g0
2
�(r � r0)�ia�jb�lc

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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“Yukawa” coupling:
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Boson self energy: ⇧ ⇠ �g2

v2
|⌦|, D(q, i⌦) =

1

q2 + �|⌦|
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Fermion self energy: ⌃(i!) ⇠ �iv2sgn(!)� i
g2

v2
! ln(1/|!|)

Marginal Fermi liquid self energy and T log T specific heat
Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990

(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..

(a) (b) (c)

(e)(d)

Conductivity:



Fermi surface coupled to a critical boson with spatial disorder
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Boson self energy: ⇧ ⇠ �g2

v2
|⌦|, D(q, i⌦) =

1

q2 + �|⌦|
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Fermion self energy: ⌃(i!) ⇠ �iv2sgn(!)� i
g2

v2
! ln(1/|!|)
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The g2 log term does not contribute to transport
Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990



Fermi surface coupled to a critical boson with spatial disorder
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With g and v non-zero, we obtain a non-zero residual resistivity
and Fermi liquid like corrections

⇢(T ) = ⇢(0) +AT 2 + . . ..
with 1/⇢(0) ⇠ 1/⌧trans ⇠ v2.
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The g2 log term does not contribute to transport
but the g02 log term does!
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Conductivity: �(!) ⇠ [1/⌧trans(!)� i!m⇤(!)/m]�1

1

⌧trans(!)
⇠ v2 + g02|!| ;

m⇤(!)

m
⇠ 2g02

⇡
ln(⇤/!)

Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02.
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Non-Fermi liquid with T 2/3 specific heat,
but conductivity �(!) ⇠ �(!)
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MFL self-energy, T ln(1/T ) specific heat,
but T -independent ‘residual’ resistivity,

and negligible optical conductivity
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MFL self-energy, T ln(1/T ) specific heat,
linear-T resistivity and

1/[! � i(2!/⇡) ln(⇤/!)] optical conductivity
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• SYK: a solvable model without particle-like excita-
tions, exhibiting thermalization and many-body chaos
in a time of order ~/(kBT ), independent of micro-
scopic energy scales.

• Low energy theory of time reparameterizations is the
theory of the boundary graviton in 1+1 dimensional
quantum gravity on AdS2.

• The semiclassical entropy of Einstein gravity is re-
produced by a unitary quantum system with a dis-
crete spectrum. Further work along these lines has
led to progress on the Page curve describing the time
evolution of the entropy of an evaporating black hole.

• Linear-T resistivity arises from spatially random
interactions in a two-dimensional quantum-critical
metal.
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