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H
Theory for a system with strong interactions:                   

describe SC and SC+SDW phases by expanding in the 
deviation from the quantum critical point between them.



Outline
I. Magnetic ordering transitions in the insulator (δ=0).

II. Theory of SC+SDW to SC quantum transition

III. Phase diagrams of above in an applied magnetic field
Comparison of predictions with experiments.  

IV. Conclusions
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neighbor exchange interactions (say)
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Spin-Peierls (or plaquette) state
“Bond-centered charge order”
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Properties of paramagnet with bond-charge-order
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by a linear potential.

Transition to Neel state  Bose condensation of αφ�



Concentration of mobile carriers δ
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Nature of magnetic ordering 
transition changes little upon 
doping. Develop quantum 
theory of SC+SDW to SC 
transition driven by 
condensation of a S=1 boson 
(spin exciton)

S. Sachdev and J. Ye, Phys. Rev. Lett. 69, 2411 (1992).                  
A.V. Chubukov, S. Sachdev, and J. Ye, Phys. Rev. B 49, 11919 (1994)



Spin density wave order parameter for general ordering wavevector
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II. Theory of SC+SDW to SC quantum transition

Wavevector K=(3π/4,π)

Exciton wavefunction 
Φα(r) describes envelope

of this order. Phase of 
Φα(r) represents sliding 

degree of freedom



Coupling to the S=1/2 Bogoliubov quasiparticles of the d-wave superconductor

Trilinear “Yukawa” coupling

is prohibited unless ordering 
wavevector is fine-tuned.
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Action for SDW ordering transition in the superconductor
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Similar terms present in action for SDW 
ordering in the insulator



Neutron scattering measurements of dynamic spin correlations of the 
superconductor (SC) in a magnetic field
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2- 4Neutron scattering off La Sr CuO  ( 0.163,  ) δ δ δ = SC phase

Peaks at (0.5,0.5) (0.125,0)
and (0.5,0.5) (0,0.125)

dynamic SDW of period 8
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D. P. Arovas, A. J. Berlinsky, C. Kallin, and S.-C. Zhang, Phys. Rev. Lett. 79, 2871 (1997) 
suggested insulating Néel order in the cores of vortices. Using this picture of “spins in the 
vortices”, the amplitude of the field-induced signal, and the volume-fraction of vortex cores 
(~10%), Lake et al. estimated that in such a model each spin in the vortex core would have a low-
frequency moment equal to that in the insulating state at δ=0 (0.6 µB).                                                           

Observed field-induced signal is much larger than anticipated.
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III. Phase diagrams in a magnetic field.

A. Effect of magnetic field on onset 
of SDW on insulator

B. Effect of magnetic field on 
SC+SDW to SC transition



A. Effect of magnetic field on onset of SDW in the insulator

H

J2/J1

Spin singlet state 
with a spin gap

SDW
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 couples via the Zeeman term
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Characteristic field gµBH = ∆, the spin gap
1 Tesla = 0.116 meV

Related theory applies to spin gap systems in a field and to    
double layer quantum Hall systems at ν=2

III. Phase diagrams in a magnetic field.



• Theory should account for dynamic quantum spin fluctuations

• All effects are ~ H2 except those associated with H induced superflow.

• Can treat SC order in a static Ginzburg-Landau theory
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(extreme Type II superconductivity)

B. Effect of magnetic field on SDW+SC to SC transition
Infinite diamagnetic susceptibility of non-critical

superconductivity leads to a strong effect.

III. Phase diagrams in a magnetic field.



Energy

x
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Spin gap ∆

Vortex cores

Envelope of spin-exciton 
eigenmode in potential V0(x)
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 repulsive interactions between excitons imply 
that low energy excitons must be extended.

Strongly relevant

15
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Dominant effect: uniformuniform softening of spin 
excitations by superflow kinetic energy
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Main results

E. Demler, S. Sachdev, and Y. Zhang, Phys. Rev. Lett. 87, 067202 (2001).
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Full solution of self-consistent large N equations for phases 
and phase boundaries

Y. Zhang, E. Demler, and S. Sachdev, 
cond-mat/0112xxx, to appear shortly, 

http://onsager.physics.yale.edu/sdw.pdf



Structure of long-range SDW order in SC+SDW phase
Computation in a self-consistent “large N” theory
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Neutron scattering measurements of static spin correlations of the 
superconductor+spin-density-wave (SC+SDW) in a magnetic field



2- 4Neutron scattering of La Sr CuO  at =0.1x x x
B. Lake, G. Aeppli, et al., 
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Full solution of self-consistent large N equations for phases 
and phase boundaries

Y. Zhang, E. Demler, and S. Sachdev, 
cond-mat/0112xxx, to appear shortly, 

http://onsager.physics.yale.edu/sdw.pdf



Computation of spin susceptibility ( , ) in self-consistent
                   large  theory of  fluctuations
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Dynamic SDW fluctuations in the SC phase
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close to boundary to 
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Point “e”



Spatially resolved NMR around vortices induced by a 
magnetic field in the superconducting state

Nature, 413, 501 (2001).



Pinning of CDW order by vortex cores in SC phase
Simplified effective action for extended SDW fluctuations 
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This induces static CDW order (without static SDW order) around vortex core:
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Note correlation length of CDW = (1/2) x (correlation of SDW)



Pinning of CDW order by vortex cores in SC phase
Computation in self-consistent large N theory
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Simplified theoretical computation of modulation in local density of states at low 
energy due to CDW order induced by superflow and pinned by vortex core

A. Polkovnikov, S. Sachdev, M. Vojta, and E. Demler, cond-mat/0110329

( ) ( )† † † †
, . . ,ij i j ij i j i i i

ij i
H t c c c c h c v c cσ σ σ σ σ σµ−= − + ∆ + + −� �� �� � r

( ) ( ) ( ){ } ( )0
3 / 42/

1 0 0 0cos cos 1cv v e ξ −− −� �= ⋅ − + ⋅ − − +� �� � � �
r r

cx cyr K r r K r r r r



(E) STM around vortices induced by a magnetic field in the superconducting state
J. E. Hoffman, E. W. Hudson, K. M. Lang, V. Madhavan, S. H. Pan, 
H. Eisaki, S. Uchida, and J. C. Davis, preprint, Science, to appear.
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1Å spatial resolution 
image of integrated 

LDOS of 
Bi2Sr2CaCu2O8+δ

( 1meV to 12 meV) 
at B=5 Tesla.

S.H. Pan et al. Phys. Rev. Lett. 85, 1536 (2000).
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Vortex-induced LDOS integrated from 1meV to 12meV

J. Hoffman et al Submitted.



Fourier Transform of Vortex-Induced LDOS map

J. Hoffman et al Submitted.

K-space locations of vortex induced LDOS

Distances in k –space have units of 2π/a0
a0=3.83 Å is Cu-Cu distance

K-space locations of Bi and Cu atoms



Why does CDW have period 4 ? “Large N” theory in region 
with preserved spin 
rotation symmetry            
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Main results

(extreme Type II superconductivity)

T=0
Effect of magnetic field on SDW+SC to SC transition

Neutron scattering 
observation of SDW 

fluctuations enhanced 
by superflow.

STM observation of CDW 
fluctuations enhanced by superflow 

and pinned by vortex cores.

Neutron scattering 
observation of SDW 
order enhanced by 

superflow.

Prospects for studying quantum critical point between SC 
and SC+SDW phases by tuning H ?




