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Quantum Entanglement: quantum superposition 
with more than one particle

Principles of Quantum Mechanics: 1I. Quantum Entanglement

Hydrogen atom:
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Principles of Quantum Mechanics: 1I. Quantum Entanglement
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Einstein-Podolsky-Rosen “paradox” (1935): 
Measurement of one particle 

instantaneously determines the state of the 
other particle arbitrarily far away
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Quantum 
entanglement A simple 

qubit 
model
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A qubit: 2 states |"i, |#i.

Pauli gates:

X |"i = |#i , X |#i = |"i

Y |"i = i |#i , Y |#i = �i |"i
Z |"i = |"i , Z |#i = � |#i

A 2-qubit Hamiltonian: H = J (X1X2 + Y1Y2 + Z1Z2)

Ground state:
1p
2
(|"i1 |#i2 � |#i1 |"i2)

Energy = �3J

Excited states: |"i1 |"i2, |#i1 |#i2,
1p
2
(|"i1 |#i2 + |#i1 |"i2)

Energy = J
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The simple model

S. Sachdev and J. Ye,  Phys. Rev. Lett. 70, 3339 (1993)
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H =
NX

i<j=1

Jij (XiXj + YiYj + ZiZj)

Jij are random numbers with zero mean, and variance ⇠ J2/N

(Technical comment: the solvable model has states in the self-conjugate representation
of SU(M), and we take the limit N ! 1 followed by the limit M ! 1)
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S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)

J. Maldacena and D. Stanford,  Phys. Rev. D 94, 106002 (2016)
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For kBT ⌧ J

Z = Tr exp
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Main result I



S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)

J. Maldacena and D. Stanford,  Phys. Rev. D 94, 106002 (2016)
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S0 is the T ! 0 entropy of the qubit model.

A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001)

It maps on to the Bekenstein-Hawking

entropy of charged black holes
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• f(⌧) is the reparameterization of the imaginary time of the qubit model:
⌧ on a circle of circumference ~/(kBT ).

• f(⌧) is also the fluctuation of the boundary of a theory of 2D-gravity in
1+1 spacetime dimensions: a ‘boundary graviton’.

• The action of 2D-gravity, S2D�gravity, is constrained by an emergent time
reparameterization symmetry which is broken down to
a conformal symmetry (SL(2,R)).

Main result I
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Quantum gravity in 
1+1 dimensions

Low temperatures

A simple 
qubit 
model
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entanglement

Black 
holes

A simple 
qubit 
model



Horizon radius R =
2GM

c2

Objects so dense that light is 
gravitationally bound to them.

Black Holes

In Einstein’s theory, the 
region inside the black hole 
horizon is disconnected from 

the rest of the universe.

G Newton’s constant, c velocity of light, M mass of black hole
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Quantum Entanglement across a black hole horizon
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Quantum Entanglement across a black hole horizon



Black hole 
horizon

Quantum Entanglement across a black hole horizon

There is quantum entanglement 
between the inside and outside of 

a black hole



Black hole 
horizon

Quantum Entanglement across a black hole horizon

Hawking used this to show that 
black hole horizons have an 
entropy and a temperature

(because to an outside observer, the state of the 
electron inside the black hole is an unknown)



J. D. Bekenstein, PRD 7, 2333 (1973)
S. W. Hawking, Nature 248, 30 (1974) 

Quantum 
Black 
holes
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• Black holes have an entropy and
a temperature, TH .

• The entropy, SBH is proportional
to their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).



Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



~x
⇣

Zooming into the near-
horizon region of a 

charged black hole at 
low temperature, yields 
a gravitational theory 
in one space (   ) and 
one time dimension

⇣

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



~x
⇣

This 2D-gravity theory 
is precisely that 

appearing in the low T 
limit of the  

Sachdev-Ye-Kitaev 
(SYK) models 

(including the qubit 
model)!

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 



Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 
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Metric gµ⌫
Ricci scalar in d+ 2 dimensions, Rd+2

Cosmological constant ⇤ = �d(d+ 1)/L2

U(1) gauge field Aµ

Electromagnetic field Fµ⌫ = @µA⌫ � @⌫Aµ
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Boundary conditions at spatial infinity:
Metric ! AdSd+2

Electric field ! Q/(4⇡r2)

IEM =

Z
dd+2x

p
g


� 1

22

✓
Rd+2 +

d(d+ 1)

L2

◆
+

1

4g2F
F 2

�

<latexit sha1_base64="ADpGrjiPIDJhzPZdqfgZpoMJzD0="></latexit>



Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 
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Quantum gravity is ‘defined’ by the path integral

Zgravity =

Z
DgDA exp(�IEM/~)

We will evaluate this integral exactly in a certain
low temperature limit for charged black holes.



Charged black holes
IEM =

Z
dd+2x

p
g


� 1

22

✓
Rd+2 +

d(d+ 1)

L2

◆
+

1

4g2F
F 2

�
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~x

Charged black holes

r
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total
charge Q
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horizon

of radius r0
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A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)
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Sd
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Solutions of IEM have metric and gauge field (F = dA)

ds2 = V (r)d⌧2 + r2d⌦2
d
+

dr2

V (r)
, A = iµ

 
1� rd�1

0

rd�1

!
d⌧

V (r) = 1 +
r2

L2
+

⇥
2

r2d�2
� M

rd�1
.

where d⌦2
d
is the metric of the d-sphere. All parameters of the solution are

determined in terms of the chemical potential µ (related to the charge Q), and

the Hawking temperature of horizon, TH (related to the mass M).



Charged black holes
In the T ! 0 limit, at fixed µ, we obtain a charged black hole
solution with radius r0(T ! 0, µ) = Rh. All properties of this
black hole can be expressed in terms of Rh
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• In the near-horizon region, we change co-ordinates from r to
⇣ so that

r �Rh =
R2

2

⇣
, R2 =

LRhp
d(d+ 1)R2

h + (d� 1)2L2
.

Then the near-horizon metric becomes AdS2⇥ Sd, with

ds2 = R2
2


�dt2 + d⇣2

⇣2

�
+R2

hd⌦
2
d , A =

E
⇣
dt .

where the dimensionless electric field E is

E =
gFRh

p
2d [(d+ 1)R2

h + (d� 1)L2]

2 [d(d+ 1)R2
h + (d� 1)2L2]

.
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S. Sachdev,  Journal of Mathematical Physics 60, 052303 (2019)



⇣ ~x
⇣ = 1

S2
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AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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• The entropy SBH , the charge Q, and the dimension-
less electric field E obey the same thermodynamic
relation as the SYK model

dSBH

dQ = 2⇡E
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2D gravity and black holes

ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under
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• In imaginary time, AdS2 is the homogeneous hyperbolic space:
two-dimensional surface of constant negative curvature. Its
metric is invariant under SL(2,R)

• The time reparameterization invariance of general relativity
is broken down to SL(2,R) by the AdS2 saddle point.
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where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], and we have used the

Schwarzian:
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dg/d⌧
� 3

2

✓
d2g/d⌧2

dg/d⌧

◆2

.

The defining property of the Schwarzian is its invariance under SL(2,R) transfor-

mations

{ ag(⌧) + b

cg(⌧) + d
, ⌧} = {g(⌧), ⌧}

Remarkably, this path integral can be evaluated exactly, using the Duistermaat–Heckman

formula (Stanford, Witten, arXiv:1703.04612).
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while the near-horizon, low T ⌧ 1/Rh metric is AdS2
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Finally, we evaluate IGH along this boundary curve

I1[f ] = � �

4⇡2

Z 1/T
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d⌧ {tan(⇡Tf(⌧)), ⌧} ,

where

� =
4⇡2sd�1

2
,

matches the linear-in-T co-e�cient of the specific heat of the full Reisner-
Nordstorm solution in d+ 2 dimensions.
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Derivation of main result I
<latexit sha1_base64="BE08m4zrON9+ZMqD+5yiV9rV4wY="></latexit>

We write the spin operator ~Si = (Xi, Yi, Zi) in terms of spin-1/2
fermions ~Si = (1/2)c†i↵~�↵�ci� , where ~� are the Pauli matrices. Af-
ter integrating out the disorder (neglecting replicas for simplicity),
the partition function can be written as
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We now introduce the identity
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NMS)

S = ln det [�(⌧1 � ⌧2)@⌧1 � ⌃(⌧1, ⌧2)]
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2(⌧1, ⌧2)
⇤

At frequencies ⌧ J , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrizations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4
⌃(�1,�2)

where f(�) is an arbitrary function.
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We now introduce the identity
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Z �

0
d⌧1d⌧2⌃(⌧1, ⌧2)

 
G(⌧2, ⌧1)

+
1

NM

X

i

ci↵(⌧2)c
†
i↵(⌧1)

!#
.

Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NMS)

S = ln det [�(⌧1 � ⌧2)@⌧1 � ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2⌃(⌧1, ⌧2)

⇥
G(⌧2, ⌧1) + (J2/4)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ J , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrizations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4
⌃(�1,�2)

where f(�) is an arbitrary function.
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Reparametrization mode
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧1)D⌃(⌧1, ⌧2)e

�NMS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s,
and only focus on the “Nambu-Goldstone” modes associated with
breaking reparameterization symmetry by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)e�NMS2D�gravity[f(⌧)].
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Complex multi-particle entanglement
leads to quantum systems

without quasiparticle excitations.
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Many-body chaos and
thermal equilibration
in the shortest possible

Planckian time ⇠ ~
kBT

.
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• The ring-down time
8⇡GM

c3
⇠ 8 milliseconds. Curiously, for essen-

tially all types of black holes, the ring-down time equals

~
kBTH
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~
kBTH

, ~ Planck’s constant, kB Boltzmann’s constant
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Quantum 
Black 
holes
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• Black holes have an entropy and
a temperature, TH .

• The entropy, SBH is proportional
to their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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Consequences of 2D-gravity for the dynamic spin susceptibility
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H = � 1p

N

NX

i,j=1

tij c
†
i↵cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj

We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):

|0i ) b
† |vi , c

†
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†
↵ |vi

c↵ = f↵b
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~S =
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2
f
†
↵�↵�f�

f
†
↵f↵ + b

†
b = 1

U(1) gauge invariance, b ! be
i�
, f↵ ! f↵e

i�

The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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Evidence for a quantum critical point at p = pc ⇡ 0.3
with SYK criticality.

Spin glass order for p < pc
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Numerics matches many other observations, including
the breakdown of the Luttinger-volume Fermi surface for p < pc,

and Planckian dissipation at scale ~/(kBT ).
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2D-gravity theory
of charged black holes
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SYK criticality
near p = pc


