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d-wave superconductor: particle-particle pairing 
at and near hot spots, with 

sign-changing pairing amplitude
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Sign-problem-free Quantum Monte Carlo for 
antiferromagnetism in metals

−2 −1 0 1 2 3
−2

0

2

4

6

8

10 x 10−4

r

P ±
(x
m
ax

)
L = 10

L = 14

L = 12

rc

↑

P+

_

_
P_

|

s / d pairing amplitudes P+ / P�
as a f unc tio n o f th e tuning parameter r

E. Berg,  M. Metlitski, and S. Sachdev, Science 338, 1606  (2012).

Monday, August 19, 13



Fluctuating
Fermi

pockets
Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

Underlying SDW ordering quantum critical point
in metal at x = xm

Increasing SDW order

T*
Quantum
Critical

Fermi surface+antiferromagnetism

Monday, August 19, 13



Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

d-wave
superconductor

Small Fermi
pockets with 

pairing fluctuations
Fluctuating, 
paired Fermi

pockets

QCP for the onset of SDW order is 
actually within a superconductor

Fermi surface+antiferromagnetism

Quantum
Critical

Monday, August 19, 13



TSDW 
Tc

 

T0 

2.0 

0 

α"

1.0 SDW 

Superconductivity 

BaFe2(As1-xPx)2 

AF

Resistivity
⇠ ⇢0 +AT↵

S. Kasahara, T. Shibauchi, K. Hashimoto, K. Ikada, S. Tonegawa, R. Okazaki, H. Shishido, 
H. Ikeda, H. Takeya, K. Hirata, T. Terashima, and Y. Matsuda, 

Physical Review B 81, 184519 (2010)

Strange
Metal

Monday, August 19, 13



Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

d-wave
superconductor

Small Fermi
pockets with 

pairing fluctuations
Fluctuating, 
paired Fermi

pockets

QCP for the onset of SDW order is 
actually within a superconductor

Fermi surface+antiferromagnetism

Quantum
Critical

Monday, August 19, 13



Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

d-wave
superconductor

Small Fermi
pockets with 

pairing fluctuations
E. G. Moon and

S. Sachdev, Phy.
Rev. B 80, 035117
(2009)

Theory of quantum criticality in the cuprates

Competition between SDW order and superconductivity
moves the actual quantum critical point to x = xs < xm.

Fluctuating, 
paired Fermi

pockets

Quantum
Critical

Monday, August 19, 13



Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

d-wave
superconductor

Small Fermi
pockets with 

pairing fluctuations
E. G. Moon and

S. Sachdev, Phy.
Rev. B 80, 035117
(2009)

Theory of quantum criticality in the cuprates

Competition between SDW order and superconductivity
moves the actual quantum critical point to x = xs < xm.

Fluctuating, 
paired Fermi

pockets

Quantum
Critical

Monday, August 19, 13



Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

d-wave
superconductor

Small Fermi
pockets with 

pairing fluctuations
E. G. Moon and

S. Sachdev, Phy.
Rev. B 80, 035117
(2009)

Theory of quantum criticality in the cuprates

Competition between SDW order and superconductivity
moves the actual quantum critical point to x = xs < xm.

Fluctuating, 
paired Fermi

pockets

Quantum
Critical

xs

Monday, August 19, 13



Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

d-wave
superconductor

Small Fermi
pockets with 

pairing fluctuations

M.A. Metlitski and
S. Sachdev, Phys.
Rev. B 85, 075127
(2010)

Theory of quantum criticality in the cuprates

Fluctuating, 
paired Fermi

pockets

Quantum
Critical

xs

Bond
Order

The metal has an instability to both d-wave superconductivity

and a d-wave charge density wave (bond order).

M. Vojta and

S. Sachdev, Phys.
Rev. Lett. 83,
3916 (1999)

Monday, August 19, 13



LETTER
doi:10.1038/nature10345

Magnetic-field-induced charge-stripe order in the
high-temperature superconductor YBa2Cu3Oy
TaoWu1, Hadrien Mayaffre1, Steffen Krämer1, Mladen Horvatić1, Claude Berthier1, W. N. Hardy2,3, Ruixing Liang2,3, D. A. Bonn2,3

& Marc-Henri Julien1

Electronic charges introduced in copper-oxide (CuO2) planes
generate high-transition-temperature (Tc) superconductivity but,
under special circumstances, they can also order into filaments
called stripes1. Whether an underlying tendency towards charge
order is present in all copper oxides and whether this has any
relationship with superconductivity are, however, two highly con-
troversial issues2,3. To uncover underlying electronic order, mag-
netic fields strong enough to destabilize superconductivity can be
used. Such experiments, including quantum oscillations4–6 in
YBa2Cu3Oy (an extremely clean copper oxide in which charge
order has not until now been observed) have suggested that super-
conductivity competes with spin, rather than charge, order7–9. Here
we report nuclear magnetic resonance measurements showing that
high magnetic fields actually induce charge order, without spin
order, in the CuO2 planes of YBa2Cu3Oy. The observed static, uni-
directional, modulation of the charge density breaks translational
symmetry, thus explaining quantum oscillation results, and we
argue that it is most probably the same 4a-periodic modulation
as in stripe-ordered copper oxides1. That it develops only when
superconductivity fades away and near the same 1/8 hole doping
as in La22xBaxCuO4 (ref. 1) suggests that charge order, although
visibly pinned by CuO chains in YBa2Cu3Oy, is an intrinsic pro-
pensity of the superconducting planes of high-Tc copper oxides.
The ortho II structure of YBa2Cu3O6.54 (p5 0.108, where p is the

hole concentration per planar Cu) leads to two distinct planar Cu
NMR sites: Cu2F are those Cu atoms located below oxygen-filled
chains, and Cu2E are those below oxygen-empty chains10. The main
discovery of ourwork is that, on cooling in a fieldH0 of 28.5 T along the
c axis (that is, in the conditions for which quantum oscillations are
resolved; see Supplementary Materials), the Cu2F lines undergo a
profound change, whereas theCu2E lines do not (Fig. 1). To first order,
this change can be described as a splitting of Cu2F into two sites having
both different hyperfine shiftsK5 Æhzæ/H0 (where Æhzæ is the hyperfine
field due to electronic spins) and quadrupole frequencies nQ (related to
the electric field gradient). Additional effects might be present (Fig. 1),
but they areminor in comparisonwith the observed splitting. Changes
in field-dependent and temperature-dependent orbital occupancy (for
example dx2{y2 versus dz2{r2 ) without on-site change in electronic
density are implausible, and any change in out-of-plane charge density
or lattice would affect Cu2E sites as well. Thus, the change in nQ can
only arise from a differentiation in the charge density between Cu2F
sites (or at the oxygen sites bridging them). A change in the asymmetry
parameter and/or in the direction of the principal axis of the electric
field gradient could also be associated with this charge differentiation,
but these are relatively small effects.
The charge differentiation occurs below Tcharge5 506 10K for

p5 0.108 (Fig. 1 and Supplementary Figs 9 and 10) and 676 5K for
p5 0.12 (Supplementary Figs 7 and 8). Within error bars, for each of
the samples Tcharge coincides with T0, the temperature at which the
Hall constant RH becomes negative, an indication of the Fermi surface

reconstruction11–13. Thus, whatever the precise profile of the static
charge modulation is, the reconstruction must be related to the trans-
lational symmetry breaking by the charge ordered state.
The absence of any splitting or broadening of Cu2E lines implies a

one-dimensional character of the modulation within the planes and
imposes strong constraints on the charge pattern. Actually, only two
types of modulation are compatible with a Cu2F splitting (Fig. 2). The
first is a commensurate short-range (2a or 4a period) modulation
running along the (chain) b axis. However, this hypothesis is highly
unlikely: to the best of our knowledge, no such modulation has ever
been observed in the CuO2 planes of any copper oxide; it would there-
fore have to be triggered by a charge modulation pre-existing in the
filled chains. A charge-density wave is unlikely because the finite-size
chains are at best poorly conducting in the temperature and doping
range discussed here11,14. Any inhomogeneous charge distribution
such as Friedel oscillations around chain defects would broaden rather
than split the lines. Furthermore, we can conclude that charge order
occurs only for high fields perpendicular to the planes because the
NMR lines neither split at 15T nor split in a field of 28.5 T parallel
to the CuO2 planes (along either a or b), two situations in which
superconductivity remains robust (Fig. 1). This clear competition
between charge order and superconductivity is also a strong indication
that the charge ordering instability arises from the planes.
Theonlyother patterncompatiblewithNMRdata is an alternationof

more and less charged Cu2F rows defining a modulation with a period
of four lattice spacings along the a axis (Fig. 2). Strikingly, this corre-
sponds to the (site-centred) charge stripes found in La22xBaxCuO4 at
doping levels near p5 x5 0.125 (ref. 1). Being a proven electronic
instability of the planes, which is detrimental to superconductivity2,
stripe ordernot onlyprovides a simple explanationof theNMRsplitting
but also rationalizes the striking effect of the field. Stripe order is also
fully consistent with the remarkable similarity of transport data in
YBa2Cu3Oy and in stripe-ordered copper oxides (particularly the
dome-shaped dependence ofT0 around p5 0.12)11–13. However, stripes
must be parallel from plane to plane in YBa2Cu3Oy, whereas they are
perpendicular in, for example, La22xBaxCuO4. We speculate that this
explains why the charge transport along the c axis in YBa2Cu3Oy

becomes coherent in high fields below T0 (ref. 15). If so, stripe fluctua-
tions must be involved in the incoherence along c above T0.
Once we know the doping dependence of nQ (ref. 16), the difference

DnQ5 3206 50 kHz for p5 0.108 implies a charge density variation
as small as Dp5 0.036 0.01 hole between Cu2Fa and Cu2Fb. A
canonical stripe description (Dp5 0.5 hole) is therefore inadequate
at the NMR timescale of ,1025 s, at which most (below T0) or all
(above T0) of the charge differentiation is averaged out by fluctuations
faster than 105 s21. This should not be a surprise: themetallic nature of
the compound at all fields is incompatible with full charge order, even
if this order is restricted to the direction perpendicular to the stripes17.
Actually, there is compelling evidence of stripe fluctuations down to
very low temperatures in stripe-ordered copper oxides18, and indirect

1Laboratoire National des Champs Magnétiques Intenses, UPR 3228, CNRS-UJF-UPS-INSA, 38042 Grenoble, France. 2Department of Physics and Astronomy, University of British Columbia, Vancouver,
British Columbia V6T1Z1, Canada. 3Canadian Institute for Advanced Research, Toronto, Ontario M5G1Z8, Canada.
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evidence (explaining the rotational symmetry breaking) over a broad
temperature range in YBa2Cu3Oy (refs 14, 19–22). Therefore, instead
of being a defining property of the ordered state, the small amplitude of
the charge differentiation is more likely to be a consequence of stripe
order (the smectic phase of an electronic liquid crystal17) remaining
partly fluctuating (that is, nematic).
In stripe copper oxides, charge order at T5Tcharge is always accom-

panied by spin order at Tspin,Tcharge. Slowing down of the spin

fluctuations strongly enhances the spin–lattice (1/T1) and spin–spin
(1/T2) relaxation rates between Tcharge and Tspin for

139La nuclei. For
themore strongly hyperfine-coupled 63Cu, the relaxation rates become
so large that the Cu signal is gradually ‘wiped out’ on cooling below
Tcharge (refs 18, 23, 24). In contrast, the 63Cu(2) signal here in
YBa2Cu3Oy does not experience any intensity loss and 1/T1 does not
show any peak or enhancement as a function of temperature (Fig. 3).
Moreover, the anisotropy of the linewidth (Supplementary
Information) indicates that the spins, although staggered, align mostly
along the field (that is, c axis) direction, and the typical width of the
central lines at base temperature sets an uppermagnitude for the static
spin polarization as small as gÆSzæ# 23 1023mB for both samples in
fields of,30T. These consistent observations rule out the presence of
magnetic order, in agreement with an earlier suggestion based on the
presence of free-electron-like Zeeman splitting6.
In stripe-ordered copper oxides, the strong increase of 1/T2 on

cooling below Tcharge is accompanied by a crossover of the time decay
of the spin-echo from the high-temperature Gaussian form
exp(2K(t/T2G)2) to an exponential form exp(2t/T2E)18,23. A similar
crossover occurs here, albeit in a less extreme manner because of the
absence ofmagnetic order: 1/T2 sharply increases belowTcharge and the
decay actually becomes a combination of exponential and Gaussian
decays (Fig. 3). In Supplementary Information we provide evidence
that the typical values of the 1/T2E below Tcharge imply that antiferro-
magnetic (or ‘spin-density-wave’) fluctuations are slow enough to
appear frozen on the timescale of a cyclotron orbit 1/vc< 10212 s.
In principle, such slow fluctuations could reconstruct the Fermi sur-
face, provided that spins are correlated over large enough distances25,26

(see also ref. 9). It is unclear whether this condition is fulfilled here. The
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Figure 3 | Slow spin fluctuations instead of spin order. a, b, Temperature
dependence of the planar 63Cu spin-lattice relaxation rate 1/T1 for p5 0.108
(a) and p5 0.12 (b). The absence of any peak/enhancement on cooling rules
out the occurrence of a magnetic transition. c, d, Increase in the 63Cu spin–spin
relaxation rate 1/T2 on cooling below,Tcharge, obtained from a fit of the spin-
echo decay to a stretched form s(t) / exp(2(t/T2)

a), for p5 0.108 (c) and
p5 0.12 (d). e, f, Stretching exponent a for p5 0.108 (e) and p5 0.12 (f). The
deviation from a5 2 on cooling arises mostly from an intrinsic combination of
Gaussian and exponential decays, combined with some spatial distribution of
T2 values (Supplementary Information). The grey areas define the crossover
temperature Tslow below which slow spin fluctuations cause 1/T2 to increase
and to become field dependent; note that the change of shape of the spin-echo
decay occurs at a slightly higher (,115K) temperature than Tslow. Tslow is
slightly lower thanTcharge, which is consistentwith the slow fluctuations being a
consequence of charge-stripe order. The increase of a at the lowest
temperatures probably signifies that the condition cÆhz2æ1/2tc= 1, where tc is
the correlation time, is no longer fulfilled, so that the associated decay is no
longer a pure exponential. We note that the upturn of 1/T2 is already present at
15T, whereas no line splitting is detected at this field. The field therefore affects
the spin fluctuations quantitatively but not qualitatively. g, Plot of NMR signal
intensity (corrected for a temperature factor 1/T and for the T2 decay) against
temperature. Open circles, p5 0.108 (28.5T); filled circles, p5 0.12 (33.5T).
The absence of any intensity loss at low temperatures also rules out the presence
of magnetic order with any significant moment. Error bars represent the added
uncertainties in signal analysis, experimental conditions andT2measurements.
All measurements are with H | | c.
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 There is an approximate pseudospin 
symmetry in metals with antiferromagnetic  
spin correlations.

 The pseudospin partner of d-wave 
superconductivity is an incommensurate         
d-wave bond order

 These orders form a pseudospin doublet, 
which is responsible for the “pseudogap” phase.

M. A. Metlitski and S. Sachdev, Phys. Rev. B 85, 075127 (2010)
T. Holder and W. Metzner, Phys. Rev. B 85, 165130 (2012)

C. Husemann and W. Metzner, Phys. Rev. B 86, 085113 (2012)
M. Bejas, A. Greco, and H. Yamase, Phys. Rev. B 86, 224509 (2012)
K. B. Efetov, H. Meier, and C. Pépin, Nature Physics 9, 442 (2013).
S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)
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HJ =

X

i<j

Jij ~Si · ~Sj

with

~Si =

1
2c

†
i↵~�↵�ci� is the antiferromagnetic exchange interaction.

Introduce the Nambu spinor

 i" =

✓
ci"
c†i#

◆
,  i# =

✓
ci#
�c†i"

◆

Then we can write

HJ =

1

8

X

i<j

Jij

⇣
 

†
i↵a~�↵� i�a

⌘
·
⇣
 

†
j�b~��� j�b

⌘

where a, b are the Nambu indices. This form makes explicit the sym-

metry under independent SU(2) pseudospin transformations on each

site

 i↵a ! Ui,ab i↵b

This pseudospin (gauge) symmetry is important in classifying spin

liquid ground states of HJ . It is fully broken by the electron hopping

tij but does have remnant consequences in doped spin liquid states.

Pseudospin symmetry of the exchange interaction

I. A✏eck, Z. Zou, T. Hsu, and P. W. Anderson, Phys. Rev. B 38, 745 (1988)
E. Dagotto, E. Fradkin, and A. Moreo, Phys. Rev. B 38, 2926 (1988)
P. A. Lee, N. Nagaosa, and X.-G. Wen, Rev. Mod. Phys. 78, 17 (2006)
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X
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tijc
†
i↵cj↵ +

X
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with

~Si =

1
2c

†
i↵~�↵�ci� is the antiferromagnetic exchange interaction.

Introduce the Nambu spinor

 i" =

✓
ci"
c†i#

◆
,  i# =

✓
ci#
�c†i"

◆

Then we can write

HJ =

1

8

X

i<j

Jij

⇣
 

†
i↵~�↵� i�

⌘
·
⇣
 

†
j�~��� j�

⌘

which is invariant under independent SU(2) pseudospin transforma-

tions on each site

 i↵ ! Ui i↵

This pseudospin (gauge) symmetry is important in classifying spin

liquid ground states of HJ . It is fully broken by the electron hopping

tij but does have remnant consequences in doped spin liquid states.

Pseudospin symmetry of the exchange interaction
HtJ = �

X

i,j

tijc
†
i↵cj↵ +

X

i<j

Jij ~Si · ~Sj

We will find important consequences of the pseudospin

symmetry in ordinary metals with antiferromagnetic

correlations.

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)
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HtJ = �
X

i,j

tijc
†
i↵cj↵ +

X

i<j

Jij ~Si · ~Sj

The familiar BCS factorization of the exchange interaction leads to

HBCS = �
X

i,j

tijc
†
i↵cj↵+

X

i<j

3Jij
4

h
�ij"↵�cj↵ci� +�⇤

ij"↵�c
†
i↵c

†
j� + 2|�ij |2

i

However, we can also factorize in the particle-hole channel, by introducing
the bond order parameter Pij , and then the complete Hartree-Fock-BCS
factorization of the exchange interaction is

HHF�BCS = �
X

i,j

tijc
†
i↵cj↵

+
X

i<j

3Jij
4

h
�ij"↵�cj↵ci� +�⇤

ij"↵�c
†
i↵c

†
j� + 2|�ij |2

i

+
X

i<j

3Jij
4

h
Pijc

†
j↵ci↵ + P ⇤

ijc
†
i↵cj↵ + 2|Pij |2

i

Note that �ij and Pij appear with the same couplings: this is a manifes-
tation of the SU(2) pseudo-spin symmetry of the exchange interactions.
If the fermion hopping tij was pseudo-spin invariant, the energy would

depend only on the combination |Pij |2 + |�ij |2.

Pseudospin symmetry of the exchange interaction
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Pairing “glue” from antiferromagnetic fluctuations

V. J. Emery, J. Phys. (Paris) Colloq. 44, C3-977 (1983)
D.J. Scalapino, E. Loh, and J.E. Hirsch, Phys. Rev. B 34, 8190 (1986)

K. Miyake, S. Schmitt-Rink, and C. M. Varma, Phys. Rev. B 34, 6554 (1986)
S. Raghu, S.A. Kivelson, and D.J. Scalapino, Phys. Rev. B 81, 224505 (2010)
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Same “glue” leads to particle-hole pairing

A

B

AAAA

C

D

A A

B B

C C

D D

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)
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H =
X

k

"
⇥
v1 · k+ ↵(v1 ⇥ k)2

⇤
 †

A↵(k) A↵(k)

+
⇥
v2 · k+ ↵(v2 ⇥ k)2

⇤
 †

C↵(k) C↵(k)

+
⇥
�v1 · k+ ↵(v1 ⇥ k)2

⇤
 †

B↵(k) B↵(k)

+
⇥
�v2 · k+ ↵(v2 ⇥ k)2

⇤
 †

D↵(k) D↵(k)

+

Z
d2x

"
�J

⇣
 †

A↵~�↵� C� + †
C↵~�↵� A�

⌘

·
⇣
 †

B�~��� D� + 
†
D�~��� B�

⌘

�V
⇣
 †

A↵ C↵ + †
C↵ A↵

⌘⇣
 †

B� D� + †
D� B�

⌘#

Hamiltonian at and near hot spots
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Hamiltonian at and near hot spots

This Hamiltonian
has an exact
SU(2)xSU(2)
pseudospin 
symmetry !

M. A. Metlitski and S. Sachdev,
  Phys. Rev. B 85, 075127 (2010)
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Perform standard Hartree-Fock-BCS factorizations into

�S = h"↵� A↵ B�i = �h"↵� C↵ D�i

PQ =
D
 †

A↵ B↵

E
= �

D
 †

C↵ D↵

E

With pseudospin symmetry, energy depends only on |�S |2+ |PQ|2.
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d-wave superconductor: particle-particle pairing 
at and near hot spots, with 

sign-changing pairing amplitude

D
c†k↵c

†
�k�

E
= "

↵�

�

S

(cos k
x

� cos k
y

)

�S

��S

V. J. Emery, J. Phys. 
(Paris) Colloq. 44, 
C3-977 (1983)
D.J. Scalapino, E. Loh, 
and J.E. Hirsch, Phys. 
Rev. B 34, 8190 (1986)
K. Miyake, S. Schmitt-
Rink, and C. M. Varma, 
Phys. Rev. B 34, 6554 
(1986)
S. Raghu, S.A. Kivelson, 
and D.J. Scalapino, 
Phys. Rev. B 81, 224505 
(2010)
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D
c†k�Q/2,↵ck+Q/2,↵

E
= PQ(cos k

x

� cos k
y

)

Incommensurate d-wave bond order: 
particle-hole pairing at and near hot spots, with 

sign-changing pairing amplitude

After 
pseudospin 
rotation on 

half the 
hot-spots 

M. A. Metlitski and 
S. Sachdev, 

Phys. Rev. B 85, 
075127 (2010)

Q is ‘2kF ’
wavevector

K
PQ

�PQ
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�
superconductivity

P
bond order

Mean-field theory of charge/bond order and 
d-wave superconductivity

Both orders are induced by a “glue” provided by the antiferromagnetic 
exchange interaction

0.1 0.2 0.3 0.4 0.5

0.1

0.2

0.3

0.4

T

S. Sachdev et al., to appear
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D
c†k�Q/2,↵ck+Q/2,↵

E
= �Q(cos k

x

� cos k
y

)

Incommensurate d-wave bond order

M. A. Metlitski and 
S. Sachdev, 

Phys. Rev. B 85, 075127 
(2010)

PQ

�PQ
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Q

Q

D
c†k�Q/2,↵ck+Q/2,↵

E
= �Q(cos k

x

� cos k
y

)

M. A. Metlitski and 
S. Sachdev, 

Phys. Rev. B 85, 075127 
(2010)

Incommensurate d-wave bond order

PQ

�PQ
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Particle-hole instabilities of the full Fermi surface
HtJ = �

X

i,j

tijc
†
i↵cj↵ +

X

i<j

Jij ~Si · ~Sj

Optimize the free energy w.r.t. a mean field Hamiltonian
which allows for spin-singlet charge order (PQ(k)):

HMF = �
X

i,j

tijc
†
i↵cj↵ +

X

k,Q

PQ(k)c†k+Q/2,↵ck�Q/2,↵

Expanding the free energy in powers of the order parame-
ters we obtain

F = F0 +
X

k,Q

P ⇤
Q(k)MQ(k,k0)PQ(k0)

We compute the eigenvalues, 1 + �Q, and eigenfunctions,
PQ(k) of the kernel MQ(k,k0)
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S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)

Time-reversal
preserving

Time-reversal
breaking

Charge-ordering eigenvalue �Q/J0 of particle-hole propagator.

The corresponding eigenvector is PQ(k) and this leads to the orderD
c†i↵cj↵

E
=

⇥P
k PQ(k)eik·(ri�rj)

⇤
eiQ·(ri+rj)/2
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Time-reversal
preserving

Time-reversal
breaking

Minimum at Q = (Q
m

, Q
m

) with

PQ(k) = 0.993(cos k
x

� cos k
y

)

�0.069(cos(2k
x

)� cos(2k
y

))

�0.009(cos k
x

� cos k
y

)

⇥
p
8 sin k

x

sin k
y

Incommensurate

d-wave bond order

S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)

Charge-ordering eigenvalue �Q/J0 of particle-hole propagator.

The corresponding eigenvector is PQ(k) and this leads to the orderD
c†i↵cj↵

E
=

⇥P
k PQ(k)eik·(ri�rj)

⇤
eiQ·(ri+rj)/2
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K
(±Q0, Q0)

1.2 1.4 1.6 1.8

0.5

1.

Q0

Qm

Remarkable agreement between
the value of Qm from

Hartree-Fock in a metal with
short-range incommensurate

spin correlations,
and the value of Q0 from
hot spots of commensurate

antiferromagnetism.
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S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)

Charge-ordering eigenvalue �Q/J0 of particle-hole propagator.

The corresponding eigenvector is PQ(k) and this leads to the orderD
c†i↵cj↵

E
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k PQ(k)eik·(ri�rj)
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Time-reversal
preserving

Time-reversal
breaking

S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)

Charge-ordering eigenvalue �Q/J0 of particle-hole propagator.

The corresponding eigenvector is PQ(k) and this leads to the orderD
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Time-reversal
preserving

Time-reversal
breaking

Q = (⇡,⇡) with

PQ(k) = i(sin k
x

� sin k
y

)

Staggered orbital currents

S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013)

Charge-ordering eigenvalue �Q/J0 of particle-hole propagator.

The corresponding eigenvector is PQ(k) and this leads to the orderD
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=
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⇤
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Ising-nematic order
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Charge-ordering eigenvalue �Q/J0 of particle-hole propagator.
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breaking
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Charge-ordering eigenvalue �Q/J0 of particle-hole propagator.

The corresponding eigenvector is PQ(k) and this leads to the orderD
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x
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y

))

�0.044(cos k
x

+ cos k
y

)

�0.046(cos(2k
x

) + cos(2k
y

))
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Incommensurate d-wave bond order

Observed low T
ordering.

Our computations show
that the charge order is
predominantly d-wave

also at this Q.

This Q is preferred in
computations of bond

order within the
superconducting phase.

S. Sachdev and R. La Placa, Physical Review Letters in press; arXiv:1303.2114 
M. Vojta and S. Sachdev, Physical Review Letters 83, 3916 (1999)

M. Vojta and O. Rosch, Physical Review B 77, 094504 (2008)
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Plot of Pij =

D
c†i↵cj↵

E
for i, j nearest neighbors.

Incommensurate d-wave bond order

Unidirectional order along Q = (4⇡/11, 0)

!1

"1

FIG. 5: Plot of the values of �i j, when i and j are nearest neighbors; the value is denoted by a colored square

centered at the midpoint between i and j. The lines intersect at the Cu sites, and the colored squares are on

the O sites: the colors are therefore a measure of the charge density (or other spectral properties) on the O

sites. This is also the bond-component of the ordering in Eq. (9), proportional to �d; there is an additional

site-component, proportional to �s, which is not shown. The plot above is for the case of uni-directional

order at Q = (±Qm, 0) where Qm = 4⇡/11, and other cases are in the following figures.

apparent at first glance: the periods along the x and y axes appear the same. However, the Fourier

transforms of these two cases are distinct.

The four plots in Fig. 5-8 together contain information that should be useful in interpreting

scanning tunneling microscopy, nuclear magnetic resonance, and X-ray scattering experiments:

the colors can be viewed as a measure of any observable on the O site which is invariant under

time-reversal and spin rotation. Most simply, such an observable is the charge density on the O site,

but any spectral property of the O atom also qualifies, and the latter can have readily measurable

consequences in such experiments.

Finally, we consider the electronic spectral function in the presence of bond-ordering in a metal.

This is obtained by diagonalizing the following Hamiltonian

Hb =
X

k

"
"(k)c†k↵ck↵ �

X

Q

�Q(k +Q/2) c†k+Q,↵ck↵

#
, (10)

13
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Bi-directional order along Q = (4⇡/11, 0) and (0, 4⇡/11).

!1

"1

FIG. 6: As in Fig. 5, but for the case of bi-directional order at Q = (±Qm, 0) and Q = (0,±Qm).

!1

"1

FIG. 7: As in Fig. 5, but for the case of uni-directional order at Q = ±(Qm,Qm). We have chosen �Q(k) to

be purely d, which is an excellent approximation to the state in Table I. In this case �i j is non-zero only if i

and j are nearest neighbors, and these are shown above; there is no density wave on the Cu sites. This plot

also appeared in Ref. [21] with a di↵erent period.
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Incommensurate d-wave bond order
Plot of Pij =
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for i, j nearest neighbors.
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Unidirectional order along Q = (4⇡/11, 4⇡/11)
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FIG. 6: As in Fig. 5, but for the case of bi-directional order at Q = (±Qm, 0) and Q = (0,±Qm).
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FIG. 7: As in Fig. 5, but for the case of uni-directional order at Q = ±(Qm,Qm). We have chosen �Q(k) to

be purely d, which is an excellent approximation to the state in Table I. In this case �i j is non-zero only if i

and j are nearest neighbors, and these are shown above; there is no density wave on the Cu sites. This plot

also appeared in Ref. [21] with a di↵erent period.
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Incommensurate d-wave bond order
Plot of Pij =

D
c†i↵cj↵

E
for i, j nearest neighbors.
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FIG. 8: As in Fig. 7, but for the case of bi-directional order at Q = ±(Qm,Qm) and Q = ±(Qm,�Qm).

where the sum over k extends over the complete Brillouin zone of the square lattice. For the case

of bi-directional order in Eq. (9), the sum over Q extends over the 4 values (±Qm, 0) and (0,±Qm).

Some care must be taken in evaluating the wavevector Q/2 in the argument of �Q in Eq. (10)

as it is not invariant under translation of Q by a reciprocal lattice vector of the square lattice: in

each term, we take the momenta k and k + Q to be separated by exactly Q (and not modulo a

reciprocal lattice vector), and then �Q(k +Q/2) is evaluated at the midpoint between them. For

Qm = 4⇡/11, determining the spectrum of Hb involves diagonalizing a 121⇥121 matrix for each k.

From the eigenfunctions and eigenvectors we computed the imaginary part of the single-electron

Green’s function, ImGk,k(! + i⌘), the quantity related to the photoemission spectrum. For the

bi-directional ordering along Q = (±Qm, 0), (0,±Qm) of Eq. (9) the result is shown in Fig. 9. The

corresponding result for bi-directional ordering along Q = ±(Qm,Qm),±(Qm,�Qm) is in Fig. 10;

in this case �s = 0 by symmetry, and only �d was non-zero.

The stability of the Fermi arc in the ‘nodal’ region (kx ⇡ ky) is enhanced [32, 37] because of

the weak coupling to the charge order, arising from the predominant d character of Eq. (9). In the

anti-nodal region, the parent Fermi surface has been gapped out by the bond order, but ‘shadows’

are apparent at wavevectors shifted by the charge order. However, these Fermi surfaces should

be easily broadened by impurity-induced phase-shifts in the charge ordering, while protecting the

15

Incommensurate d-wave bond order

Bi-directional order along Q = (4⇡/11, 4⇡/11) and (4⇡/11,�4⇡/11)

Plot of Pij =

D
c†i↵cj↵

E
for i, j nearest neighbors.
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Incommensurate d-wave bond order

FIG. 9: Electron spectral density in the phase with bidirectional charge order at Q = (Qm, 0) and (0,Qm)

with Qm = 4⇡/11. The left panel show ImGk,k(! + i⌘) at ! = 0 and ⌘ = 0.02; the right panel shows

log
⇥
ImGk,k(! + i⌘)

⇤
for the same parameters, as a way of enhancing the low intensities. The dashed line

is the underlying Fermi surface of the metal without charge order. The charge order is as in Eqs. (3,9) with

�d = 0.3, �s/�d = �0.234, and other parameters as in Fig. 2.

nodal arcs. Furthermore, contributions from the superconducting component of the pairing order

parameter should also help fully gap out the antinodal region.

16

Photoemission spectrum ImG(k,! = i0+);
right panel shows log ImG(k,! = i0+)

Bi-directional order along Q = (4⇡/11, 0) and (0, 4⇡/11).
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FIG. 10: As in Fig. 9, but for the case of bi-directional ordering along Q = ±(Qm,Qm),±(Qm,�Qm). The

charge order is as in Eqs. (3,9) with �d = 0.3, and �s = 0 is required by symmetry.
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Incommensurate d-wave bond order
Photoemission spectrum ImG(k,! = i0+);
right panel shows log ImG(k,! = i0+)

Bi-directional order along Q = (4⇡/11, 4⇡/11) and (4⇡/11,�4⇡/11)
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Summary

Antiferromagnetism in metals and the 
high temperature superconductors

 Antiferromagnetic quantum criticality leads to 
 d-wave superconductivity (supported by sign-problem-
free Monte Carlo simulations) 
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 Metals with antiferromagnetic spin correlations have 
nearly degenerate instabilities: to d-wave 
superconductivity, and to a charge density wave with a d-
wave form factor. This is a promising explanation of the 
pseudogap regime.

Summary

Antiferromagnetism in metals and the 
high temperature superconductors

 Antiferromagnetic quantum criticality leads to 
 d-wave superconductivity (supported by sign-problem-
free Monte Carlo simulations) 
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