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100 years of many-particle quantum mechanics:  
from Bose and Fermi to  

quantum materials and black holes



 Quantum mechanics 
to 

quantum materials: 
the first 100 years 
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The motion of the electron around the proton is not described by
the same theory as the motion of the planets around the sun.
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It is described by the quantum theory

of Schrödinger and Heisenberg (1925).

Hydrogen atom
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• Schrödinger, Heisenberg (1925): Discovery of the equation

obeyed by a single electron, replacing Newton’s laws of motion.

These equations precisely described the light emission spectrum

of a single hydrogen atom.

• Sommerfeld (1927): The same equations also describe the

motion of → 10
23

electrons in a metal. Each electron is a

fermion, named after Fermi (1926), which obey exclusion—at

most one fermion can occupy each quantum orbital.

• Bose, Einstein (1924): Particles now known as bosons, which
do not obey exclusion. Many bosons can condense into a

single macroscopic quantum state, which is today understood

to be the key to superfluidity and superconductivity.

• Bardeen, Cooper, Schrie!er (1957): Pairs of electrons behave

like bosons, and this is the explanation for superconductivity.
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• Today: Many particles exhibit many emergent phenomena,
related to quantum entanglement. These are crucial to
understanding modern quantum materials, such as the high
temperature superconductors.

• Ideas on multi-particle entanglement in quantum materials
have strongly influenced quantum computing, especially quantum
error correction, and the theory of black holes (and vice
versa).



<latexit sha1_base64="H282CCMc9hk/ig/SGf4QAuUsDaQ="></latexit>

• Today: Many particles exhibit many emergent phenomena,
related to quantum entanglement. These are crucial to
understanding modern quantum materials, such as the high
temperature superconductors.

• Ideas on multi-particle entanglement in quantum materials
have strongly influenced quantum computing, especially quantum
error correction, and the theory of black holes (and vice
versa).



Superconductors
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Kamerlingh Onnes 1911:

Mercury is a superconductor below -269
�
C



YBa2Cu3O6+x

Cuprate  
high temperature 
superconductors



Julian Hetel and Nandini Trivedi, Ohio State University

Nd-Fe-B magnets, YBaCuO superconductor



YBCO magnets allow for smaller, 
faster, and less expensive 

tokamaks for plasma fusion



YBa2Cu3O6+x Cu



YBa2Cu3O6+x Cu
P.W. Anderson and G. Baskaran (1988):  The key to high temperature superconductivity  

is the formation of a “resonating valence bond state”  
(a type of quantum spin liquid) which entangles the electrons on Cu 



 
Quantum entanglement



And |R〉 represents the state
with the electron in the right slit

Let |L〉 represent the state
with the electron in the left slit

|L〉 |R〉

The double slit experiment

Actual state of each electron is
|Li + |Ri

Principles of Quantum Mechanics 101: Quantum Superposition
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Einstein, Podolsky, Rosen (1935)
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Measurement of one 
electron instantaneously 

determines the state of the 
other electron very far away
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Quantum Entanglement

_

Einstein, Podolsky, Rosen (1935)

Measurement of one 
electron instantaneously 

determines the state of the 
other electron very far away

Albert Einstein  
to Max Born,  
3 March 1947

“I cannot seriously 
believe in it because 
the theory cannot be 
reconciled with the 

idea that physics 
should represent a 
reality in time and 
space, free from 

spooky actions at 
distance”
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The ouroboros, Kekulé's
inspiration for the structure of
benzene.

is single half the time and double half the time. A firmer theoretical basis for a similar idea was
later proposed in 1928 by Linus Pauling, who replaced Kekulé's oscillation by the concept of
resonance between quantum-mechanical structures.[14]

The new understanding of benzene, and hence of all aromatic
compounds, proved to be so important for both pure and applied
chemistry after 1865 that in 1890 the German Chemical Society
organized an elaborate appreciation in Kekulé's honor,
celebrating the twenty-fifth anniversary of his first benzene
paper. Here Kekulé spoke of the creation of the theory. He said
that he had discovered the ring shape of the benzene molecule
after having a reverie or day-dream of a snake seizing its own tail
(this is an ancient symbol known as the ouroboros).[15] This is
likely an example of the exercise of a particular imaginative state,
involving homospatial and janusian processes, followed by
stepwise logical thinking.[16]

A similar humorous depiction of benzene had appeared in 1886 in
the Berichte der Durstigen Chemischen Gesellschaft (Journal of
the Thirsty Chemical Society), a parody of the Berichte der Deutschen Chemischen Gesellschaft,
only the parody had six monkeys seizing each other in a circle, rather than a single snake as in
Kekulé's anecdote.[17] Some historians have suggested that the parody was a lampoon of the snake
anecdote, possibly already well-known through oral transmission even if it had not yet appeared in
print.[18] Others have speculated that Kekulé's story in 1890 was a re-parody of the monkey spoof,
and was a mere invention rather than a recollection of an event in his life.

Kekulé's 1890 speech,[19] in which these anecdotes appeared, has been translated into English.[20]

If one takes the anecdote as reflecting an accurate memory of a real event, circumstances
mentioned in the story suggest that it must have happened early in 1862.[21]

He told another autobiographical anecdote in the same 1890 speech, of an earlier vision of dancing
atoms and molecules that led to his theory of structure, published in May 1858. This happened, he
claimed, while he was riding on the upper deck of a horse-drawn omnibus in London. Once again,
if one takes the anecdote as reflecting an accurate memory of a real event, circumstances related in
the anecdote suggest that it must have occurred in the late summer of 1855.[22]

Lehrbuch der Organischen Chemie (https://gutenberg.beic.it/webclient/DeliveryManager?pi
d=6594362) (in German). 1. Erlangen: Enke. 1859–1861.

Kekulé's dream

Works

= | ↑↓〉 − | ↓↑〉
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Benzene

Kekule’s spooky dream (1865)
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Quantum spin liquids



Triangular lattice antiferromagnet

Nearest-neighbor model has ordered spins
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Patrik Fazekas and P. W. Anderson, Philos. Mag. 30, 23 (1974).

<latexit sha1_base64="44EQSLd248yeLy8H80pBg3XRVUI="></latexit>

|Gi =
X

D
cD |Di

D ! dimer covering

of lattice

Spin liquid: resonating valence bonds
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Key feature: fractionalization.
Excitations are particle-like,

but cannot be created
by local operators.

The excitations are classified
under distinct
anyon sectors.
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Anyon: a “spinon”
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• The theory of spin liquids with well-defined anyons

has applications to insulators (such as KYbSe2),

and to quantum devices built by Google and IBM.

• However, it does not describe high temperature

superconductivity in the cuprates, which requires a

di!erent type of multi-particle quantum

entanglement.



<latexit sha1_base64="hm1cxNkwoK1L92O9vyjg5ZMrclU="></latexit>

• The theory of spin liquids with well-defined anyons

has applications to insulators (such as KYbSe2),

and to quantum devices built by Google and IBM.

• However, it does not describe high temperature

superconductivity in the cuprates, which requires a

di!erent type of multi-particle quantum

entanglement.



The Sachdev-Ye-Kitaev model 
of entanglement of mobile fermions



Philosophy And Snakes & Ladders
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Although now popular in its modern, westernized form as a kids’ game, did you know

that Snakes & Ladders traces its roots to a traditional Indian board game based on

religious philosophies? In the original, it served as a lesson in morality. Playing this

game wasn’t just about winning or losing, but finding out how close you were, to

heaven or hell.

It is believed to have been invented by Jain monks to promote the concept of
liberation

The history of Snakes & Ladders goes back around 1000 years to 10th century CE where

it is believed to have been invented by Jain monks to promote the concept of

liberation from the bondage of passions. The game was symbolic of a man’s journey in

life and the design had a few similarities with the ancient Jain mandalas in which

various squares were illustrated with the notions of karma and moksha.

Jain mandala, 16th century CE | www.mfa.org

As the monks travelled with the game, it acquired many regional names like Gyan
Chaupar in northern India and Mokshapat around Maharashtra, along with Leela and

Parampada Sopanapata. Meanwhile, there also developed other ‘philosophical’

variations – a Hindu and a very rare, Sufi Muslim version.

The ladders represented virtues while the snakes represented vices

In the game, the ladders represented virtues such as faith, generosity, humility and

asceticism while the snakes represented vices such as anger, theft, lust and greed. The

last square represented either a God or heaven meaning you have attained liberation.

The ladders conveyed that good deeds lead you to heaven and evil to a cycle of re-

births. The number of ladders was less than the number of snakes, a reminder that the

path of good is much more difficult to tread, than a path of sins.

Support Live History India
If you like Live History India`s work, do consider extending support to us. No contribution is too small and
it will only take a minute. We thank you for pitching in.

DONATE

*Terms And Conditions

In a nut-shell the game was meant to inspire players to introspect rather than

compete with each other.

Jain version, painting on cloth, 19th century

Interestingly, the reason the game pivoted around pure luck was because it was in

keeping with the Jain philosophical notion – emphasizing the ideas of fate and destiny.

This was in contrast to other ancient games such as Chaturanga which needed skill or

Pachisi, which focused on a mixture of both.

The Pahari style of the game could run up to 360 squares

Also, it is to be noted that unlike the 100 squares game that is ubiquitous with the

Snakes & Ladder board game today, there wasn’t any standardization then. The most

common types were 84-square Jain board, 101-square Sufi board and the 72 square

Hindu (predominantly Vaishnav) board, followed by their expanded variants, which in

Pahari style can run up to 360-squares.

Often made simply of painted cloth and sometimes on paper, few boards have

survived from any earlier than the mid-18th century. The iconography on it depicts

cosmological elements, with upper regions depicting divine beings and the heavens.

The rest of the board was covered with pictures of animals, flowers and people.

Gyan Chaupar - 19th century CE | Rajasthan Oriental Research Institute, Jodhpur

The appeal of this game not only transcended religious boundaries but also

geographical ones. When it was first brought to Victorian England in 1892 for instance,

it was a big hit. Here it was customised to suit Christian sensibilities. The squares of

fulfilment, grace and success were accessible by ladders of thrift and penitence and

snakes of indulgence, disobedience and indolence caused one to end up in illness,

disgrace and poverty. While the Indian version of the game had snakes outnumbering

ladders, the English counterpart was more forgiving, as it contained each in the same

amount. This concept of equality signifies the cultural ideal that for every sin one

commits, there exists another chance at redemption.

Chutes and Ladders which taught kids about good and bad deeds | www.indoindians.com

In 1943, it was rebranded as Chutes and Ladders in the United States by game pioneer

Milton Bradley. Over time, the game was simplified, stripped of moral lessons

altogether and in its recent avatar, it came to be known as Snakes and Ladders.

This game serves as a perfect example of how even a simple game can evolve over

time and space. In this case, also how a profound lesson in morality, became a game

children play.
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Place electrons randomly on some sites
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A solvable model of multi-particle  
quantum entanglement.

Yields a metal whose excitations are not  
particle-like i.e. no bosons, fermions, anyons…. 

 
Current is carried by an “entangled quantum soup”

The Sachdev-Ye-Kitaev (SYK) model
Sachdev, Ye (1993); Kitaev (2015)



Yields a quantum state whose excitations are not  
particle-like i.e. no bosons, fermions, anyons….

The Sachdev-Ye-Kitaev (SYK) model
Sachdev, Ye (1993); Kitaev (2015)
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Current is carried by an “entangled quantum soup”



Yields a quantum state whose excitations are not  
particle-like i.e. no bosons, fermions, anyons….

The Sachdev-Ye-Kitaev (SYK) model
Sachdev, Ye (1993); Kitaev (2015)
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A key consequence of the absence of the particle-like
excitations is Universal Planckian Dissipation.

The relaxation time, ω , when perturbed
at a frequency ε is given by

ω =
⊋

kBT
F

(
⊋ε
kBT

)

where ⊋ is Planck’s constant, T is temperature,
and the function F is independent of the strength of

interaction between the particles.
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The “strange metal” has 
no particle-like/anyon 

excitations 
and is described by  
a SYK-type theory

Aavishkar A. Patel, Haoyu Guo, Ilya Esterlis, S. S., Science 381, 790 (2023)
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This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.

Article https://doi.org/10.1038/s41467-023-38762-5
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Planckian dynamics !
of large Fermi surface

Electron scattering time ω
from optical conductivity

ω(ε) =
⊋

kBT
F

(
⊋ε
kBT

)



Quantum entanglement, 
the SYK model, 
and black holes  



Objects so dense that light is 
gravitationally bound to them.

Black Holes

Horizon radius R =
2GM

c2
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G Newton’s constant, c velocity of light, M mass of black hole
For M = earth’s mass, R ⇡ 9mm!
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Karl Schwarzschild (1916)
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Quantum Entanglement across a black hole horizon

Black hole 
horizon

= | ↑↓〉 − | ↓↑〉

Quantum entanglement 
on the surface
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By computations outside
the black hole,

Hawking obtained

the black hole entropy

S =
Ac3

4G⊋

where A is area of the

black hole horizon.

All other systems have

entropy proportional to

their volume.
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By computations outside
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the black hole entropy
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where A is area of the
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All other systems have
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their volume.



Black hole 
horizon

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

⇣

The quantum versions of 
Maxwell’s and Einstein’s 

equations in  
       space and time are  

also the equations describing 
electron entanglement  

in the SYK model!

~x
⇣



Quantum Entanglement across a black hole horizon
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ωring→down → ⊋
kBT

Planckian dynamics!

T is the Hawking

temperature of

the black hole



The SYK model describes multi-particle 
quantum entanglement resulting in the  

loss of identity of the particles 
 

In one set of variables, it describes  
the strange electrical properties of YBCO 

 
 

In a dual set of variables it describes 
charged black holes

The Sachdev-Ye-Kitaev (SYK) model

Sachdev (2010), Kitaev (2015), Maldacena Stanford (2015)

Sachdev, Ye (1993)
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The SYK model describes multi-particle 
quantum entanglement resulting in the  

loss of identity of the particles 
 

In one set of variables, it helps describe  
the strange electrical properties of YBCO 

 
 

In a dual set of variables it describes 
the interior of charged black holes

The Sachdev-Ye-Kitaev (SYK) model

Sachdev (2010), Kitaev (2015), Maldacena Stanford (2015)

Sachdev, Ye (1993)


