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We use angle-dependent magnetoresistance (ADMR) to measure the Fermi surface of the cuprate La1.6−xNd0.4SrxCuO4. Above the critical 
doping p*—outside of the pseudogap phase—we find a Fermi surface that is in quantitative agreement with angle-resolved photoemission. 
Below p*, however, the ADMR is qualitatively different, revealing a clear change in Fermi surface topology. We find that our data is most 
consistent with a Fermi surface that has been reconstructed by a Q = (π,π) wavevector. While static Q = (π,π) antiferromagnetism is not found 
at these dopings, our results suggest that this wavevector is a fundamental organizing principle of the pseudogap phase. 

7

FIG. 2. Fermi surface of Nd-LSCO at p = 0.24p = 0.24p = 0.24. (a) Left panels: The angle-dependent mag-

netoresistance of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T = 25,

20, 12, 6 K, and at B = 45 T. The grey bar near ✓ = 90� for T = 6 K and 12 K indicates the

presence of superconductivity. Right panels: simulations obtained from the Chambers formula,

using the tight-binding parameters from ARPES measurements [12], and in which the relaxation

time ⌧(k) is the only free parameter. (b) The Fermi surface used for the calculation in panel (a),

shown as cuts at kz = 0, ⇡/c, and 2⇡/c, where c is the height of the body-centered-tetragonal unit

cell (and c/2 is the distance between copper oxide layers). (c) The full 3D Fermi surface obtained

from ADMR at p = 0.24. The coloring corresponds to the vz component of the Fermi velocity,

with positive vz in teal, negative vz in purple, and vz = 0 in magenta. A single cyclotron orbit,

perpendicular to the magnetic field, is drawn in black, with the Fermi velocity at di↵erent points

around the orbit shown as gray arrows. The strong variation in vz around the cyclotron orbits is

what leads to ADMR.

!c is the cyclotron frequency, m? is the cyclotron e↵ective mass, e is the electron charge, and
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FIG. 4. Fermi surface reconstruction in Nd-LSCO at p = 0.21p = 0.21p = 0.21. The top three panels show the

Fermi surface for three di↵erent scenarios, and the bottom three panels show the resulting ADMR

simulations. (b) Calculated ADMR using the same tight-binding and scattering rate parameters

as in Figure 2a, but with the chemical potential shifted past the van Hove singularity (p ⇡ 0.23) to

p = 0.21, for which the Fermi surface is shown in panel (a). (d) Calculated ADMR for a period-3

CDW reconstructed Fermi surface; the section of reconstructed Fermi surface used to calculate the

ADMR is highlighted in orange in panel (c), the unreconstructed Fermi surface is shown with a

blue dashed line. These are the small nodal electron pockets believed to result from CDW order in

YBa2Cu3O6+x and are able to account for the ADMR in YBa2Cu3O6+x at p = 0.11. (f) Calculated

ADMR for reconstruction of the Fermi surface caused by a (⇡,⇡) order parameter, using the same

tight-binding parameters as Figure 2, a gap of 58 kelvin, and a constant scattering rate; (e) The

hole pockets used to simulate the ADMR in (f) are highlighted in orange.

weakest along � = 45�. The gap magnitude (the strength of the potential associated with

the FSR) that best reproduces the data is 58 kelvin — comparable to the onset temperature

T
? of the pseudogap phase at this doping [11, 29]. We find that a momentum-independent

p > pc Large Fermi surface
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Fermi surface transformation at the pseudogap critical point of a cuprate superconductor 
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Figure 6

Across the quantum critical point. a) Normal-state electronic specific heat in the T = 0 limit
as a function of doping, plotted as Cel/T vs p (red symbols) in Eu-LSCO (squares), Nd-LSCO
(circles) and LSCO (diamonds). From ref. (75). We also show Cel/T in YBCO (blue dots (18))
and in Tl2201 (green dot (76)). The vertical grey lines mark the limits of the CDW phase in
Nd-LSCO, between p = 0.08 and p ' 0.19. b) Normal-state Hall number nH (= V/e RH) in the
T = 0 limit as a function of doping, in YBCO (blue circles (21), p?= 0.19) and Nd-LSCO (red
squares (4), p?= 0.23). We also show nH in LSCO (grey squares (67)) and YBCO (grey circles
(68)) at low doping, and nH in Tl2201 (white diamond (29)) at high doping.

5. PSEUDOGAP PHASE
DOS: Density of
states (NF)

�E: Condensation
energy

Hc1: Lower critical
field

�: Residual linear
term in the specific
heat, C(T ) at T = 0,
purely electronic

The two traditional signatures of the pseudogap phase are: 1) a loss of density of

states (DOS) below p
?; 2) the opening of a partial spectral gap below T

?, seen by ARPES

(Figs. 1c, 1d) and optical conductivity, for example. Here we summarize recent high-field

measurements of the specific heat in the LSCO family (75) showing that there is a large

mass enhancement at p
?. The new data show that the pseudogap does not simply cause

a loss of DOS below p
?; instead, there is huge peak in the DOS at p

? (Fig. 6a) – much

larger than expected from a van Hove singularity (75, 80). We then show how high-field

measurements of the Hall coe�cient reveal a new signature of the pseudogap phase – a

rapid drop in the carrier density, at p?(Fig. 6c). These new properties alter profoundly our

view of the pseudogap phase, and of the strange metal just above it (sec. 6).

5.1. Density of states

5.1.1. Condensation energy. One way to access the DOS, NF, is via the superconduct-

ing condensation energy �E, since �E = NF�
2

0/4, where �0 is the d-wave gap maxi-

mum. Experimentally, and in the framework of BCS theory, �E can be measured using

the upper and lower critical fields, Hc2 and Hc1, to get the thermodynamic field Hc via

H
2

c = Hc1Hc2/(ln() + 0.5), given that �E = H
2

c /2µ0. In Fig. 2b, we plot �E/Tc
2 vs p

thus obtained for YBCO (17). We see that �E/Tc
2 / NF drops by a factor 8-9 between

p = 0.18 and p = 0.1, in agreement with the drop reported earlier from an analysis of spe-

cific heat data measured in low fields up to T > Tc in YBCO (71) and Bi2212 (72). Note
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
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up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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Quasi-static magnetism in the pseudogap state  
of La2-xSrxCuO4.  
Temperature – doping phase diagram representing Tmin, the 
temperature of the minimum in the sound velocity, at 
different fields. Since superconductivity precludes the 
observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not 
exactly equal to the freezing temperature Tf (see Fig. 2), 
Tmin is closely tied to Tf and so is expected to have the 
same doping dependence, including a peak around p = 0.12 
in zero/low fields (ref. 2). Onset temperatures of charge 
order are from ref. 33 (squares) and 35 (hexagons). 
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1.  Metal-metal transition in the Kondo Lattice 
 
2.  Metal-metal transition in a one-band model 
       A.  FL* model of the pseudogap 
       B.  Ancilla qubits and ghost Fermi surfaces 
 
3.  Random J model (insulator) 
        RG analysis and exact exponent

4.  Random t-J model (metals) 
        Numerics, RG analysis and exact exponents



Why random and all-to-all couplings ? 

 Randomness is present in the real system.
 Randomness self-averages (except for certain correlators in  
     spin-glass phase) — Green’s functions are the same on every site.
 The pseudogap-Fermi liquid transition is primarily a transition in 
     many-body entanglement which survives presence of randomness. 
 Introducing randomness removes the “distractions” of other 
     parameters.
 The problem maps onto a model of a  “quantum impurity” in a  
    self-consistent environment. Closely related models are obtained  
    in non-random models in the limit of large spatial dimension in 
    extended dynamical mean-field theory.
 Analytic and numeric progress is possible, and we can compare their 
results !
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Random t-J model

H = � 1p
N

NX

i,j=1

tij c
†
i↵cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj

We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):

|0i ) b
† |vi , c

†
↵ |0i ) f

†
↵ |vi

c↵ = f↵b
†

~S =
1

2
f
†
↵�↵�f�

f
†
↵f↵ + b

†
b = 1

U(1) gauge invariance, b ! be
i�
, f↵ ! f↵e

i�

The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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Random J model (insulator):RG
We assume a power-law decay
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where ⇡a is canonically conjugate to the field �a, and
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• There is an attractive fixed point at � = �⇤ = O(
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✏).

• Because of the quantized Berry phase (Wess-Zumino-Witten) term,
the renormalization of the coupling � is given only by the wavefunc-
tion renormalization. We can then prove that at this fixed point
Q(⌧) ⇠ 1/|⌧ |2�↵ to all orders in ✏.

• The self-consistency condition therefore yields
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to all orders in ✏.
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Feynman graph expansion in Uab;cd, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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G(i!) =
1

i! � ⌃(i!)
, ⌃(⌧) = �J2G2(⌧)G(�⌧)

The solution is

G(⌧) ⇠ sgn(⌧)p
⌧

,
D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
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S. Sachdev and J. Ye,  PRL 70, 3339 (1993)

Random J model (insulator): SU(M) symmetry
<latexit sha1_base64="cvDNlvHzzdGrjb604jnW6xSy7PQ="></latexit>

Express the spin operator in terms of fermionic spinons ~S = (1/2)f†
↵~�↵�f� , and let

↵ = 1 . . .M . The fermions obey the constraint

MX

↵=1

f†
↵f↵ =

M

2

In the large M limit we obtain the SYK equations for the spinon Green’s function
G and self energy ⌃; similar results apply for bosonic spinons.



SYK criticality

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

Key properties

1. The ground state is ‘critical’ and there are no quasiparticles.

2. There is an emergent time reparameterization symmetry which is softly broken

at high energies.

3. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground degeneracy. Instead,

it reflects an exponentially small many-body level spacing ⇠ e�NS0 down to

the ground state.

4. Dynamic scaling of equilibrium and non-equilibrium properties in a universal

time ⇠ ~/(kBT )

5. The leading low temperature behavior of many observables is controlled by a

time reparameterization soft mode. The action for this soft mode is controlled

by an emergent SL(2,R) symmetry.

6. Maximal quantum Lyapunov exponent for the out-of-time-order correlator

(OTOC):
D
c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
e�t

N

◆
+ . . .

with � = 2⇡kBT/~.

7. Spin correlations decay as

D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
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Key properties

1. The ground state is ‘critical’ and there are no quasiparticles.

2. There is an emergent time reparameterization symmetry which is softly broken

at high energies.
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lim
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5. The leading low temperature behavior of many observables is controlled by a

time reparameterization soft mode. The action for this soft mode is controlled

by an emergent SL(2,R) symmetry. Specifically, the entropy is S(T )/N =

S0(Q) + �T , where � propotional to the co-e�cient of the Schwarzian.

6. Maximal quantum Lyapunov exponent for the out-of-time-order correlator

(OTOC):
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Key properties

1. The ground state is ‘critical’ and there are no quasiparticles.

2. There is an emergent time reparameterization symmetry which is softly broken
at high energies.

3. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground degeneracy. Instead,
it reflects an exponentially small many-body level spacing ⇠ e�NS0 down to
the ground state.

4. Dynamic scaling of equilibrium and non-equilibrium properties in a universal
time ⇠ ~/(kBT )

5. The leading low temperature behavior of many observables is controlled by a
time reparameterization soft mode. The action for this soft mode is controlled
by an emergent SL(2,R) symmetry. Specifically, the entropy is S(T )/N =
S0(Q) + �T , where � propotional to the co-e�cient of the Schwarzian.

6. Spin correlations in the random J model decay as

D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
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at high energies.

3. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground degeneracy. Instead,

it reflects an exponentially small many-body level spacing ⇠ e�NS0 down to

the ground state.

4. Dynamic scaling of equilibrium and non-equilibrium properties in a universal

time ⇠ ~/(kBT )

5. The leading low temperature behavior of many observables is controlled by a

time reparameterization soft mode. The action for this soft mode is controlled

by an emergent SL(2,R) symmetry.

6. Maximal quantum Lyapunov exponent for the out-of-time-order correlator

(OTOC):
D
c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
e�t

N

◆
+ . . .

with � = 2⇡kBT/~.

7. Spin correlations decay as
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E
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SYK criticality
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it reflects an exponentially small many-body level spacing ⇠ e�NS0 down to
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by an emergent SL(2,R) symmetry. Specifically, the entropy is S(T )/N =
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PRL 70, 3339 (1993)
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The leading corrections to the critical spinon Green’s function arise from
the time reparameterization soft mode, and these take the form

⌦
f↵(⌧)f

†
↵(0)

↵
⇠


⇡T

sin(⇡T ⌧)

�1/2 ✓
1 + ↵G

T

J
�non�conformal(T ⌧)

◆

where �non�conformal(T ⌧) is a computable (in the large M limit) scaling
function, and ↵G is universally proportional to the co-e�cient ↵S of the

Schwarizan action for the time reparameterization mode.

J. Maldacena and D. Stanford, PRD 94, 106002 (2016) 
A. Kitaev and J. Suh, JHEP 183 (2018)

Time reparameterization soft mode
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Random J model (insulator): SU(M) symmetry
The local dynamic spin susceptibility, �L(i!n) =

R 1/T
0 d⌧

D
~Si(⌧)~Si(0)

E
ei!n⌧ , obeys

Im�L(!) / tanh
⇣ !

2T

⌘ h
1� ↵S ! tanh

⇣ !

2T

⌘
+ . . .

i

The ratio ↵S/� is a universal number,
which we have computed in the large M limit

↵S

�
=

24

⇡(2 + 3⇡)
, M ! 1 .

(Recall the specific heat is C = �T
per site and spin component.)
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From the time reparameterization soft-mode
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From the time reparameterization soft-mode



Exact diagonalization  
results of SU(2) random magnet  
L. Arrachea and M. J. Rozenberg, 

PRB 65, 224430 (2002) 
(recomputed by  

Henry Shackleton)Large M theory
(rescaled)
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Incoherent contribution
similar to SY spin liquid !
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Spin glass order
q ⇡ 0.01
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Implies a local moment
2
p
q = 20%

of classical moment
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Random t-J model

|0i
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H = � 1p
N

NX

i,j=1

tij c
†
i↵cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj

We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):

|0i ) b
† |vi , c

†
↵ |0i ) f

†
↵ |vi

c↵ = f↵b
†

~S =
1

2
f
†
↵�↵�f�

f
†
↵f↵ + b

†
b = 1

U(1) gauge invariance, b ! be
i�
, f↵ ! f↵e

i�

The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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Random t-J model (metal)
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Random t-J model (metal)
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fermion f (the holon) and a boson b↵ (the spinon):
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The physical electron (c↵) and spin (~S) operators are rotations in
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<latexit sha1_base64="qIZxhLRYn1xb6wJcRBkBLByweoI="></latexit>



Random t-J model (metal)
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Z =

Z
DP(⌧)e�SB�StJ

SB = i

Z 1

0
du

Z
d⌧ Tr (P@⌧P@uP)

StJ =

Z
d⌧d⌧ 0 Tr (P(⌧)Q(⌧ � ⌧ 0)P(⌧ 0))

+

Z
d⌧Tr (s0 P(⌧)) .

Path integral over a superspin P(⌧) with a
self-consistent self-interaction Q(⌧)
and a ‘Zeeman superfield’ s0.
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Random t-J model (metal)



Random t-J model (metal):RG

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)

• The RG analysis is very similar to that for the J model, except that the SU(2) spin is
replaced by a SU(1|2) ⇠= SU(2|1) superspin.

• One crucial di↵erence is that there is now a ‘Zeeman’ field s0 in superspin space which
breaks the degeneracy between spinon and holon states. This becomes the single relevant
perturbation at a critical fixed point where s0 = 0 at leading order i.e. the 3 states on
each site are nearly degenerate at the critical point.

• The Wess-Zumino-Witten term in superspace now ensures the exact exponents at the fixed
point

D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ | ,
⌦
c↵(⌧)c

†
↵(0)

↵
⇠ 1

⌧
.

• These exponents do not have a quasiparticle interpretation. However, they can be under-
stood (in a large M limit of a SYK-like model with SU(M) symmetry) by fractionalization
of the electron into a spinon and holon, each of which decay as 1/

p
⌧ .
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Random t-J model (metal):RG
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• The RG analysis is very similar to that for the J model, except that the SU(2) spin is
replaced by a SU(1|2) ⇠= SU(2|1) superspin.

• One crucial di↵erence is that there is now a ‘Zeeman’ field s0 in superspin space which
breaks the degeneracy between spinon and holon states. This becomes the single relevant
perturbation at a critical fixed point where s0 = 0 at leading order i.e. the 3 states on
each site are nearly degenerate at the critical point.

• The Wess-Zumino-Witten term in superspace now ensures the exact exponents at the fixed
point
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⌦
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†
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↵
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.

• These exponents do not have a quasiparticle interpretation. However, they can be under-
stood (in a large M limit of a SYK-like model with SU(M) symmetry) by fractionalization
of the electron into a spinon and holon, each of which decay as 1/

p
⌧ .
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Random t-J model (metal):RG
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Square of spinon
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At the critical point/phase of the t-J model, the Fermi

liquid-like behavior of the electron Green’s function
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leads to a non-zero residual resitivity, ⇢(0) 6= 0.

However, the critical state is not a Fermi liquid, as

indicated by the slow decay of the spin correlations
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Moreover, in a Fermi liquid, we expect ⇢(T )� ⇢(0) ⇠ T 2
,

which also does not hold here.
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The leading corrections to the critical spinon Green’s function arise from
the time reparameterization soft mode, and these take the form
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where �non�conformal(T ⌧) is a computable (in the large M limit) scaling
function, and ↵G is universally proportional to the co-e�cient ↵S of the

Schwarizan action for the time reparameterization mode.
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The leading corrections to the critical electron Green’s function arise from
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t-J model, we do find an operator with 1 < h < 2, but

with a smaller prefactor.
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Random t-J model

• Proposed phase diagram of random t-J model captures key characteristics of cuprates.

• Critical electron Green’s function Gc(⌧) ⇠ 1/⌧ and local spin correlator Q(⌧) ⇠ 1/|⌧ |.

• Can be interpreted in terms of fractionalization with spinon and holon correlators
⇠ 1/

p
⌧ (deconfined criticality).

• Linear-in-T resistivity down to T = 0 at the critical point from the time reparameter-
ization soft mode (but there could be other singular modes).

• Carrier density p for p < pc, and 1 + p for p > pc.

• Extensive zero temperature entropy limT!0 limN!1 S/N > 0. Related to entropy of
extremal black holes.
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The local action (2) still presents a strongly correlated
problem. SY [23] made further progress on the random
Heisenberg model by extending the spin symmetry to
SU(M) and taking the M ! 1 limit, which allows for
an analytical calculation of the spin-spin correlator of (2)
and reduces the self-consistent problem to a non-linear in-
tegral equation. This was extended to itinerant fermions
within the t-Jij model by Parcollet and Georges (PG)
[24], who obtained a FL regime of the doped model at
low-T , and a quantum critical regime associated with the
proximity of the spin-liquid Mott insulator characterized
by a

p
!,

p
T self-energy but, remarkably, ‘bad metal’ be-

haviour with linear resistivity. Recently, fermionic ver-
sions of the random coupling problem, the so-called SYK
models [36, 37], garnered much interest with again a solv-
able limit for a large number of flavors M ! 1. Recent
works [38–42] extended the mechanism of PG [24] for
linear-T resistivity to a lattice of SYK ‘quantum dots’
with hopping. Interestingly, when SYK dots are coupled
to another band of otherwise free and translationally in-
variant (uniform hopping) fermions, not only does the
T -linear resistivity extend down to zero temperature but
the mechanism switches to that driven by the MFL T -
linear scattering rate [43, 44].

For the physical limit of a single flavor of spin-1/2
fermions that is of our interest, the self-consistency equa-
tions above require computing two- and four-point cor-
relators in the local model with SU(2) symmetry. We
use an implementation [45] of Rubtsov’s continuous-
time interaction-expansion quantum Monte Carlo (CT-
INT) [46] algorithm which is based on the TRIQS li-
brary [47]. The algorithm works in imaginary time, so
we will discuss most of our results directly on the imag-
inary axis without analytic continuation, except in the
discussion of transport. Our implementation determines
the local spin-spin correlator from the impurity three-
point vertex function rather than through an operator
insertion measurement. This algorithmic improvement
allows for a drastic speed-up of the calculations [45].

Let us first consider the long time spin dynamics. In
Fig. 2, we display the local spin-spin correlation func-
tion Q(⌧) at a fixed low temperature T/t = 0.01, for
various t/U approaching the QCP at (t/U)c ⇡ 0.31
from the FL limit cutting the phase diagram Fig. 1
along the horizontal axis. In the inset, we also dis-
play how Q(⌧) varies upon raising temperatures for fixed
t/U = 0.357 making a vertical cut in the phase diagram
slightly away from the QCP. Since we work in the Mat-
subara formalism, a zero temperature long time asymp-
totic form Q(t) ⇠ 1/t↵ transforms into a scaling function
Q(⌧) ⇠ (1/� sin(⇡⌧/�))↵ and the data should be exam-
ined near ⌧ = �/2. Away from the critical point, for
t/U = 1.0, we obtain the FL behaviour at long time
Q(t) ⇠ 1/t2 (↵ = 2). The closer one gets to the critical
point, the longer it takes to reach this asymptotic regime,
reflecting the decrease of the FL coherence scale close to

FIG. 2. Main: Spin susceptibility log[Q(⌧)/Q(�/2)] vs ⌧/�
for J/t = 0.5 and T/t = 0.01, across several t/U . Grey curves
show (1/ sin⇡⌧/�)↵ with ↵ = 1 (solid) and ↵ = 2 (dashed).
Color scheme follows the blue (FL) and red (QSL) gradi-
ent of Fig. 1. Inset: Spin susceptibility log[Q(⌧)/Q(�/2)]
vs � log[sin(⇡⌧/�)], for J/t = 0.5 and t/U = 0.357, across
a range of T , demonstrating scaling behavior of Q(⌧) near
⌧ = �/2. Grey curves show ↵ = 1, 2 (solid, dashed).

the critical point. Once in the quantum critical regime,
for t/U = (t/U)c ⇡ 0.31, the long time spin dynamics
crosses over to Q(t) ⇠ 1/t (↵ = 1), which is the same
power law as in the SY M = 1 model. The QSL to
FL crossover is also visible in the temperature cut shown
in the inset, where we observe the crossover from 1/t
within the quantum critical fan above the Fermi liquid
coherence temperature to 1/t2 at low-temperatures. The
phase classification at each point in Fig. 1 follows the
above criterion to identify the FL regime and the QSL
regime.
These results establish that our SU(2) t-U -J model

has, in the quantum critical regime, the same QSL lo-
cal spin dynamics (↵ = 1) as the SY model in the
M = 1 limit. Renormalisation group (RG) methods
should prove useful in establishing analytically our nu-
merical findings for SU(2). For simplified versions of
the e↵ective action (2), e.g. involving only localized
spins [48], RG methods have indeed established [48–58],
that the Q(t) ⇠ 1/t spin liquid behaviour is the only one
consistent with the self-consistency condition (3). This
was recently extended to the QCP obtained by doping
the U = 1 model [59].
Let us now consider the one particle properties, en-

coded by the self-energy ⌃. In the FL regime for
(t/U)c ⌧ (t/U), the self-energy has the low energy
expansion[60] :

Im⌃(i!n, T ) ⇡

✓
1�

1

Z

◆
!n+

!2
n � (⇡T )2

E
+O(!3

n) (5)

In the small hopping limit (t/U) ⌧ (t/U)c, ⌃ diverges at
low frequencies as 1/!n, indicating a transition into an

4

FIG. 3. (a) Imaginary part of the self-energy at the first
Matsubara point �Im⌃(i!0 = i⇡T ) vs temperature T , for a
range of t/U . Solid grey lines stand for the FL prediction of
Im⌃(i!0) / T from the lowest temperature. Arrows indicate
the Fermi-liquid coherence temperature T ⇤ for each value of
t/U . The solution at t/U = 1.0 remains in the Fermi-liquid
regime over the entire range of temperature considered. (b)
Quasi-particle residue Z and coherence scale E as obtained
by fitting (5) to the self-energy data, ordering criterion for
the SG phase 1 � J�, and the energy scale determined from
scaling plot (!⇤)2, vs t/U . Inset : logE vs logZ2 illustrating
a dependency E / Z2 close to the QCP. Grey line with slope
1 is plotted to guide the eye.

insulating phase (see Supporting Information C). We ex-
amine the crossover from the FL to the quantum critical
regime in several ways. First, a direct consequence of (5)
is that the self-energy at the first Matsubara frequency
is linear in temperature with vanishing quadratic correc-
tions [61]: Im⌃(i!0 = i⇡T ) = (1 � 1/Z)⇡T + O(T 3).
Deviation from linearity in T at a temperature T ⇤ sig-
nals the FL coherence scale, and hence the crossover to
the quantum critical regime. This is illustrated on Fig.
3a : when t/U approaches (t/U)c, the self-energy in-
creases and T ⇤ (indicated by arrows on the figure) de-
creases. More precisely, we extract the quasi-particle
residue Z and the coherence scale E by fitting the func-
tional form (5) to the low-energy data using weighted
least squares. Fig. 3b shows that Z and E vanishes at the
QCP. The susceptibility to SG order is given by [34, 35]

FIG. 4. (a) Imaginary part of self-energy with the scat-
tering rate subtracted � (Im⌃(i!n)� Im⌃(0)) vs the scaled
frequency !/!⇤ for various values of U near the QCP at
T/t = 0.01, demonstrating the collapse onto the universal
scaling function f(!/!⇤) (grey solid curve). Color scheme
follows the legend of (b). Inset: Imaginary part of self-energy
�Im⌃(i!n) vs Matsubara frequencies !n at the QCP t/U =
0.312 and lowest accessible temperature T/t = 0.01. Also
shown are low-frequency fits of self-energy to the MFL form
c+ a!n log!n/b (orange) and the SYK form c+ a

p
!n + b!n

(green). (b) Scattering rate �Im⌃(0) vs temperature T/t at
various values of t/U near the QCP. At the QCP (t/U =
0.312, green), the scattering rate is T -linear (linear fit in
grey), in contrast to the quadratic behavior in the FL regime
(blue). (c) Resistivity ⇢DC/⇢0 vs temperature T/t at the
QCP, computed with the analytically continued Green’s func-
tion. The unit of resistivity is the MIR value ⇢0 = ~/e2�(0),
where � is the transport function. (d) Imaginary part of
self-energy at fixed, interpolated values of Matsubara fre-
quency �Im⌃(i! = fixed, T ) vs temperature T/t at the QCP
t/U = 0.312, for various fixed values of frequency.

�sg / �2/(1 � J2�2) with � the local susceptibility. As
shown in Fig. 3, we find that 1 � J� also vanishes close
to the QCP, indicating the boundary of the SG phase.
Within our numerical accuracy, we cannot however ex-
clude that 1�J� vanishes at a slightly larger value of t/U
than E, possibly indicating a small intervening region of
metallic SG [59].
In order to analyse the quantum critical point, we at-

tempt to scale the self-energy for t/U close to (t/U)c, for
our lowest temperature T/t = 0.01, with an ansatz of the
form

Im⌃(i!n) ⇡ Im⌃(0) + f
⇣!n

!⇤

⌘
(6)

which applies for !n and !⇤ smaller than the high-energy
cuto↵ J , but !n/!⇤ otherwise arbitrary. We determine
numerically Im⌃(0), !⇤ and the scaling function f by
requesting that optimal data collapse is obtained, using
a minimisation procedure. We obtain a remarkable col-
lapse of the data, presented in Fig. 4a, with !⇤ presented
in Fig. 3b.
For ! < !⇤, the ansatz (6) has to reproduce (5), which

Resisitivity ⇢ ⇠ T to the lowest T
at the critical point

in a large-dimension model
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Linear resistivity and Sachdev-Ye-Kitaev (SYK) spin liquid behavior 
in a quantum critical metal with spin-1/2 fermions

Onset of insulating gap and spin glass order co-incide. 



0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2

<latexit sha1_base64="9fplHg5nWSJrrr4BygxbXwnsh20="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="HD0pZN8dceC+8IoX2Ed88xvHIKM="></latexit>

Disordered
Fermi liquid1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

Metal-insulator transition 
with SYK criticality

Spin glass
Insulator



0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2

<latexit sha1_base64="9fplHg5nWSJrrr4BygxbXwnsh20="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="HD0pZN8dceC+8IoX2Ed88xvHIKM="></latexit>

Disordered
Fermi liquid1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

Metal-insulator transition 
with SYK criticality

Spin glass
Insulator



0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2

<latexit sha1_base64="9fplHg5nWSJrrr4BygxbXwnsh20="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="HD0pZN8dceC+8IoX2Ed88xvHIKM="></latexit>

Disordered
Fermi liquid1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

Metal-insulator transition 
with SYK criticality

Spin glass
Insulator

Metallic 
Spin glass



0
<latexit sha1_base64="U3GWfBTUSXi2BM3/JnZUCxHruZI=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAILmTIdKZVd0U3LluwF2iHkslk2tDMhSRTKEOfwK2u3IlbH8iF72I6raCiBwIf/38O5+T3Es6kQujdKKytb2xuFbdLO7t7+wflw6OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47XqT24XfnVIhWRzdq1lC3RCPIhYwgpWWWmhYriAT1RzbcaAGu25fIw21WtWqW9AyUV4VsKrmsPwx8GOShjRShGMp+xZKlJthoRjhdF4apJImmEzwiPY1Rjik8sKfskTm6Gb5zXN4pk0fBrHQL1IwV78PZziUchZ6ujPEaix/ewvxL6+fquDKzViUpIpGZLkoSDlUMVwEAH0mKFF8pgETwfTZkIyxwETpmEo6j69Pw/+hUzUt26y2nErjZpVMEZyAU3AOLHAJGuAONEEbEEDBA3gET0ZqPBsvxuuytWCsZo7BjzLePgGhCJGd</latexit>

Random t-J-UH model

doping p = h1� ni" � ni#i

<latexit sha1_base64="Lg9jAQBycvwdxkkmcNGPWEY+zqs="></latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵
cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj + UH

NX

i=1

ni"ni#

<latexit sha1_base64="nuljuW67lRi5EVSgQmMpGuQB+P4="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2

<latexit sha1_base64="9fplHg5nWSJrrr4BygxbXwnsh20="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="HD0pZN8dceC+8IoX2Ed88xvHIKM="></latexit>

Disordered
Fermi liquid1/UH

<latexit sha1_base64="73G2k/6vWNF/SHQzA+1NIsPoF6M=">AAAB93icdZDLSsNAFIYnXmu9VV26GSyCC4lJm1TdFd10WcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqT27nfnRIuaBzdyywhbohGEQ0oRlJJjnnhDFvDStXQDduqWxZUUG/Urw0Ftl0zGyY0daOoKlhWe1j5GPgxTkMSScyQEH3TSKSbIy4pZmRWHqSCJAhP0Ij0FUYoJOLcn9JEFOjmxd0zeKpMHwYxVy+SsFC/D+coFCILPdUZIjkWv725+JfXT2Vw5eY0SlJJIrxYFKQMyhjOQ4A+5QRLlilAmFN1NsRjxBGWKqqyyuPr0/B/6NR009LtO6vavFkmUwLH4AScARNcgiZogTZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2ycMNZL1</latexit>

Metal-insulator transition 
with SYK criticality

Spin glass
Insulator

Metallic 
Spin glass

t-J model

<latexit sha1_base64="ytING9gkrouZrGoG4IjVW1rMTes=">AAAB/3icdZBLSwMxFIUz9VXrq+rSTbAjuNAyUwR1V3QjrirYB7RDyWQybWgyGZNMoQxd+Cvc6sqduPWnuPC/mE4r1NeBwMc595LL8WNGlXacdyu3sLi0vJJfLaytb2xuFbd3GkokEpM6FkzIlo8UYTQidU01I61YEsR9Rpr+4HKSN4dEKiqiWz2KicdRL6IhxUgby7O1fWxf25CLgLBuseSWnUzQ+QVfUQnMVOsWPzqBwAknkcYMKdV2nVh7KZKaYkbGhU6iSIzwAPVI22CEOFFHwZDGKkMvze4fwwMTBjAU0rxIw8ydX04RV2rEfTPJke6rn9nE/CtrJzo881IaxYkmEZ5+FCYMagEnZcCASoI1GxlAWFJzNsR9JBHWprLCfB//Q6NSdk/K5zeVUvVi1kwe7IF9cAhccAqq4ArUQB1gcAcewCN4su6tZ+vFep2O5qzZzi74JuvtE4Z+lVs=</latexit>



Antoine Georges

Henry Shackleton

Alexander Wietek



Exact 
diagonalization 

of clusters 
with N finite

Random t-J model

<latexit sha1_base64="AVJ/8nQTdHSwk49PJau9Xn/Lh5A="></latexit>

Local dynamic spin
susceptibility
Im�L(!)



Exact 
diagonalization 

of clusters 
with N finite

Random t-J model

<latexit sha1_base64="AVJ/8nQTdHSwk49PJau9Xn/Lh5A="></latexit>

Local dynamic spin
susceptibility
Im�L(!)

<latexit sha1_base64="em9dS7W0dQTYnJzFyzDPVJ7Jyno="></latexit>

Incoherent
contribution
similar to SY
spin liquid !



Exact 
diagonalization 

of clusters 
with N finite

Random t-J model

<latexit sha1_base64="AVJ/8nQTdHSwk49PJau9Xn/Lh5A="></latexit>

Local dynamic spin
susceptibility
Im�L(!)

<latexit sha1_base64="oW5/iDw170M+0woyOhxYl7a9BJ0="></latexit>

Remaining low
frequency weight
integrates to the
spin glass order
parameter q



Entropy at T � 1 determined by dim(H)
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Maximum entropy shifts at lower temperature
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Maximum entropy shifts at lower temperature
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Maximum entropy shifts at lower temperature
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Large-N extrapolation of entropy density



Large-N extrapolation of entropy density



Large-N extrapolation of entropy density
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Large-N extrapolation of entropy density



Large-N extrapolation of entropy density



Non-zero s0 at p = 1/4 is extrapolation-dependent
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Non-zero s0 at p = 1/4 is extrapolation-dependent
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Random t-J-UH model
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Metal-metal quantum phase transitions

The ancilla qubit approach for non-random t-J models, and the random t-J model,
have in common

• A metal-metal quantum phase transition with a change in carrier density from
p to 1 + p.

• Fractionalization of the electron in the critical regime

• Unexpectedly large low T entropy near the critical point (from ghost fermions,
or the SYK black hole entropy).
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