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Superfluid-insulator transition

a Superflud state

Ultracold ®“Rb

atoms - bosons

M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch, and I. Bloch, Nature 415, 39 (2002).
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Insulator (the vacuum) at large U
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Excitations:

Particles ~
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Excitations:

Holes ~ 1
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Excitations of the insulator:

Particles ~

@ @
Holes ~ 1

Density of particles = density of holes =
“relativistic” field theory for :

S= [ drar (|00 + U + (g = gl + 10l

Insulator & (¥) =0
Superfluid < (¥) #0
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5= [ rar (10007 + 2991 + (g - gl + 3101

(v) # 0 (1)) = 0

Superfluid Insulator

9 Tcrr| 9
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Classical vortices and wave

oscillations of the
condensate

Dilute Boltzmann/Landau gas
of particle and holes

M. Quantum y
critical
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CFT at 7>0

M. Quantum -
\ critical ,
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D. B. Haviland, Y. Liu, and A. M. Goldman, |0'2L R ?
Phys. Rev. Lett. 62, 2180 (1989) s SR

T (K)
M. P. A. FiShCI’, PhyS Rev. Lett. 65, 023 (1990) FIG. 1. Evolution of the temperature dependence of the

sheet resistance R(T) with thickness for a Bi film deposited
onto Ge. Fewer than half of the traces actually acquired are
shown. Film thicknesses shown range from 4.36 to 74.27 A,
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Quantum critical transport

Quantum “perfect flurd”
with shortest possible
relaxation time, 7

S. Sachdev, Quantum Phase Transitions, Cambridge (1999).
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Quantum critical transport

Transport co-oefficients not determined
by collision rate, but by
universal constants of nature

Electrical conductivity

X |Universal constant O(1) |

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).
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Quantum critical transport

Transport co-oefficients not determined
by collision rate, but by
universal constants of nature

Momentum transport
N V1SCOS1ty

entropy density

h
— k_ X |Universal constant O(1) |
B

P. Kovtun, D. T. Son, and A. Starinets, Phys. Rev. Lett. 94, 11601 (2005)
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Quantum critical transport

Euclidean field theory:
Compute current correlations on
R?* x S' with circumference 1/T
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Quantum critical transport

Euclidean field theory: Compute current correlations on R? x S*
with circumference 1/T

AT Complex w plane

27

Direct 1/N or e expansions for correlators at the Eu-
clidean frequencies w,, = 27nT% ( n integer)
or in the conformal “collisionless” regime, hw > kgT'.
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Density correlations in CFTs at 7 >0

Two-point density correlator, x(k,w)

—W

Kubo formula for conductivity o(w) = %imo w7 x(k,w)
For all CFT3s, at hw > kT
4e? k? 4e?
x(bw) = oK mme—s 3 o) = 5K

where K is a universal number characterizing the CFT3, and v is
the velocity of “light”.
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Quantum critical transport

Euclidean field theory: Compute current correlations on R? x S*
with circumference 1/T

AT Complex w plane

27

Strong coupling problem:
Correlators at hw < kg1, along the real axis,
in the collision-dominated hydrodynamic regime.
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Density correlations in CFTs at 7 >0

Two-point density correlator, x(k,w)

Kubo formula for conductivity o(w) = ]lin% _k—zw X (k,w)

For all CFT3s, at hw < kg1, we have the Einstein relation

Dk? 4e?
- 2 _ 2 _

X(kw) = dexerio— ; 0(w) = 46Dy = — 0,0,
where the compressibility, v., and the diffusion constant D
obey

]{BT hU2
= © ; D= ©

with ©¢ and ©- universal numbers characteristic of the CFT3

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).
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Density correlations in CFTs at 7 >0

In CFT3s collisions are “phase” randomizing, and lead to
relaxation to local thermodynamic equilibrium. So there
is a crossover from collisionless behavior for hw > kT, to
hydrodynamic behavior for Aw < kgT.

4 2
%K , hw > kT
o(w) =
4e?
T@l@g = 0Q : hw < ]‘CBT

and in general we expect K # 010, (verified for Wilson-
Fisher fixed point).

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).
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The AdS/CFT correspondence
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Field theories in D spacetime dimensions are char-
acterized by couplings g which obey the renormal-
1zation group equation

where u is the energy scale. The RG equation is
local in energy scale, i.e. the RHS does not depend
upon u.
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Field theories in D spacetime dimensions are char-

acterized by couplings g which obey the renormal-
1zation group equation

where u is the energy scale. The RG equation is

local in energy scale, i.e. the RHS does not depend
upon u.

Key idea: = Implement u as an extra dimen-
sion, and map to a local theory in D+ 1 dimensions.
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At the RG fixed point, 8(g) = 0, the D dimen-
sional field theory is invariant under the scale trans-
formation

et — /b, u—bu
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At the RG fixed point, 8(g) = 0, the D dimen-
sional field theory is invariant under the scale trans-
formation

et — /b, u—bu

This is an invariance of the metric of the theory in
D + 1 dimensions. The unique solution is

du?

u

ds® = (%) dxtdz,, + )

Or, using the length scale z = L?/u

dztdx,, + dz?

9 12
ds® = L 3

This is the space AdSp.1, and L is the AdS radius.
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Figure 1: The extra (‘radial’) dimension of the bulk is the resolution scale of the field theory.
The left figure indicates a series of block spin transformations labelled by a parameter z.
The right figure is a cartoon of AdS space, which organizes the field theory information
in the same way. In this sense, the bulk picture is a hologram: excitations with different
wavelengths get put in different places in the bulk image.

J. McGreevy, arXiv0909.0518
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Bonus: AdSp 1 is a solution of Einstein’s equations
with a negative cosmological constant, and is a sym-
metric space; the full group of symmetries of the
metric is SO(D + 1,1) (in Euclidean signature)
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Bonus: AdSp 1 is a solution of Einstein’s equations
with a negative cosmological constant, and is a sym-
metric space; the full group of symmetries of the
metric is SO(D + 1,1) (in Euclidean signature)

SO(D+1,1) is the group of conformal transforma-
tions in D dimensions, and relativistic field theo-
ries at the RG fixed point are conformally invari-
ant.
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At T" > 0, the Euclidean field theory is on the
cylinder RP~! x S!, where the time co-ordinate is
periodic under 7 — 7+ 1/T.

)
RD—l
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At T" > 0, the Euclidean field theory is on the
cylinder RP~! x S!, where the time co-ordinate is
periodic under 7 — 7+ 1/T.

Solving Einstein’s equations with a negative cosmological constant
we have the solution

L? . dz? . 2\
d32:?<f(z)d7'2+dx2 . f(z)) , f(z):1—<5>

This is a AdS-Schwarzschild black hole with a horizon at z = zp.
I'his space is periodic in 7 with period 1/T for

d
T =
47TZH
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SU(N) SYM3 with N' = 8 supersymmetry

e Has a single dimensionful coupling constant, ey, which flows
to a strong-coupling fixed point ey = e; in the infrared.

e The CFT3 describing this fixed point resembles “critical spin
liquid” theories.

e This CFT3 is the low energy limit of string theory on an
M2 brane. The AdS/CFT correspondence provides a dual
description using 11-dimensional supergravity on AdS, x 57.

e The CFT3 has a global SO(8) R symmetry, and correlators

of the SO(8) charge density can be computed exactly in the
large N limit, even at 1" > 0.
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SU(N) SYM3 with N' = 8 supersymmetry

e The SO(8) charge correlators of the CFT3 are given by the
usual AdS/CFT prescription applied to the following gauge
theory on AdS4:

1 a a
S=—— / d'z/—gg" g " Py N Fa g
494D

where a = 1...28 labels the generators of SO(8). Note that
in large N theory, this looks like 28 copies of an Abelian gauge
theory.
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Collisionless to hydrodynamic crossover of SYM3
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P. Kovtun, C. Herzog, S. Sachdev, and D.T. Son, Phys. Rev. D 75, 085020 (2007)
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Collisionless to hydrodynamic crossover of SYM3

Imy(k,w)/k*
12
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P. Kovtun, C. Herzog, S. Sachdev, and D.T. Son, Phys. Rev. D 75, 085020 (2007)
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Universal constants of SYM3

kT de?
c = © —K . hw > kT
X (h’U)Z 1 h W B
hU2 O(w) - 4 2
D = kBT@2 _Z 0.0, ., hw<kpT

C. Herzog, JHEP 0212, 026 (2002)
P. Kovtun, C. Herzog, S. Sachdev, and D.T. Son, Phys. Rev. D 75, 085020 (2007)
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Nematic order in YBCO

V. Hinkov, D. Haug, B. Fauqué, P. Bourges, Y. Sidis, A. Ivanov,
C. Bernhard, C. T. Lin, and B. Keimer , Science 319, 597 (2008)
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Broken rotational symmetry o

in the pseudogap phase of a

0.12 DM =v /T-v /T

high-Tc superconductor Y =
=

R. Daou, J. Chang, David LeBoeuf, Olivier Cyr- = i

Choiniere, Francis Laliberte, Nicolas Doiron- +~

Leyraud, B. ]. Ramshaw, Ruixing Liang, i

D.A. Bonn,W. N. Hardy, and Louis Taillefer % ;i

arXiv: 0909.4430
300 T T T T

5 YBCO

 Eall :
200 - AN '

X 150 | PG . \‘\h -

- e

-0.1

100 g

S.A. Kivelson, E. Fradkin, and
V.]J. Emery, Nature 393,550 (1998).

50

(8).08 U1 812 Uia 816 018 0.2
p (per planar Cu atom)
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Quantum criticality of Pomeranchuk instability
p YV

P
<

> X

Fermi surface with full square lattice symmetry
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Quantum criticality of Pomeranchuk instability
p YV

i N
g

Spontaneous elongation along x direction:
Ising order parameter ¢ > 0.
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Quantum criticality of Pomeranchuk instability
p Y

> X

Spontaneous elongation along y direction:
Ising order parameter ¢ < O.

Monday, December 21, 2009



Quantum criticality of Pomeranchuk instability

A
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Quantum criticality of Pomeranchuk instability

T \\ //
X Quantum y

. crtical ,

\ /

Phase diagram as a function of 7" and A
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Quantum criticality of Pomeranchuk instability
\ /

4
. Quantum y

. critical L’

Classical
d=2 Ising

criticality

Phase diagram as a function of 7" and A
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Quantum criticality of Pomeranchuk instability
\ /
1 N /
< Quantum y

. critical L’

quantum
criticality ?

Phase diagram as a function of 7" and A

Monday, December 21, 2009



Quantum criticality of Pomeranchuk instability

Effective action for Ising order parameter

Sy = / d°rdr [(0:0)* + (Ve)® + (A — A)o” + ug”|
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Quantum criticality of Pomeranchuk instability

Effective action for Ising order parameter

Sy = / d°rdr [(0:0)* + (Ve)® + (A — A)o” + ug”|

Effective action for electrons:

Ny |
A S, = /dTZ Zc;-ra&cm—zmjcjacm
/\ a=1 [ i i <j
0/

Ny
2: Z / chLa (O0r + €k) Cka

a=1 k
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Quantum criticality of Pomeranchuk instability

Coupling between Ising order and electrons

Ny
Spe = —’)//d7'¢ Z Z(COS k. — cos ky)cLacka

a=1 k

for spatially independent ¢

A a

1
T
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Quantum criticality of Pomeranchuk instability

Coupling between Ising order and electrons

Ny
Spe = —7 / dt L L ¢q (cos k; — cos ky)CL_I_q/z’aCk_q/Q’a

a=1 k,q

for spatially dependent ¢

A a

1
T
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Quantum criticality of Pomeranchuk instability

Sy = / d°rdr [(0:0)° + 2 (VP)* + (X — Ae)p” + ug”|

Ny
S, = Z Z/chLa (0r + €K) Cka

a=1 k

Ny
Spe = —7 / dr Z Z Gq (cos k; — cos ky)CL+q/2’aCk_q/2’a

a=1 k.,q
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A ¢ fluctuation at wavevector ¢ couples most efficiently to
fermions near +kq.

Expand fermion kinetic energy at wavevectors about EO
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L = ¢! (COr —i0y — 02) by + L (COr + 0, — 02)

1
=26 (vloy oLy )+ 5 0,0)" + 567
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Emergent “Galilean invariance” at low energy (s = +):

—is(2 ﬁx
gb(x,y) — ¢($ay + (933)7 %(ﬂi‘ay) — € (2¥+73 )%(ﬂ%y + (9.16)

which implies for the fermion Green’s function

G(Q:ca Qy) — G(SQ:U + C];)
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q

\ “Hot” Fermi surfaces

Y

Yy

Emergent “Galilean invariance” at low energy (s = +):

—is(2 ﬁx
gb(x,y) — ¢($ay + (933)7 %(ﬂi‘ay) — € (2¥+73 )ws(ajvy + (9.16)

which implies for the fermion Green’s function
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Wy (COr — 0y — ) Uy + 0L (COr + 0y — 87) 0

1 9 T 2
2 (Oy®)” + §¢

~ ¢ (vley +uly )+

After tuning the single parameter »r ~ A — A., and sending
( — 0, L describes a critical theory with no coupling constants.
There is a separate copy of this critical theory for each direction
g. This theory has 2 independent exponents z and 7, and the
correlation length and susceptibility exponents are given by

v=1

The fermion and order parameter Green’s functions obey the
scaling forms

G(3,w) = €710y ((g:+gD)€% we*) 5 D(Gw) = €10y (g€, we*)

We have computed the exponents to three loops, and find z = 3
and n = —0.0868 at this order.
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Computations in the I/N expansion

All planar graphs of v, alone
are as important as the leading
term

Sung-Sik Lee, Physical Review B 80, 165102 (2009)
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Computations in the I/N expansion

> —

Graph mixing ¥, and 9 _
is ® (N3/2) (instead of O (IV)),

violating genus expansion

All planar graphs of v, alone
are as important as the leading
term

Sung-Sik Lee, Physical Review B 80, 165102 (2009)
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Conformal field theory
in 2+1 dimensions at 1" = 0

!

Einstein gravity

011l AdS4

oooooooooooooooooooooo



Conformal field theory
in 2+1 dimensions at 1" > 0

= |

( Finstein gravity on AdSy
with a Schwarzschild
black hole

oooooooooooooooooooooo



Conformal field theory
in 2+1 dimensions at 1" > 0,
with a non-zero chemical potential, u
and applied magnetic field, B

!

Finstein gravity on AdSy
with a Reissner-Nordstrom
black hole carrying electric

and magnetic charges

(

oooooooooooooooooooooo



AdS4-Reissner-Nordstrom

black hole Sy G o
2 dr? * | VA% .
2 2 | G 2
ds = (f(r)d’r NOR dx —|—dy>
) = 1 (14 TR (r N et 4B ()
| 7 T+ v r+)
A = i {1—L} dr + Bx dy .
r+

2 4 12
- 1 - ri,u B ri B |
Amr v? v?
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Examine free energy and Green’s function
of a probe particle

T. Faulkner, H. Liu, J. McGreevy, and D.Vegh, arXiv:0907.2694
F Denef, S. Hartnoll, and S. Sachdeyv, arXiv:0908.1788
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Short time behavior depends upon
conformal AdS4 geometry near boundary

T. Faulkner, H. Liu, J. McGreevy, and D.Vegh, arXiv:0907.2694
F Denef, S. Hartnoll, and S. Sachdeyv, arXiv:0908.1788
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Long time behavior depends upon
near-horizon geometry of black hole

T. Faulkner, H. Liu, J. McGreevy, and D.Vegh, arXiv:0907.2694
F Denef, S. Hartnoll, and S. Sachdeyv, arXiv:0908.1788
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AdS4-Reissner-Nordstrom

black hole Sy G o
2 dr? * | VA% .
2 2 | G 2
ds = (f(r)d’r NOR dx —|—dy>
) = 1 (14 TR (r N et 4B ()
| 7 T+ v r+)
A = i {1—L} dr + Bx dy .
r+

2 4 12
- 1 - ri,u B ri B |
Amr v? v?
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AdS; x R? near-horizon

geometry

1

T —T ~~ =

T
d2 . R_Q_dQ d2 |T—2Fd2 d2
2= B i) 1 T (w0 )
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Infrared physics of Fermi surface is linked to
the near horizon AdS; geometry of
Reissner-Nordstrom black hole

T. Faulkner, H. Liu, . McGreevy, and D.Vegh, arXiv:0907.2694
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Green’s function of a fermion

Re G:. Im G:

| L 0 31 33 1 1
-

'

10000

5000

—
"
oY

-5000

=1 i 1 i i 1

“g.'.G’OQC--’..‘Afg,
o

. 0

s *

1 1 1 1 ] =

-15%107°® -1.x10"® -5.x10""

G(k,w)

5.x1077 1.x10™°* 15x10°°

1

T. Faulkner, H. Liu,
J. McGreevy, and
D.Vegh,
arXiv:0907.2694

w—vp(k —kp) —iw?k)

M. Cubrovic, | Zaanen, and K. Schalm, arXiv:0904.1993
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Green’s function of a fermion
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Green’s function of a fermion

Re G2, Im G
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Free energy from gravity theory

The free energy is expressed as a sum over the “quasinor-
mal frequencies”, z,, of the black hole. Here ¢ represents
any set of quantum numbers:
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Application of this formula shows that the fermions ex-
hibit the dHvA quantum oscillations with expected pe-
riod (27 /(Fermi surface ares)) in 1/B, but with an ampli-

tude corrected from the Fermi liquid formula of Lifshitz-
Kosevich.
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Conclusions

General theory of finite temperature
dynamics and transport near
quantum critical points, with

applications to antiferromagnets,
graphene, and superconductors
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Conclusions

The AdS/CFT offers promise in

providing a new understanding of
strongly interacting quantum matter
at hon-zero density
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