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Γ Γ

Central ingredients in cuprate phase diagram: 
antiferromagnetism, superconductivity, and 

change in Fermi surface
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“Large” Fermi surfaces in cuprates

Γ

Hole 
states 

occupied

Electron 
states 

occupied

Γ

H0 = −
∑

i<j

tijc
†
iαciα ≡

∑

k

εkc†kαckα

The area of the occupied electron/hole states:

Ae =
{

2π2(1− x) for hole-doping x
2π2(1 + p) for electron-doping p

Ah = 4π2 −Ae
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Spin density wave theory

The electron spin polarization obeys
〈

!S(r, τ)
〉

= !ϕ(r, τ)eiK·r

where !ϕ is the spin density wave (SDW) order parameter,
and K is the ordering wavevector. For simplicity, we con-
sider K = (π, π).
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Spin density wave theory

Spin density wave Hamiltonian

Hsdw = !ϕ ·
∑

k,α,β

c†k,α!σαβck+K,β

Diagonalize H0 + Hsdw for !ϕ = (0, 0, ϕ)

Ek± =
εk + εk+K

2
±

√(
εk − εk+K

2

)
+ ϕ2
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Increasing SDW order

ΓΓΓ

S. Sachdev, A. V. Chubukov, and A. Sokol, Phys. Rev. B 51, 14874 (1995). 
A. V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).

D. Senechal and A.-M. S. Tremblay, Phys. Rev. Lett. 92, 126401 (2004)

Γ

Hole 
pockets

Electron 
pockets

Spin density wave theory

Large Fermi surface breaks up into
electron and hole pockets
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Spin density wave theory in hole-doped cuprates

A. J. Millis and M. R. Norman, Physical Review B 76, 220503 (2007).     
N. Harrison, Physical Review Letters 102, 206405 (2009).

Incommensurate order in YBa2Cu3O6+x

ΓΓ
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Evidence for connection between linear resistivity and
stripe-ordering in a cuprate with a low Tc

Linear temperature dependence of resistivity and change in the Fermi 
surface at the pseudogap critical point of a high-Tc superconductor
R. Daou, Nicolas Doiron-Leyraud, David LeBoeuf, S. Y. Li, Francis Laliberté, 
Olivier Cyr-Choinière, Y. J. Jo, L. Balicas, J.-Q. Yan, J.-S. Zhou, J. B. Goodenough 
& Louis Taillefer, Nature Physics 5, 31 - 34 (2009)

Magnetic field of 
upto 35 T

used to suppress 
superconductivity
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E. Demler, S. Sachdev and Y. Zhang,
Phys. Rev. Lett. 87, 067202 (2001).
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B. Kyung, J.-S. Landry, and
A.-M. S. Tremblay,
Phys. Rev. B 68, 174502 (2003).
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Hydrodynamic theory

• Assume proximity to a superfluid-insulator transi-
tion at x = 1/8

• Perturb away from this quantum critical point with
a small density ρ, small magnetic field B, and a small
momentum relaxation rate 1/τimp determined by im-
purities

• Dominant scattering is due inelastic collisions, and
dominant energy scale away from quantum critical
point is kBT .

• General hydrodynamic theory agrees precisely with
results from a solvable supersymmetric theory which
maps onto the classical Einstein-Maxwell theory of a
dyonic black hole

• Promising applications to graphene.

T

g

µSuperconductor

Insulator 
x =1/8

S.A. Hartnoll, P.K. Kovtun, M. Müller, and S. Sachdev, Phys. Rev. B 76 144502 (2007) 

Thermoelectric effects
at “high” T

T ! EF of Fermi pockets
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S.A. Hartnoll, P.K. Kovtun, M. Müller, and S. Sachdev, Phys. Rev. B 76 144502 (2007) 

Hydrodynamic theory

• Promising applications to graphene.
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Hydrodynamic cyclotron resonance at a frequency

ωc =
e∗Bρv2

c(ε + P )

and with width
γ = σQ

B2v2

c2(ε + P )

where ε = energy density, P = pressure, v = velocity
of “light” at quantum critical point, and σQe2/h is the
universal conductivity of the quantum critical point

S.A. Hartnoll, P.K. Kovtun, M. Müller, and S. Sachdev, Phys. Rev. B 76 144502 (2007) 
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“Wiedemann-Franz”-like relation for thermal conductivity,
κ at B = 0

κ = σQ

(
k2

BT

e∗2

) (
ε + P

kBTρ

)2

.

At B != 0 and ρ = 0 we have a “Wiedemann-Franz” rela-
tion for “vortices”

κ =
1

σQ
k2

BT

(
v(ε + P )
kBTB

)2

.

S.A. Hartnoll, P.K. Kovtun, M. Müller, and S. Sachdev, Phys. Rev. B 76 144502 (2007) 
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Nernst signal (transverse thermoelectric response)

eN =
(

kB

e∗

) (
ε + P

kBTρ

) [
ωc/τimp

(ω2
c/γ + 1/τimp)2 + ω2

c

]

where τimp is the momentum relaxation time due to impu-
rities or umklapp scattering.

S.A. Hartnoll, P.K. Kovtun, M. Müller, and S. Sachdev, Phys. Rev. B 76 144502 (2007) 
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Y. Wang, L. Li, and N. P. Ong, Phys. Rev. B 73, 024510 (2006).

Theory 

LSCO Experiments

S.A. Hartnoll, P.K. Kovtun, M. Müller, and S. Sachdev, Phys. Rev. B 76 144502 (2007) 

B and T dependencies are in semi-quantitative agreement with ob-
servations on cuprates, with reasonable values for only 2 adjustable
parameters, τimp and v.
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Increasing SDW order

Nernst effect in electron-doped cuprates

Increasing SDW order

ΓΓΓΓ

Andreas Hackl and S. Sachdev,  Phys. Rev. B 79, 235124 (2009). 

Electron 
pockets

Hole 
pockets
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N. P. Armitage et al., Phys. Rev. Lett. 88, 257001 (2002).

Photoemission in NCCO
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Normal state Nernst effect in PCCOP.  Li and R.L. Greene PRB 76, 174512 (2007)
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Normal state Nernst effect in PCCOP.  Li and R.L. Greene PRB 76, 174512 (2007)

Neglect vortex Nernsteffect (considering B=9T)
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Normal state Nernst effect in PCCOP.  Li and R.L. Greene PRB 76, 174512 (2007)
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Linear response

Nernst signal:

Nernst coefficient:

(no charge current, B field || z)

(~T at low T)

Transport coefficients 
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P Relaxation time !=3 10   s P order parameter "= 0.7[eV](1-x/x  )

 s F
assume l  < l and k  l >1S Fscattering length on SDW order: l  ~(1/") v

Fit parameters
C

-14 . 1/2

P Relaxation time due to weak dilute disorder #################################!$%&'#P Weak field regime, no Landau quantization andmagnetic breakdownP Neglect interference effect between scattering events 
F

Assumptions for magnetic field and disorder
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Comparison to experiment

Underdoped region,only electron-likecarriers

theoryexperimentPRB 76, 174512 (2007)
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Comparison to experiment

Opening of hole pocket,singularity in NernstsignalUnderdoped region,only electron-likecarriers

theoryexperimentPRB 76, 174512 (2007)
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Comparison to experiment
SDW quantumcritical point, large hole like Fermisurface at largerdoping

Opening of hole pocket,singularity in NernstsignalUnderdoped region,only electron-likecarriers

theoryexperimentPRB 76, 174512 (2007)
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Singularity at doping x1
Jump in Nernst signal
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Singularity at doping x1
Jump in Nernst signal
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Singularity at doping x1

Thermoelectric coefficients
jump at !"!C

Jump in Nernst signal
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Singularity at doping x1

Thermoelectric coefficients
jump at !"!

Jump in Nernst signal:
C

Jump in Nernst signal
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Quasiparticle Nernst effect in 
hole-doped cuprates

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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Fermi surface reconstruction: CDW + SDW (period 8)
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Nernst signal for CDW+SDW (period 8)

Stripe strength

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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Nernst signal for CDW+SDW (period 8)

Stripe strength

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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Nernst signal for CDW+SDW (period 8)
<Smax> ~ 0.15

Stripe strength

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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Nernst signal for CDW+SDW (period 8)
<Smax> ~ 0.15

Stripe strength

Only electron-like pockets cause
large positive Nernst signal!

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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Nernst signal for CDW+SDW (period 8)

Assuming a mean-field dependence
of the stripe order parameter on doping

Doping xc

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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Nernst signal for SDW (period 16)

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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Nernst anisotropy for SDW (period 8)

A. Hackl, M. Vojta, and S.Sachdev, arXiv:0908.1088
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arXiv:0909.4534

Saturday, October 24, 2009



1.  Proposed phase diagram as a function of
       temperature, doping, and magnetic field
        Interplay of spin density waves, d-wave 
             superconductivity and Fermi surface change

2.  Nernst effect in cuprates
        (a) Hydrodynamic theory
           (b) Quasiparticle theory in spin/charge density
                        wave and nematic states

3.  Theory of SDW quantum critical point
Dominance of planar graphs

Outline

Saturday, October 24, 2009



1.  Proposed phase diagram as a function of
       temperature, doping, and magnetic field
        Interplay of spin density waves, d-wave 
             superconductivity and Fermi surface change

2.  Nernst effect in cuprates
        (a) Hydrodynamic theory
           (b) Quasiparticle theory in spin/charge density
                        wave and nematic states

3.  Theory of SDW quantum critical point
Dominance of planar graphs

Outline

Saturday, October 24, 2009



Max Metlitski

M. Metlitski and S. Sachdev, to appear

Ar. Abanov, A.V. Chubukov, and J. Schmalian, 
Advances in Physics 52, 119 (2003)

     
Sung-Sik Lee, arXiv:0905.4532.
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Hertz-Millis-Moriya (HMM) theory: 
mean field theory 

+ 
Gaussian fluctuations of overdamped paramagnons.
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Theory for the onset 
of spin density wave 
order in metals is 
strongly coupled in 
two dimensions
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Start from the “spin-fermion” model

Z =
∫
DcαD!ϕ exp (−S)

S =
∫

dτ
∑

k

c†kα

(
∂

∂τ
− εk

)
ckα

−λ

∫
dτ

∑

i

c†iα!ϕi · !σαβciβeiK·ri

+
∫

dτd2r

[
(∂r !ϕ)2 +

1
c2

(∂τ !ϕ)2
]
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! = 1

! = 2

! = 4

! = 3

Low energy fermions
ψ!

1α, ψ!
2α

" = 1, . . . , 4

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α

v!=1
1 = (vx, vy), v!=1

2 = (−vx, vy)
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Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α

v1 v2

ψ2 fermions
occupied

ψ1 fermions
occupied
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Order parameter: Lϕ =
1
2

(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α
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Order parameter: Lϕ =
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(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α

Saturday, October 24, 2009



Order parameter: Lϕ =
1
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(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

HMM theory
Integrate out fermions and obtain non-local corrections to Lϕ

Lϕ =
1
2

!ϕ2
[
q2 + γ|ω|

]
/2 ; γ =

2
πvxvy

Exponent z = 2 and mean-field criticality (upto logarithms)

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α
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Order parameter: Lϕ =
1
2

(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

But, higher order terms contain an infinite
number of marginal couplings . . . . . .

Ar. Abanov and A.V. Chubukov, Phys. Rev. Lett. 93, 255702 (2004).

Integrate out fermions and obtain non-local corrections to Lϕ

Lϕ =
1
2

!ϕ2
[
q2 + γ|ω|

]
/2 ; γ =

2
πvxvy

Exponent z = 2 and mean-field criticality (upto logarithms)

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α

HMM theory
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Order parameter: Lϕ =
1
2

(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

Perform RG on both fermions and !ϕ,
using a local field theory.

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α
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Order parameter: Lϕ =
1
2

(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α

With z = 2 scaling, ζ is irrelevant.
So we take ζ → 0

( watch for dangerous irrelevancy).

Saturday, October 24, 2009



Order parameter: Lϕ =
1
2

(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

Set !ϕ wavefunction renormalization by
keeping co-efficient of (∇r !ϕ)2 fixed (as usual).

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α
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Order parameter: Lϕ =
1
2

(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

Y. Huh and S. Sachdev, Phys. Rev. B 78, 064512 (2008).

Set fermion wavefunction renormalization by
keeping Yukawa coupling fixed.

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α
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Order parameter: Lϕ =
1
2

(∇r !ϕ)2 +
s

2
!ϕ2 +

u

4
!ϕ4

“Yukawa” coupling: Lc = −!ϕ ·
(
ψ!†

1α!σαβψ!
2β + ψ!†

2α!σαβψ!
1β

)

Lf = ψ!†
1α

(
ζ∂τ − iv!

1 · ∇r

)
ψ!

1α + ψ!†
2α

(
ζ∂τ − iv!

2 · ∇r

)
ψ!

2α

We find consistent two-loop RG factors, as ζ → 0, for the
velocities vx, vy, and the wavefunction renormalizations.

Consistency check: the expression for the boson damp-

ing constant, γ =
2

πvxvy
, is preserved under RG.
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RG-improved Migdal-Eliashberg theory

RG flow can be computed a 1/N expansion (with N
fermion species) in terms of a single dimensionless

coupling α = vy/vx whose flow obeys

dα

d"
= − 3

πN

α2

1 + α2
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RG-improved Migdal-Eliashberg theory

RG flow can be computed a 1/N expansion (with N
fermion species) in terms of a single dimensionless

coupling α = vy/vx whose flow obeys

dα

d"
= − 3

πN

α2

1 + α2

The velocities flow as

1
vx

dvx

d!
=

A(α) + B(α)
2

;
1
vy

dvy

d!
=
−A(α) + B(α)

2

A(α) ≡ 3
πN

α

1 + α2

B(α) ≡ 1
2πN

(
1
α
− α

) (
1 +

(
1
α
− α

)
tan−1 1

α

)
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RG-improved Migdal-Eliashberg theory

RG flow can be computed a 1/N expansion (with N
fermion species) in terms of a single dimensionless

coupling α = vy/vx whose flow obeys

dα

d"
= − 3

πN

α2

1 + α2

The anomalous dimensions of !ϕ and ψ are

ηϕ =
1

2πN

(
1
α
− α +

(
1
α2

+ α2

)
tan−1 1

α

)

ηψ = − 1
4πN

(
1
α
− α

) (
1 +

(
1
α
− α

)
tan−1 1

α

)
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Dynamical Nesting

RG-improved Migdal-Eliashberg theory

v1 v2

Bare Fermi surface

α = vy/vx → 0 logarithmically in the infrared.
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Dynamical Nesting

RG-improved Migdal-Eliashberg theory
α = vy/vx → 0 logarithmically in the infrared.

Dressed Fermi surface
Saturday, October 24, 2009



Dynamical Nesting

RG-improved Migdal-Eliashberg theory

Bare Fermi surface

α = vy/vx → 0 logarithmically in the infrared.
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Dynamical Nesting

RG-improved Migdal-Eliashberg theory

Dressed Fermi surface

α = vy/vx → 0 logarithmically in the infrared.
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RG-improved Migdal-Eliashberg theory

In !ϕ SDW fluctuations, characteristic q and ω scale as

q ∼ ω1/2 exp

(
− 3

64π2

(
ln(1/ω)

N

)3
)

.

However, 1/N expansion cannot be trusted
in the asymptotic regime.

α = vy/vx → 0 logarithmically in the infrared.
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!ϕ propagator

fermion propagator

1
N

1
(q2 + γ|ω|)

1

v · q + iζω + i
1

N
√

γv

√
ωF

(
v2q2

ω

)

New infra-red singularities as ζ → 0 at higher loops
(Breakdown of Migdal-Eliashberg)
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!ϕ propagator

fermion propagator

Dangerous

1
N

1
(q2 + γ|ω|)

1

v · q + iζω + i
1

N
√

γv

√
ωF

(
v2q2

ω

)

New infra-red singularities as ζ → 0 at higher loops
(Breakdown of Migdal-Eliashberg)
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Ignoring fermion self energy: ∼ 1
N2

× 1
ζ2
× 1

ω

New infra-red singularities as ζ → 0 at higher loops
(Breakdown of Migdal-Eliashberg)
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Actual order ∼ 1
N0

Ignoring fermion self energy: ∼ 1
N2

× 1
ζ2
× 1

ω

New infra-red singularities as ζ → 0 at higher loops
(Breakdown of Migdal-Eliashberg)
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Double line representation
•  A way to compute the order of a diagram.

•  Extra powers of N come from the Fermi-surface

•  What are the conditions for all propagators to be on the Fermi surface?

•  Concentrate on diagrams involving a single pair of hot-spots

•  Any bosonic momentum may be (uniquely) written as

R. Shankar, Rev. Mod. Phys. 
66, 129 (1994).
S. W. Tsai, A. H. Castro 
Neto, R. Shankar, and 
D. K. Campbell, Phys. Rev. B 
72, 054531 (2005).
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=

New infra-red singularities as ζ → 0 at higher loops
(Breakdown of Migdal-Eliashberg)

Actual order ∼ 1
N0

Singularities as ζ → 0 appear when fermions in closed blue
and red line loops are exactly on the Fermi surface
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Graph is planar after turning fermion propagators also into double lines 
by drawing additional dotted single line loops for each fermion loop

Actual order ∼ 1
N0

=

New infra-red singularities as ζ → 0 at higher loops
(Breakdown of Migdal-Eliashberg)

Sung-Sik Lee, arXiv:0905.4532
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A consistent analysis requires 
resummation of all planar graphs 

Actual order ∼ 1
N0

=

New infra-red singularities as ζ → 0 at higher loops
(Breakdown of Migdal-Eliashberg)

Saturday, October 24, 2009



H

SC

M
"Normal"

(Large Fermi
surface)

SDW
(Small Fermi

pockets)

SC+
SDW

Large
Fermi

surface

Strange
Metal

d-wave
SC

T

Tsdw

Fluctuating, 
paired Fermi

pockets

Fluctuating, 
paired Fermi

pockets

VBS and/or 
Ising nematic order

SDW
Insulator

T*

Tc

Hc2

97
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Identified quantum criticality in cuprate 
superconductors with a critical point at optimal 

doping associated with onset of spin density 
wave order in a metal

     

Conclusions

Elusive optimal doping quantum critical 
point has been “hiding in plain sight”.

It is shifted to lower doping by the 
onset of superconductivity
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Conclusions

Theory for the onset 
of spin density wave 
order in metals is 
strongly coupled in 
two dimensions
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