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Ordinary quantum matter: the Fermi liquid (FL)

Fermi
surface

e Fermi surface separates empty
and occupied states in mo-
mentum space.

e Area enclosed by Fermi
surface = total density of
electrons (mod 2)

e Density of electrons can
be continuously varied at
zero temperature.

e Long-lived electron-like quasi-
particle excitations near
the Fermi surface: lifetime
of quasiparticles ~ 1/7T7.
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A fermionic “dimer” describing a

“bonding” orbital between two sites

2
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co-existing
with
“topological
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Density of fermionic dimers = p;
density of holes relative to filled band = |+ p

M. Punk, A.Allais, and S.S., arXiv:1501.00978, PNAS to appear
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Fermi liquid (FL)

Topological
argument for
the area of
Fermi surface

Put metal on a torus, adiabatically insert flux & = h/e
through hole, and measure change in momentum. In a
FL, we can assume the only low energy excitations are
quasiparticles near the Fermi surface, and this leads to
a non-perturbative proof of the Luttinger relation on the
area enclosed by the Fermi surface.

M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000)



Fractionalized Fermi liquid (FL*)

Topological
argument for
the area of
Fermi surface

Violations of the Luttinger relation are possib.

a fractionalizec

e 1n

| Fermi liquid (FL*) because t.

are “topologica.

1€ere

” low energy excitations associated

with a flux of the emergent gauge field in the hole

of the torus.

T. Senthil, M. Vojta,

and S. Sachdev, Phys. Rev. B 69,0351 1| (2004)



Quantum dimer model with
bosonic and fermionic dimers
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ty = (t—1t')/2

( \_) ty = —(t+t' +t")/4

M. Punk, A.Allais, and S.S., arXiv:1501.00978, PNAS to appear



Quantum dimer model with
bosonic and fermionic dimers

Dispersion and quasiparticle residue of a single fermionic dimer for J =V =1,
and hopping parameters obtained from the ¢-J model for the cuprates,
t1 = —1.05, t5 = 1.95 and t3 = —0.6, on a 8 x &8 lattice.

M. Punk, A. Allais, and S. Sachdeyv, arXiv:1501.00978



M. Punk,A.AIIais, and S. S., Y. Qi and S. Sachdev,
arXiv:1501.00978, PNAS to appear Phys. Rev. B 81, 115129 (2010)

“Back side” of Fermi surface is suppressed for observables
which change electron number in the square lattice
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M. Platé, J. D. F. Mottershead, I. S. Elfimov, D. C. Peets, Ruixing Liang, D. A. Bonn, W. N. Hardy,
S. Chiuzbaian, M. Falub, M. Shi, L. Patthey, and A. Damascelli, Phys. Rev. Lett. 95, 077001 (2005)
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Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)
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Electrical and optical evidence for Fermi
surface of long-lived quasiparticles of density p

Evolution of the Hall Coefficient and the Peculiar Electronic Structure
of the Cuprate Superconductors

Yoichi Ando,* Y. Kurita,” Seiki Komiya, S. Ono, and Kouji Segawa
PRL 92, 197001 (2004)

O I (5) I -] T-independent Hall

E o0 veeseol effect in a magnetic
O ®opece-0-0 ¢ *° .

5 field of fermions of
=T YBa,Cu,Oy ,, charge +e and
) B S density p

0 100 200 300
Temperature (K)



Electrical and optical evidence for Fermi
surface of long-lived quasiparticles of density p

Spectroscopic evidence for Fermi liquid-like energy
and temperature dependence of the relaxation
rate in the pseudogap phase of the cuprates

Seyed Iman Mirzaei®, Damien Stricker?, Jason N. Hancock®® Chrlstophe Berthod"" Antoine Georges
Erik van Heumen®¢, Mun K. Chan', Xudong Zhao™?9, Yuan Li", Martin Greven’, Neven Barisi¢"
and Dirk van der Marel®’ PNAS 110,5774 (20 | 3)

500 |

1

400

M (o) (meV)
w
3

£ (10* meV?)

Fig. 6. Collapse of the frequency and temperature dependence of the re-
laxation rate of underdoped cuprate materlals Normal state M(w, T) as a
function of & = (hw)? + (prksT)?



Electrical and optical evidence for Fermi
surface of long-lived quasiparticles of density p

In-Plane Magnetoresistance Obeys Kohler’s Rule in the Pseudogap Phase
of Cuprate Superconductors

M. K. Chan,”” M.J. Veit,' C.J. Dorow,"" Y. Ge,' Y. Li,’ W. Tabis,"” Y. Tang,' X. Zhao,"”
N. Bariéié,l"t’s’jE and M. Greven'*

PRL 113, 177005 (2014)

We report in-plane resistivity (p) and transverse magnetoresistance (MR) measurements for underdoped
HgBa,CuO,. s (Hgl201). Contrary to the long-standing view that Kohler’s rule 1s strongly violated in
underdoped cuprates, we find that it is 1n fact satistied in the pseudogap phase of Hg1201. The transverse MR
shows a quadratic field dependence, p/py, = aH?, with a(T) « T~*. In combination with the observed
p « T? dependence, this is consistent with a single Fermi-liquid quasiparticle scattering rate. We show that
this behavior 1s typically masked in cuprates with lower structural symmetry or strong disorder effects.

1

Pow ~ —(1 +aH*T 4+ ...)
.

1
with — ~ T?
T
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Can we have a metal with no broken translational
symmetry, and with long-lived electron-like
quasiparticles on a Fermi surface of size p !

/ Answer: Yes. \

There can be a Fermi surface of size p,
but it must be accompanied by
topological order, in a
“fractionalized Fermi liquid”.

At T=0, such a metal must be separated from
a Fermi liquid (with a Fermi surface of size

\ 1+p) by a quantum phase transition /




Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)
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AF

A new metal —
a fractionalized
Fermi liquid (FL*)
— with electron-
like quasiparticles
on a Fermi surface
of size p ?




Y. Kohsaka et al., SCIENCE 315, 1380 (2007)

Density wave (DW)
order at low T and p
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M. A. Metlitski and S. Sachdev, PRB 82, 075128 (2010). S. Sachdev R. La Placa, PRL 111, 027202 (2013).
K. Fujita, M. H Hamidian, S. D. Edkins, Chung Koo Kim, Y. Kohsaka, M. Azuma, M. Takano, H. Takagi,
H. Eisaki, S. Uchida, A. Allais, M. J. Lawler, E.-A. Kim, S. Sachdev, and J. C. Davis, PNAS 111, E3026 (2014)
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Fermi surface of

a fractionalized
Fermi liquid (FL*)
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Y. Qi and S. Sachdev, Phys. Rev. B 81, 115129 (2010)



[ N

Density wave
instability of
FL* leads to the
observed
wavevector

and form-factor
—

D. Chowdhury and S. Sachdev, Physical Review B 90, 245136 (2014).
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An infinite-range model of a
strange metal

S.Sachdev and ].Ye, Phys. Rev. Lett. 70, 3339 (1993)
A. Kitaev, unpublished
S.Sachdey, arXiv:1506.051 | |
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determines £ as a function of O

MICTOSCOPIC Z€r0 temperature O. Parcollet,A. Georges, G. Kotliar, and A. Sengupta
entropy density, S, obeys Phys. Rev. B 58,3794 (1998)

8_5 — O E A. Georges, O. Parcollet, and S. Sachdev
50 " Phys. Rev. B 63, 134406 (2001)
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A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers
Phys. Rev. D 60,064018 (1999)
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Phys. Rev. D 83, 125002 (201 1)
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‘Equation of state’ relating &£
and O depends upon the geometry
of spacetime far from the AdS,

Black hole thermodynamics
(classical GR) yields
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A.Sen, arXiv:hep-th/0506177; S. Sachdeyv, arXiv:1506.051 |
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i7j7k7€:]-
ol P
Horizon area Aj,; Boundary
AdSQ X Rd area Ab§
2 2 2 2 —9 Charge
e diS)/c” t dd density Q

Jle 1%, 14 Gauge field: A = (£/()dt

@14
®]2

S|

0§ X (o)

1

L= @FO&Daw + mgw

Local fermion density of states Local fermion density of states
w2 , w >0 (w) w172 , w >0
p(w) ~ e=27€ || ~1/2, W < 0. P e=27E || ~1/2 < 0,

‘Equation of state’ relating &£
and O depends upon the geometry
of spacetime far from the AdS,

Known ‘equation of state’
determines £ as a function of O

Microscopic zero temperatuf Combination: yack hole thermodynamics
entropy density, S, obeys (classical GR) yields

1 0A
Ay, 09

— 87TGN5

S.Sachdey, arXiv:1506.0511 |
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Quantum criticality of Ising-nematic ordering in a metal
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Occupied states

Cl
&

j \ Empty states

A metal with a Fermi surface
with full square lattice symmetry
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Quantum criticality of Ising-nematic ordering in a metal
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Ising-nematic order parameter

O ~ /d2k (cos ky — cos k) CLJCka

Measures spontaneous breaking of square lattice
point-group symmetry of underlying Hamiltonian




Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal

p

ah
(o

> X

Spontaneous elongation along y direction:
Ising order parameter ¢ < O.
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Pomeranchuk instability as a function of coupling A
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Quantum criticality of Ising-nematic ordering in a metal

A ‘. Strange .7

/

\
s Metal ’

0 Strongly-coupled
“non-Fermi liquid”
metal with no
quasiparticles

Phase diagram as a function of 1" and A
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The Fermi liquid: RG
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e Expand fermion kinetic energy at wavevectors about EO, by

writing fa(lg() + q) = Va(q)



The Fermi liquid: RG

v2
_ gt
L=f! (5’7 5 u) fo ’
+Uﬂﬁhh

e Expand fermion kinetic energy at wavevectors about EO, by

writing fa(lg() + q) = Va(q)

Llba] = 0!, (0- — 10z — 02) Yo + utblblhgtba
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The Fermi liquid: RG

The kinetic energy is invariant under the rescaling x — z/s,

1/2

y —y/s/*, and T — 7/s%, provided z = 1 and

w BN w S(d+1>/4.



The Fermi liquid: RG

The kinetic energy is invariant under the rescaling x — z/s,
y — y/s'/2 and 7 — 7/s%, provided z = 1 and

v — st/
Then we find v — us!=#/2 and so we have the RG flow

du (l—d)u

de 9

Interactions are irrelevant in d = 2 !



The Fermi liquid: RG

The fermion Green’s function to order u? has the form (upto logs)

A

W — Gz — q; +icw?

G(qw) =

So the quasiparticle pole is sharp.



The Fermi liquid: RG

Sl — / 41y d dr [w;; (07 — 10y — 02) o + uthlPlapgia

The fermion Green’s function to order u? has the form (upto logs)

A

W — Gz — q; +icw?

G(qw) =

So the quasiparticle pole is sharp. And fermion momentum distribution
function n(k) = <f;(12)fa(/%’)> had the following form:

A

n(k)

—_
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e Fermi wavevector obeys the Luttinger relation k% ~ Q, the
fermion density



The Fermi liquid

Occupied states

+ 4 Fermi terms
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£ ff (aT v u>f
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Empty states

e Fermi wavevector obeys the Luttinger relation k% ~ Q, the
fermion density

e Sharp particle and hole of excitations near the Fermi surface
with energy w ~ |¢q|?, with dynamic exponent z = 1.



The Fermi liquid

£ f (aT v u>f

\K~
2m
+ 4 Fermi terms

Empty states

Occupied states

e Fermi wavevector obeys the Luttinger relation k% ~ Q, the
fermion density

e Sharp particle and hole of excitations near the Fermi surface
with energy w ~ |¢q|?, with dynamic exponent z = 1.

e The phase space density of fermions is effectively one-dimensional,
so the entropy density S ~ T'. It is useful to write thisis as .S ~
T(4=9)/2 with violation of hyperscaling exponent 6 = d — 1.
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Effective action for Ising order parameter
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Quantum criticality of Ising-nematic ordering in a metal

Effective action for Ising order parameter

Sy = / d°rdr [(0:0)* + (Ve)® + (A — Ae)o” + ug”|

Effective action for electrons:

Ny |
A
S, — / eSS e — St e
a=1 1

1<]

1y
LJ Zf:Z:/chLa (07 + £k ) Cka

a=1 k



Quantum criticality of Ising-nematic ordering in a metal

Coupling between Ising order and electrons

Ny
Spe =—9¢ / dT L L ¢q (cos k, — cos ky)cir{+q/2,ack—q/2,a

a=1 k,q

for spatially dependent ¢

A A

am 4
N up

(¢) > 0 (@) <0




Quantum criticality of Ising-nematic ordering in a metal

Sy = / d°rdr [(0:0)° + 2 (VP)* + (X — Ae)p” + ug”|

Ny
S, = Z Z/chLa (0r + €K) Cka

a=1 k

Ny
Spe = —¢ / dr Z Z ¢q (cos k, — cos ky)c;f{Jrq/z,ack_q/Q,a

a=1k,q



Quantum criticality of Ising-nematic ordering in a metal

e ¢ fluctuation at wavevector ¢ couples most efficiently to fermions
near ::]{70.




Quantum criticality of Ising-nematic ordering in a metal

e ¢ fluctuation at wavevector ¢ couples most efficiently to fermions
near ::]{70.

e Eixpand fermion kinetic energy at wavevectors about ::EO and
boson (¢) kinetic energy about ¢ = 0.



Quantum criticality of Ising-nematic ordering in a metal
o

f Y
o
Lls, ¢] =

1
=0 (Whos +9le- ) + 5 5 (0y0)

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)




Quantum criticality of Ising-nematic ordering in a metal

V(0 —i0y — 02) ¥y + T (0- +10, — 0) 1

1
292 (ay¢)2

o (vlvy +uly )

One loop ¢ self-energy with N fermion flavors:

) N /d%dﬂ !
y W — 1 .
o\ q Pl ar2 or —i(Q+w) +ky +qu + (ky + )7 [—zQ — Ky + kgﬂ

Ny |w
4 |qy] Landau-damping




Quantum criticality of Ising-nematic ordering in a metal

V(0 —i0y — 02) ¥y + T (0- +10, — 0) 1

1
292 (ay¢)2

o (vlvs +viy )

Electron self-energy at order 1/Ny:

S(k,Q) = _L/CFCI e !
’ Ny ) 472 2w qz ]
2

—i(w+ Q) + ke + qe + (ky + qy)?)

2 g 4 2/3
= —i\/ng (E) sgn(2)[Q]%/



Quantum criticality of Ising-nematic ordering in a metal

V(0 —i0y — 02) ¥y + T (0- +10, — 0) 1

1
292 (ay¢)2

o (vlvs +viy )

Electron self-energy at order 1/Ny:

- 1 d?q dw 1
(k.6 = _F/W o 2 '
f Qy W

—i(w+ Q) + ke + qe + (ky + qy)?)

I
9% eyl

o )\ 2/3
— —@\/ng (%) sgn(Q)|Q*/? [N Q]9/3 in dimension d]




Quantum criticality of Ising-nematic ordering in a metal

(0- — 0y — 02) by + 1 (0- + 10, — 02) ¥_

1

6L0-) + 52 0y0)
; L/Ny 7 ) = :
PG =" + S0 = o i@l 3/N,

In the boson case, g5 ~ wl/? with z, = 3/2.
In the fermion case, q; ~ g5 ~ wl/?f with zp = 3/d.

Note zr < 2z for d > 2 = Fermions have higher energy than
bosons, and perturbation theory in g is OK.
Strongly-coupled theory in d = 2.



Quantum criticality of Ising-nematic ordering in a metal

V(0 —i0y — 02) ¥y + T (0- +10, — 0) 1

1
292 (ay¢)2

yly )

Schematic form of ¢ and fermion Green’s functions in d = 2

1/N; 1
9 G _)7w — .
(@) Gz + @2 — isgn(w)|w|?/3 /Ny

In both cases ¢, ~ qg ~ w'/? with z = 3/2. Note that the

bare term ~ w In G;l 1s irrelevant.

( Strongly-coupled theory without quasiparticles. j




Quantum criticality of Ising-nematic ordering in a metal
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Simple scaling argument for z = 3/2.
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Quantum criticality of Ising-nematic ordering in a metal

Wl (% — 0y — 02) s + 0T (& +1i0, — %) P

1
292 (ay¢)2

o (vlvy +uly )

Simple scaling argument for z = 3/2.

1/2

Under the rescaling x — x/s, y — y/s /%, and 7 — 7/5%, we

find invariance provided

¢ — ¢s
w N ¢8(22+1)/4
g — 98(3—27;)/4

So the action is invariant provided z = 3/2.



FL \«
Fermi
liquid

e k% ~ Q, the fermion density

e Sharp fermionic excitations
near Fermi surface with
w~ lqg|?, and z = 1.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.



FL v
Fermi
liquid

NFL
Nematic

QCP

e Fermi surface

e k% ~ Q, the fermion density with k¢ ~ Q.
e Sharp fermionic excitations
near Fermi surface with n(k)A

w ~ |q|?, and z = 1.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.




FL . NFL

\)/
Fermi Nematic
liquid QCP
e Fermi surface
o k% ~ O, the fermion density with k% ~ Q.
e Sharp fermionic excitations e Diffuse fermionic
near Fermi surface with excitations with z = 3/2
w ~ |q|*, and z = 1. to three loops.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)



FL -
Fermi
liquid

e k% ~ Q, the fermion density

NFL
Nematic

QCP

e Fermi surface
with k% ~ Q.

e Sharp fermionic excitations
near Fermi surface with
w~ lqg|?, and z = 1.

e Diffuse termionic
excitations with z = 3/2
to three loops.

e Entropy density S ~ T(4=0)/z
with violation of hyperscaling
exponent 6 = d — 1.

with 0 = d — 1.
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Phase diagram as a function of 1" and A



