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Principles of Quantum Mechanics: |l. Quantum Entanglement
Quantum Entanglement: quantum superposition

with more than one particle
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Principles of Quantum Mechanics: 1l. Quantum Entanglement
Quantum Entanglement: quantum superposition
with more than one particle

Einstein-Podolsky-Rosen “paradox” (1935):

Measurement of one particle
instantaneously determines the state of the
other particle arbitrarily far away
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A qubit: 2 states 1), |{).

Pauli gates:

Yim=ill) , Y[)=—it)
zZh=1m . ZHh=—1)




A qubit: 2 states 1), |{).

Pauli gates:

— \L> , X Hr> — ‘T>
YIn=id) , Y[)=—ih)
Zzm=m , ZHh=-1

A 2-qubit Hamiltonian: H = J (X1 Xs + Y1Y5 + 21 25)

Ground state: % (\T>1 H>2 - H>1 |T>2)
Energy = —3J

Excited states: |T>1 \T>2, |¢>1 H>2» % (W>1 H>2 T |¢>1 |T>2)
Energy = J



The simple model

N
H= Y Jy (XX;+ VY, + Z,7;)

i<j=1

J;; are random numbers with zero mean, and variance ~ J?/N

(Technical comment: the solvable model has states in the self-conjugate representation
of SU(M), and we take the limit N — oo followed by the limit M — o)
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S.Sachdev and J.Ye, Phys. Rev. Lett. 70, 3339 (1993)
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The simple model

N
H= Y Jy (XX;+ VY, + Z,7;)

i<j=1

J;; are random numbers with zero mean, and variance ~ J?/N

(Technical comment: the solvable model has states in the self-conjugate representation
of SU(M), and we take the limit N — oo followed by the limit M — o)
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Main result |

For kBT U J

zZ = Trexp( k:HT>
B

— e (N]f;) / Df(r) exp(;smgmty [f(T)])

S.Sachdey, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)
J- Maldacena and D. Stanford, Phys.Rev.D 94, 106002 (2016)



Main result |

For kBT U J

zZ = Trexp( k‘HT>
B

S 1
EXP (N]C;> /Df(T) CXP _ﬁSQD—gravity [f(7_>]

/

4 So 1s the T' — 0 entropy of the qubit model. )
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001)

It maps on to the Bekenstein-Hawking
_ entropy of charged black holes Y

S.Sachdey, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)
J- Maldacena and D. Stanford, Phys.Rev.D 94, 106002 (2016)



Main result |

For kBT U J

zZ = Trexp( ]{;HT>
B

S 1
EXP (Nk;> /Df(T) CXP _ﬁSQD—gravity [f(7_>]

e f(7) is the reparameterization of the imaginary time of the qubit model:
7 on a circle of circumference h/(kpT).

S.Sachdey, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)
J- Maldacena and D. Stanford, Phys.Rev.D 94, 106002 (2016)



Main result |

For kBT U J

zZ = Trexp( ]{;HT>
B

S 1
EXP (Nk;> /Df(T) CXP _ﬁSQD—gravity [f(7_>]

e f(7) is the reparameterization of the imaginary time of the qubit model:
7 on a circle of circumference h/(kpT).

e f(7) is also the fluctuation of the boundary of a theory of 2D-gravity in
1+1 spacetime dimensions: a ‘boundary graviton’.

S.Sachdey, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)
J- Maldacena and D. Stanford, Phys.Rev.D 94, 106002 (2016)
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Black Holes

Objects so dense that light 1s
gravitationally bound to them.

In Einstein’s theory, the
region inside the black hole
horizon is disconnected from

the rest of the universe.

2GM
2

Horizon radius R =
C

G Newton’s constant, ¢ velocity of light, M mass of black hole



Quantum Entanglement across a black hole horizon
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Quantum Entanglement across a black hole horizon

There is quantum entanglement

between the inside and outside of
a black hole

)

Black hole
horizon



Quantum Entanglement across a black hole horizon

Hawking used this to show that
black hole horizons have an

entropy and a temperature
(because to an outside observer, the state of the

electron inside the black hole is an unknown)

Black hole
horizon



e Black holes have an entropy and
a temperature, 1.

e The entropy, Spg 1s proportional
to their surface area.

J. D. Bekenstein, PRD 7,2333 (1973)
S.W. Hawking, Nature 248, 30 (1974)




Maxwell’'s electromagnetism
and Einstein’s general relativity
allow black hole solutions with a net charge




Maxwell’'s electromagnetism
and Einstein’s general relativity
allow black hole solutions with a net charge

G

Zooming into the near-
horizon region of a
charged black hole at
low temperature, yields
a gravitational theory
in one space (C) and
one time dimension




Maxwell’'s electromagnetism
and Einstein’s general relativity
allow black hole solutions with a net charge

S

This 2D-gravity theory1
is precisely that
appearing in the low T
limit of the
Sachdev-Ye-Kitaev
(SYK) models
(including the qubit
model)!




Maxwell’'s electromagnetism
and Einstein’s general relativity
allow black hole solutions with a net charge

1 did—+1 1 |
IEMZ/dd+2$\/§ (Rd+2 | ( )) | F~

2K? L? 4g%,

Metric g,,,

Ricci scalar in d 4+ 2 dimensions, R 4.2
Cosmological constant A = —d(d + 1)/L?
U(1) gauge field A,
Electromagnetic field F,, = 0, A, — 0, A,

Boundary conditions at spatial infinity:
Metric — AdSgio
Electric field — Q/(4mr?)




Maxwell’'s electromagnetism
and Einstein’s general relativity
allow black hole solutions with a net charge

| did+1 1 |
_ F

Quantum gravity is ‘defined’ by the path integral

Zgravity — /DQDA exp(_IEM/h)

We will evaluate this integral exactly in a certain
low temperature limit for charged black holes.



Charged black holes

1 d(d+1 1
tow = [ a¥2eyg | gz (Raws+ S50 ) gz P
F




Charged black holes
(Rd+2 + dld ¥ 1)> +

I dd—|—2
EM — / [ 2/£2

charge O
Black hole 5
horizon I
of radius rg
\_ Y,
— ’]"
T
2 2 2 1092 dr? : ""(C)l_l
ds® =V (r)dr® + r°dQ; + Vi) A=ip|1— 1 dr

r? B2 M
Vi(r) = 1+ﬁ+ r2d—2  d—1°

where dQ2 is the metric of the d-sphere. All parameters of the solution are
determined in terms of the chemical potential p (related to the charge @), and
the Hawking temperature of horizon, Ty (related to the mass M).

A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)



Charged black holes

In the T" — 0 limit, at fixed u, we obtain a charged black hole
solution with radius ro(T" — 0,u) = Rp. All properties of this
black hole can be expressed in terms of Ry,

e In the near-horizon region, we change co-ordinates from r to
( so that

RZ LR
r—Rp,=="2 |, Ry= ki .
Vd(d+1)R2 + (d —1)2L2

G

Then the near-horizon metric becomes AdSs x Sg4, with

—dt? + d¢?
CQ

where the dimensionless electric field &€ is

E

ds® = R;

o _ grRuy/2d[(d+ DR} + (d— 1)L
 2[d(d+1)R2 + (d—1)2L2]

S.Sachdey, Journal of Mathematical Physics 60, 052303 (2019)



Charged black holes

total
4 Black hole A

charge O
horizon Addy X S :
. =~ ;.2 2 2\ /2 =2
of radius Ry, ds® = (dC — dt )/C + dx
x

and entropy SBHJ Gauge field: A = (E/C)dt

\_

e The entropy Spg, the charge @, and the dimension-
less electric field & obey the same thermodynamic
relation as the SYK model

dSpH
dQ

S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010); PRX 5, 041025 (2015)

= 27€&



2D gravity and black holes

¢ In imaginary time, AdSs is the homogeneous hyperbolic space:
two-dimensional surface of constant negative curvature. Its
metric is invariant under SL(2,R)

ds* = (dr? + d(?*)/(* is invariant under

a(t +1iC) + b

ith ad — bc = 1.
c(¢+i§)+dWI . c

T+l =

Euclidean AdSs



2D gravity and black holes

¢ In imaginary time, AdSs is the homogeneous hyperbolic space:
two-dimensional surface of constant negative curvature. Its
metric is invariant under SL(2,R)

e The time reparameterization invariance of general relativity
is broken down to SL(2,R) by the AdSs saddle point.

3

R

=X

ds* = (dr? + d(?*)/(* is invariant under

.‘/',

"
- = =51
i i

a(t +1iC) + b

X ! i-"l‘ s L |
. {.} . y
‘ /)..-_ g ',__-‘f"-.‘ ; o
C’/‘& B S\
r

/ -~/ . | 3 v v - B
T+ = , with ad — bc = 1. Var . (
c(t+1i()+d 3; e\
e
A Kitaow 2015 Euclidean AdSs

J- Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857



SYK model and charged black holes

Horizonj
V AdSQ X SQ
7.2
e — R2 (6 o dt”) - R;dQs
E

Gauge field: A = E dt

—

Solution of Euler-Lagrange equations of the action
of Einstein gravity and Maxwell electromagnetism

total
charge Q

AdSy




SYK model and charged black holes

Horizon J

V AdSQ X SQ
d¢? — dt?

(6 2 ) - R; dQ);
Gauge field: A = % dt

ds* = R}

—

:

rBoundaryj

5 graviton

,

Fluctuations about the path integral saddle

total
charge Q

AdSy




Main result |l

For T' <« 1/Rh

Zcharged black hole in EM theory —

exp (SBH> / Df(r exp(hSQD ity [f(T)])




Main result |l

For T' <« 1/Rh

Zcharged black hole in EM theory —

exXp (SBH> /Df T ) EeXP _%SQD gravity [f(T)]

1T

S2D—gravity [f(T)] — _i dr {tan(ﬂ-Tf(T))? T} :

472

where f(7) is a monotonic map from [0,1/T] to [0,1/T], and we have used the
Schwarzian:
d3g/dr> 3 [(d?g/dr?
g7y = TI0 3 (L9
dg/dt 2\ dg/dr

The defining property of the Schwarzian is its invariance under SL(2,R) transfor-
mations

(2800 ) = {a(r).7)

Remarkably, this path integral can be evaluated exactly, using the Duistermaat—Heckman
formula (Stanford, Witten, arXiv:1703.04612).




Derivation of main result |l

We write the (d + 2)-dimensional metric g of Igs in terms of a two-dimensional
metric h and a scalar field ®:

d32

ds’ = - + 2 dO)3 .

The Einstein-Maxwell and Gibbons-Hawking actions reduce to and extension of
Jackiw-Tietelbaum gravity (x = (7,())

Ipy = /d%\f { —LOIRy + U(®) + gt F?
497
IGH — —S—Z diE\/ hbq)d /Cl
™ Jo
The explicit forms of the potentials U(®) and Z(P) are,
U(@):—Sd dd—1) dld+1)® 2(®) = 5,021
k2 @ L2 ’ ‘ |

S.Sachdey, Journal of Mathematical Physics 60, 052303 (2019) A



Derivation of main result |l
The exact saddle point of ® relates to R the horizon radius at 7' = 0

- R} L [(d=1)(p2R2(d — 1) — dg2) "
R R e sy B

while the near-horizon, low T' < 1/ R, metric is AdS,

R2R4-1 d¢?
o  Lioliy 22 F2N\ 72
dss = 2 {(1 — 4= T*(")dT* | = 47T2T2C2} ,
where IR
Ry = L

Vd(d+1)R2 4+ (d —1)%2L?

The field coupling to Re is &

b ~
DO =R+ —2+... , & =dRV7'R2,

S.Sachdey, Journal of Mathematical Physics 60, 052303 (2019) A




Derivation of main result Il
The field coupling to Ry is ®¢

b
®(0)]? = RY + ?1 +... , ® =dRV'R2

We choose the boundary of the AdSs region at bulk co-ordinates (f(7),((7))
with the induced boundary metric fixed at (RZR{~'/¢?)dr? by choosing

()
2/ (7)

() =G f (1) + ¢ ( — 22T [f/(T)]S) o

Finally, we evaluate Io gy along this boundary curve

N
I f] = ~12 dr {tan(nT f(7)), T},
™ Jo
where
A2 s 4P
Y= 5 ;
K

matches the linear-in-T' co-efficient of the specific heat of the full Reissner-

Nordstorm solution in d + 2 dimensions.
S.Sachdey, Journal of Mathematical Physics 60, 052303 (2019)



Main result |l

For T' <« 1/Rh
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Derivation of main result |

We write the spin operator g@ = (X,,Y;, Z;) in terms of spin-1/2
fermions S; = (1/2)¢! #apcig, where & are the Pauli matrices. Af-
ter integrating out the disorder (neglecting replicas for simplicity),
the partition function can be written as

_ g O
— D X — d T %;_ xe
7 / C (7’) exXp Z.Ea /o TC;oy 7 C

<]2 B
CANM

O drdr’ c;fa(T)cw(f)cj,y(ff)%(f)
afBvyo 1

We now introduce the identity

B
1::L/pIN?(leﬁﬁZDZK71,TQ)eXp ——PJAfb/n dTidTQEKﬁj,TQ)(F;CEb7j)
0)

1 _
F Zcm(fz)cja(ﬁ)) .

1



Derivation of main result |

Then the partition function can be written as a path integral with
an action .S analogous to a Luttinger-Ward functional

Z = /DG(Tl,Tg)DZ(Tl,Tg)exp(—NMS)
S =1Indet [§(11 — 12)0,, — X(711,72)]

4 /dﬁd@zm,@) (G (72,71) + (J?/4)G? (2, 71) G2 (11, 7)]

At frequencies < J, the time derivative in the determinant is less
important, and without it the path integral is invariant under the

reparametrizations A. Georges and O. Parcollet
PRB 59,5341 (1999)

A. Kitaev, 2015
= f(o) S.Sachdev, PRX 5, 041025 (2015)

G(r1,72) = [f(00)f' (02)] " Glo1,02)
(71, 12) = [f(01)f (02) Y(0o1,02)

where f(o) is an arbitrary function. Q

—3/4



Derivation of main result |

Reparametrization mode
We can write the path integral for the SYK model as

Z = /DG(Tl,Tl)DZ(Tl,TQ)e_NMS[G’E]

for a known action S|G,|. We find the saddle point, G, >,
and only focus on the “Nambu-Goldstone” modes associated with
breaking reparameterization symmetry by writing

G(r1,72) = [f' (1) [/ ()]G (f(11) — f(72))

(and similarly for ). Then the path integral is approximated by

Z — / Df(T)e_NMSQD—gravity[f(T)] .

J- Maldacena and D. Stanford, arXiv:1604.07818;
R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.1612.00849;
S.Sachdev, PRX 5, 041025 (2015); ). Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;

K. Jensen, arXiv:1605.06098; |. Engelsoy, T.G. Mertens, and H.Verlinde, arXiv:1606.03438
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Complex multi-particle entanglement
leads to quantum systems
without quasiparticle excitations.



Complex multi-particle entanglement
leads to quantum systems
without quasiparticle excitations.

Many-body chaos and
thermal equilibration
in the shortest possible

h
kT

Planckian time ~



Hanford, Washington (H1) Livingston, Louisiana (L1)

E
<
£
)
H - Numercal relativity
Reconstructed (wavelet)
-th,) ! : -Wm) : i
0.30 0.35 0.40 0.45 0.30 0.35 0.40 0.45
Time (s) Time (s)
Inspirlal | | Merger (Fj{g:NgI]n
f‘ f ,,,,, LIGO
DA, @  September 14,2015
. 8rGM .
e The ring-down time -— ~ 8 milliseconds. Curiously, for essen-
C -
tially all types of black holes, the ring-down time equals

h

.| h Planck’s constant, kp Boltzmann’s constant
kply




e Black holes have an entropy and
a temperature, 1.

e The entropy, Spg 1s proportional
to their surface area.

e They relax to thermal equilib-
rium in a Planckian time ~ h/(kpTH).




Haoyu Guo

arXiv:2010.09742
arXiv:2012.14449

Grigory Tarnopolsky



Consequences of 2D-gravity for the dynamic spin susceptibility

xi(w) =3, (0| X; [n)|* 6(hw — E,, + Eyp), (at T = 0)

h i h _
XL(w)Ntanh(2 < ) 1—C’ﬂywtanh(2 < )—

—— Numerics |
--- Theory

Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G.Tarnopolsky, arXiv: 2010.09742, 2012.14449 w/T



Consequences of 2D-gravity for the dynamic spin susceptibility

x£(w) =32, (0] X; [n)|° 6 (hw — En, + Ey), (at T = 0)

h i h _
XL(w)Ntanh(Zk:T) 1—C’ﬂywtanh(2 < )—

/

Conformally (SL(2,R))

invariant result with
characteristic dissipative

time ~ h/(kBT)

—— Numerics |

--- Theory
A. Georges and O. Parcollet

PRB 59, 5341 (1999)

Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G.Tarnopolsky, arXiv: 2010.09742, 2012.14449 w/T



Consequences of 2D-gravity for the dynamic spin susceptibility

xi(w) =3, (0| X; [n)|* 6(hw — E,, + Eyp), (at T = 0)

h i h _
XL(w)Ntanh(2 < > 1—C’7wtanh(2 < )—

Correction from
the boundary
graviton

—— Numerics |
--- Theory

Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G.Tarnopolsky, arXiv: 2010.09742, 2012.14449 w/T



Quantum
entanglement

Black

holes

Low temperatures

\ ¥

Quantum gravity in
1+1 dimensions




Quantum
entanglement

Black

holes

Copper-based
superconductors



High temperature
superconductors
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| Insulating antiferromagnet |
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| Antiferromagnet doped with hole density p |
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-j model

Z Lij mcja | \/— Z J’LJ

zgl 1<g=1

We consider the hole-doped case, with no double occupancy.

a=T7,1, {Ca; C;L-B} = 0§j0a3, {Ciowcjﬁ} =0

57;:; Iaaagcw, Zc Cio < 1, Zc Cio =1 —0p
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Z Lij mcja | \/— Z J’LJ

zgl 1<g=1

We consider the hole-doped case, with no double occupancy.
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Random t-| model

Z Lij mcja | \/— Z J’LJ

zgl 1<g=1

We consider the hole-doped case, with no double occupancy.

a=T7,1, {Ca; C;L-B} = 0§j0a3, {Ciowcjﬁ} =0

- 1

Si — 2 Iagaﬁczﬁa ZC Ciag S 7 ZC Ciae — 1 —
Ji; random, J—m = 0, J—2 = J?
t;; random, t;; = 0, t%] = t*

— ——
0) toy <o)



Random t-] model

1 & 1
H— tiicl Cio Jii S; - S,
\/N Z J Trae) N Z J J

i j=1 i<j=1

We consider the hole-doped case, with no double occupancy.

¢

v
— —+

1[0}

=)
~—
_—I_
(=)
~—
o



Random t-] model

1 & 1
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Numerical exact diagonalization and SYK theory

0.25 - —— Large-M Ciritical
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Evidence for a quantum critical point at p = p. = 0.3

with SYK criticality.
Spin glass order for p < p.




Numerical exact diagonalization and SYK theory
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Numerics matches many other observations, including

the breakdown of the Luttinger-volume Fermi surface for p < p,
and Planckian dissipation at scale h/(kgT).




Quantum
entanglement

Black

holes

Copper-based
superconductors



Quantum
entanglement

BI k 2D-gravity theory
ac of charged black holes
holes |

Copper-based
superconductors




Quantum
entanglement

BlOCk SYK criticalit d I
criticality
holes | [ -, |mode

Copper-based
superconductors




