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 Honeycomb lattice	


(describes graphene after adding long-range Coulomb interactions)
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Semi-metal with	


massless Dirac fermions	



at small U/t
Brillouin zone
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The Hubbard Model at large U
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In the limit of large U , and at a density of one particle per site,
this maps onto the Heisenberg antiferromagnet

HAF =
X
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a
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Exercise: Observe that L0 is invariant under the scaling
transformation x ⌅ = xe�� and � ⌅ = �e��. Write the Hubbard
interaction U in terms of the Dirac fermions, and show that it has
the tree-level scaling transformation U ⌅ = Ue��. So argue that all
short-range interactions are irrelevant in the Dirac semi-metal
phase.

Antiferromagnetism

We use the operator equation (valid on each site i):
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Then we decouple the interaction via
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We now integrate out the fermions, and look for the saddle point
of the resulting e�ective action for Jai . At the saddle-point we find

that the lowest energy is achieved when the vector has opposite
orientations on the A and B sublattices. Anticipating this, we look
for a continuum limit in terms of a field ⌃a where

JaA = ⌃a , JaB = �⌃a (13)

The coupling between the field ⌃a and the � fermions is given by
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From this we motivate the low energy theory
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Note that the matrix ⇤z⌅a commutes with all the �µ; hence ⇤z⌅a

is a matrix in “flavor” space. This is the Gross-Neveu model, and
it describes the quantum phase transition from the Dirac
semi-metal to an insulating Néel state In mean-field theory, the

Long wavelength fluctuations about this saddle point are described by a

field theory of the Néel order parameter, 'a
, coupled to the Dirac fermions

in the Gross-Neveu model.

I.F. Herbut, V. Juricic, and B. Roy, Phys. Rev. B 79, 085116 (2009).
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Fermi surface+antiferromagnetism

+

Metal with “large” 
Fermi surface

The electron spin polarization obeys

D
~S(r, ⌧)

E
= ~'(r, ⌧)eiK·r

where K = (⇡,⇡) is the ordering

wavevector.



Metal with “large” Fermi surface

Fermi surface+antiferromagnetism



Fermi surfaces translated by K = (�,�).

Fermi surface+antiferromagnetism



“Hot” spots

Fermi surface+antiferromagnetism



Fermi surface+antiferromagnetism

Electron and hole pockets in

antiferromagnetic phase

with antiferromagnetic order parameter h~'i 6= 0
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upon approaching 

critical point



Low energy theory for critical point near hot spots
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Hot spots in a single band model

QMC for the onset of antiferromagnetism
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Hot spots in a two band model

QMC for the onset of antiferromagnetism

E. Berg, 	


M. Metlitski, and 	



S. Sachdev, 	


Science 338, 1606  

(2012).
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Hot spots in a two band model

QMC for the onset of antiferromagnetism

Requires only 
time-reversal 

symmetry. 
Particle-hole or 

point-group 
symmetries or 
commensurate 
densities not 

required !

Sign 
problem is 
absent as 
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connects 

hotspots in 
distinct 
bands 
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QMC for the onset of antiferromagnetism

Electrons with dispersion "

k

interacting with fluctuations of the

antiferromagnetic order parameter ~'.
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Electrons with dispersions "
(x)
k

and "

(y)
k

interacting with fluctuations of the
antiferromagnetic order parameter ~'.
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QMC for the onset of antiferromagnetism

No sign problem !

E. Berg, 	


M. Metlitski, and 	



S. Sachdev, 	


Science 338, 1606  

(2012).
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QMC for the onset of antiferromagnetism

Applies without 
changes to the 

microscopic band 
structure in the 	



iron-based 
superconductors

E. Berg, 	


M. Metlitski, and 	



S. Sachdev, 	


Science 338, 1606  

(2012).
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QMC for the onset of antiferromagnetism

Can integrate out ~' to
obtain an extended
Hubbard model. The

interactions in this model
only couple electrons in

separate bands.

E. Berg, 	


M. Metlitski, and 	



S. Sachdev, 	


Science 338, 1606  

(2012).
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M. Metlitski, and 	
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QMC for the onset of antiferromagnetism

Expected Fermi surfaces in the AFM ordered phase
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QMC for the onset of antiferromagnetism
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QMC for the onset of antiferromagnetism
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QMC for the onset of antiferromagnetism
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Pairing “glue” from antiferromagnetic fluctuations

V. J. Emery, J. Phys. (Paris) Colloq. 44, C3-977 (1983)	


D.J. Scalapino, E. Loh, and J.E. Hirsch, Phys. Rev. B 34, 8190 (1986)	



K. Miyake, S. Schmitt-Rink, and C. M. Varma, Phys. Rev. B 34, 6554 (1986)
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Pairing “glue” from antiferromagnetic fluctuations
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V. J. Emery, J. Phys. (Paris) Colloq. 44, C3-977 (1983)	


D.J. Scalapino, E. Loh, and J.E. Hirsch, Phys. Rev. B 34, 8190 (1986)	



K. Miyake, S. Schmitt-Rink, and C. M. Varma, Phys. Rev. B 34, 6554 (1986)
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Superconductivity:  
Bose condensation of Cooper pairs of electrons

↵,� =", # ; ""# = �"#" = 1 ; """ = "## = 0

Internal Cooper-pair wavefunction  
has d-wave form in cuprates: 

Unconventional superconductivity
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Pseudospin symmetry of the exchange interaction

I. A✏eck, Z. Zou, T. Hsu, and P. W. Anderson, Phys. Rev. B 38, 745 (1988)
E. Dagotto, E. Fradkin, and A. Moreo, Phys. Rev. B 38, 2926 (1988)
P. A. Lee, N. Nagaosa, and X.-G. Wen, Rev. Mod. Phys. 78, 17 (2006)

HJ = J ~S1 · ~S2
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1
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i↵~�↵�ci� is the antiferromagnetic exchange inter-

action. Introduce the Nambu spinor

 i" =

✓
ci"
c†i#

◆
,  i# =

✓
ci#
�c†i"

◆

Then we can write

HJ =

1

8

J
⇣
 

†
1↵a~�↵� 1�a

⌘
·
⇣
 

†
2�b~��� 2�b

⌘

where a, b are the Nambu indices. This form makes explicit

the symmetry under independent SU(2) pseudospin transfor-

mations on each site  i↵a ! Ui,ab i↵b
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3J

4
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Same “glue” leads to d-wave particle-hole pairing !
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M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)	


S. Sachdev and R. LaPlaca  Phys. Rev. Lett. 111, 027202 (2013)	



J. C. Davis and Dung-Hai Lee, Proc. Natl. Acad. Sci. 110, 17623 (2013)	


J. D. Sau and S. Sachdev,  Phys. Rev. B 89, 075129 (2014)
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Charge density wave (CDW) order

⌦
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Unconventional charge density wave (CDW) : 
Bose condensation of particle-hole pairs

Internal particle-hole pair wavefunction

P(r) =

Z
d2k

4⇡2
P(k)eik·r

Time-reversal symmetry requires P(k) = P(�k).

We expand (using reflection symmetry for Q along axes or diagonals)
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S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013);  A. Allais, J. Bauer, and S. Sachdev,  arXiv:1402.6311

Eigenvalues, �(Q), of the spin-singlet, particle-hole propagator.

The corresponding eigenvector is P(k) and this leads to the orderD
c†i↵cj↵

E
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S. Sachdev and R. La Placa, Phys. Rev. Lett. 111, 027202 (2013);  A. Allais, J. Bauer, and S. Sachdev,  arXiv:1402.6311
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evidence (explaining the rotational symmetry breaking) over a broad
temperature range in YBa2Cu3Oy (refs 14, 19–22). Therefore, instead
of being a defining property of the ordered state, the small amplitude of
the charge differentiation is more likely to be a consequence of stripe
order (the smectic phase of an electronic liquid crystal17) remaining
partly fluctuating (that is, nematic).
In stripe copper oxides, charge order at T5Tcharge is always accom-

panied by spin order at Tspin,Tcharge. Slowing down of the spin

fluctuations strongly enhances the spin–lattice (1/T1) and spin–spin
(1/T2) relaxation rates between Tcharge and Tspin for

139La nuclei. For
themore strongly hyperfine-coupled 63Cu, the relaxation rates become
so large that the Cu signal is gradually ‘wiped out’ on cooling below
Tcharge (refs 18, 23, 24). In contrast, the 63Cu(2) signal here in
YBa2Cu3Oy does not experience any intensity loss and 1/T1 does not
show any peak or enhancement as a function of temperature (Fig. 3).
Moreover, the anisotropy of the linewidth (Supplementary
Information) indicates that the spins, although staggered, align mostly
along the field (that is, c axis) direction, and the typical width of the
central lines at base temperature sets an uppermagnitude for the static
spin polarization as small as gÆSzæ# 23 1023mB for both samples in
fields of,30T. These consistent observations rule out the presence of
magnetic order, in agreement with an earlier suggestion based on the
presence of free-electron-like Zeeman splitting6.
In stripe-ordered copper oxides, the strong increase of 1/T2 on

cooling below Tcharge is accompanied by a crossover of the time decay
of the spin-echo from the high-temperature Gaussian form
exp(2K(t/T2G)2) to an exponential form exp(2t/T2E)18,23. A similar
crossover occurs here, albeit in a less extreme manner because of the
absence ofmagnetic order: 1/T2 sharply increases belowTcharge and the
decay actually becomes a combination of exponential and Gaussian
decays (Fig. 3). In Supplementary Information we provide evidence
that the typical values of the 1/T2E below Tcharge imply that antiferro-
magnetic (or ‘spin-density-wave’) fluctuations are slow enough to
appear frozen on the timescale of a cyclotron orbit 1/vc< 10212 s.
In principle, such slow fluctuations could reconstruct the Fermi sur-
face, provided that spins are correlated over large enough distances25,26

(see also ref. 9). It is unclear whether this condition is fulfilled here. The
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Figure 4 | Phase diagram of underdoped YBa2Cu3Oy. The charge ordering
temperature Tcharge (defined as the onset of the Cu2F line splitting; blue open
circles) coincides with T0 (brown plus signs), the temperature at which the Hall
constant RH changes its sign. T0 is considered as the onset of the Fermi surface
reconstruction11–13. The continuous line represents the superconducting
transition temperature Tc. The dashed line indicates the speculative nature of
the extrapolation of the field-induced charge order. The magnetic transition
temperatures (Tspin) are frommuon-spin-rotation (mSR) data (green stars)27.T0
and Tspin vanish close to the same critical concentration p5 0.08. A scenario of
field-induced spin order has been predicted for p. 0.08 (ref. 8) by analogy with
La1.855Sr0.145CuO4, for which the non-magnetic ground state switches to
antiferromagnetic order in fields greater than a few teslas (ref. 7 and references
therein).Ourwork, however, shows that spin order does not occur up to,30T.
In contrast, the field-induced charge order reported here raises the question of
whether a similar field-dependent charge order actually underlies the field
dependence of the spin order in La22xSrxCuO4 and YBa2Cu3O6.45. Error bars
represent the uncertainty in defining the onset of theNMR line splitting (Fig. 1f
and Supplementary Figs 8–10).
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Figure 3 | Slow spin fluctuations instead of spin order. a, b, Temperature
dependence of the planar 63Cu spin-lattice relaxation rate 1/T1 for p5 0.108
(a) and p5 0.12 (b). The absence of any peak/enhancement on cooling rules
out the occurrence of a magnetic transition. c, d, Increase in the 63Cu spin–spin
relaxation rate 1/T2 on cooling below,Tcharge, obtained from a fit of the spin-
echo decay to a stretched form s(t) / exp(2(t/T2)

a), for p5 0.108 (c) and
p5 0.12 (d). e, f, Stretching exponent a for p5 0.108 (e) and p5 0.12 (f). The
deviation from a5 2 on cooling arises mostly from an intrinsic combination of
Gaussian and exponential decays, combined with some spatial distribution of
T2 values (Supplementary Information). The grey areas define the crossover
temperature Tslow below which slow spin fluctuations cause 1/T2 to increase
and to become field dependent; note that the change of shape of the spin-echo
decay occurs at a slightly higher (,115K) temperature than Tslow. Tslow is
slightly lower thanTcharge, which is consistentwith the slow fluctuations being a
consequence of charge-stripe order. The increase of a at the lowest
temperatures probably signifies that the condition cÆhz2æ1/2tc= 1, where tc is
the correlation time, is no longer fulfilled, so that the associated decay is no
longer a pure exponential. We note that the upturn of 1/T2 is already present at
15T, whereas no line splitting is detected at this field. The field therefore affects
the spin fluctuations quantitatively but not qualitatively. g, Plot of NMR signal
intensity (corrected for a temperature factor 1/T and for the T2 decay) against
temperature. Open circles, p5 0.108 (28.5T); filled circles, p5 0.12 (33.5T).
The absence of any intensity loss at low temperatures also rules out the presence
of magnetic order with any significant moment. Error bars represent the added
uncertainties in signal analysis, experimental conditions andT2measurements.
All measurements are with H | | c.
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magnetic (or ‘spin-density-wave’) fluctuations are slow enough to
appear frozen on the timescale of a cyclotron orbit 1/vc< 10212 s.
In principle, such slow fluctuations could reconstruct the Fermi sur-
face, provided that spins are correlated over large enough distances25,26

(see also ref. 9). It is unclear whether this condition is fulfilled here. The

0.04 0.08 0.12 0.16
0

40

80

120

Superconducting

Spin
order

T 
(K

)

p (hole/Cu)

Field-induced
charge order

Figure 4 | Phase diagram of underdoped YBa2Cu3Oy. The charge ordering
temperature Tcharge (defined as the onset of the Cu2F line splitting; blue open
circles) coincides with T0 (brown plus signs), the temperature at which the Hall
constant RH changes its sign. T0 is considered as the onset of the Fermi surface
reconstruction11–13. The continuous line represents the superconducting
transition temperature Tc. The dashed line indicates the speculative nature of
the extrapolation of the field-induced charge order. The magnetic transition
temperatures (Tspin) are frommuon-spin-rotation (mSR) data (green stars)27.T0
and Tspin vanish close to the same critical concentration p5 0.08. A scenario of
field-induced spin order has been predicted for p. 0.08 (ref. 8) by analogy with
La1.855Sr0.145CuO4, for which the non-magnetic ground state switches to
antiferromagnetic order in fields greater than a few teslas (ref. 7 and references
therein).Ourwork, however, shows that spin order does not occur up to,30T.
In contrast, the field-induced charge order reported here raises the question of
whether a similar field-dependent charge order actually underlies the field
dependence of the spin order in La22xSrxCuO4 and YBa2Cu3O6.45. Error bars
represent the uncertainty in defining the onset of theNMR line splitting (Fig. 1f
and Supplementary Figs 8–10).
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Figure 3 | Slow spin fluctuations instead of spin order. a, b, Temperature
dependence of the planar 63Cu spin-lattice relaxation rate 1/T1 for p5 0.108
(a) and p5 0.12 (b). The absence of any peak/enhancement on cooling rules
out the occurrence of a magnetic transition. c, d, Increase in the 63Cu spin–spin
relaxation rate 1/T2 on cooling below,Tcharge, obtained from a fit of the spin-
echo decay to a stretched form s(t) / exp(2(t/T2)

a), for p5 0.108 (c) and
p5 0.12 (d). e, f, Stretching exponent a for p5 0.108 (e) and p5 0.12 (f). The
deviation from a5 2 on cooling arises mostly from an intrinsic combination of
Gaussian and exponential decays, combined with some spatial distribution of
T2 values (Supplementary Information). The grey areas define the crossover
temperature Tslow below which slow spin fluctuations cause 1/T2 to increase
and to become field dependent; note that the change of shape of the spin-echo
decay occurs at a slightly higher (,115K) temperature than Tslow. Tslow is
slightly lower thanTcharge, which is consistentwith the slow fluctuations being a
consequence of charge-stripe order. The increase of a at the lowest
temperatures probably signifies that the condition cÆhz2æ1/2tc= 1, where tc is
the correlation time, is no longer fulfilled, so that the associated decay is no
longer a pure exponential. We note that the upturn of 1/T2 is already present at
15T, whereas no line splitting is detected at this field. The field therefore affects
the spin fluctuations quantitatively but not qualitatively. g, Plot of NMR signal
intensity (corrected for a temperature factor 1/T and for the T2 decay) against
temperature. Open circles, p5 0.108 (28.5T); filled circles, p5 0.12 (33.5T).
The absence of any intensity loss at low temperatures also rules out the presence
of magnetic order with any significant moment. Error bars represent the added
uncertainties in signal analysis, experimental conditions andT2measurements.
All measurements are with H | | c.
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