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Hidden�magnetism�at�the�pseudogap�critical�point�of�a�high�
temperature�superconductor�
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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Quasi-static magnetism in the pseudogap state  
of La2-xSrxCuO4.  
Temperature – doping phase diagram representing Tmin, the 
temperature of the minimum in the sound velocity, at 
different fields. Since superconductivity precludes the 
observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not 
exactly equal to the freezing temperature Tf (see Fig. 2), 
Tmin is closely tied to Tf and so is expected to have the 
same doping dependence, including a peak around p = 0.12 
in zero/low fields (ref. 2). Onset temperatures of charge 
order are from ref. 33 (squares) and 35 (hexagons). 
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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is linear
in T down to very low T .
Using the Drude formula

⇢ =
m⇤

ne2
1

⌧D

a universal Drude scattering rate is observed

1

⌧D
⇡ kBT

~ ,

independent of the strength of interactions,
as T ! 0

<latexit sha1_base64="xSqK4yLkpSF2LUpmmJB229Ia3vU="></latexit>
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Table 1  |  Slope of T-linear resistivity and Planckian limit in seven materials.

Material n 
(1027 m-3)

 m*
(m0)

A1 / d  
(! / K)

h / (2e2 TF)
(! / K)

⍺

Bi2212 p = 0.23 6.8 8.4 ± 1.6 8.0 ± 0.9 7.4 ± 1.4 1.1 ± 0.3

Bi2201 p ~ 0.4 3.5 7 ± 1.5 8 ± 2 8 ± 2 1.0 ± 0.4

LSCO p = 0.26 7.8 9.8 ± 1.7 8.2 ± 1.0 8.9 ± 1.8 0.9 ± 0.3

Nd-LSCO p = 0.24 7.9 12 ± 4 7.4 ± 0.8 10.6 ± 3.7 0.7 ± 0.4

PCCO x = 0.17 8.8 2.4 ± 0.1 1.7 ± 0.3 2.1 ± 0.1 0.8 ± 0.2

LCCO x = 0.15 9.0 3.0 ± 0.3 3.0 ± 0.45 2.6 ± 0.3 1.2 ± 0.3

TMTSF P = 11 kbar 1.4 1.15 ± 0.2 2.8 ± 0.3 2.8 ± 0.4 1.0 ± 0.3
 

 

Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 
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A. Legros, S. Benhabib, W. Tabis, F. Laliberté, M. Dion, M. Lizaire, B. Vignolle, D. Vignolles, H. Raffy, Z. Z. 
Li, P. Auban-Senzier, N. Doiron-Leyraud, P. Fournier, D. Colson, L. Taillefer, and C. Proust, Nature 
Physics 15, 142 (2019)

1

⌧D
= ↵

kBT

~

<latexit sha1_base64="0jijkvwH3iBXlWxwK4g5VH2a6RQ="></latexit>



Challenge for theory:

A model of a metal in which
the resistivity, ⇢, obeys

lim
T!0

d⇢

dT
6= 0

⇢(T ) = ⇢(0) +AT + . . . , T ! 0 .

<latexit sha1_base64="Rt2kXBIM517uRdRvTD0n/k/miyE="></latexit>



Why random and all-to-all couplings ? 

 Randomness is present in the real system.
 Randomness self-averages (except for certain correlators in  
     spin-glass phase) — Green’s functions are the same on every site.
 The pseudogap-Fermi liquid transition is primarily a transition in 
     many-body entanglement which survives presence of randomness. 
 Introducing randomness removes the “distractions” of other 
     parameters.
 The problem maps onto a model of a  “quantum impurity” in a  
    self-consistent environment. Closely related models are obtained  
    in non-random models in the limit of large spatial dimension in 
    extended dynamical mean-field theory.
 Analytic and numeric progress is possible, and we can compare their 
results !
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1.  Random J model (insulator) 
        Operator spectrum and numerics

2.  Random t-J model (metals) 
        Deconfined criticality and numerics 

3.  Random t-J-U model
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H =
1p
N

NX

i<j=1

Jij
~Si · ~Sj

Numerical studies for SU(2) spin-1/2 show spin-glass order!
<latexit sha1_base64="y2znMWulHbV7/umwJihV9sy3an4="></latexit>
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↵ =", #, ~Si =
1

2
f†
i↵~�↵�fi� ,

X

↵

f†
i↵fi↵ = 1

Jij random, Jij = 0, J2
ij = J2

<latexit sha1_base64="O5l5192ZzXWQSePC+5i76/eH4Ig="></latexit>

Fermionic spinons

Random J model (insulator)



S. Sachdev and J. Ye,  PRL 70, 3339 (1993)

Random J model (insulator): SU(M) symmetry

U U⌃ =
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Express the spin operator in terms of fermionic spinons ~S = (1/2)f†
↵~�↵�f� , and let

↵ = 1 . . .M . The fermions obey the constraint

MX

↵=1

f†
↵f↵ =

M

2

In the limit of large N , followed by large M , we obtain the SYK equations for the
spinon Green’s function G and self energy ⌃:
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G(i!) =
1

i! � ⌃(i!)
, ⌃(⌧) = �J2G2(⌧)G(�⌧)

The solution at T = 0 for |⌧ | � 1/J is

G(⌧) ⇠ sgn(⌧)p
⌧

,
D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
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⌧
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D
~S(⌧) · ~S(0)

E
⇠ 1
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or for |z| ⌧ J

G(z) =
Ap
z

, ⌃(z) = � 1

A

p
z

Random J model (insulator)



Time reparameterization symmetry
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At frequencies ⌧ J , the i! can be dropped, and without it the
SYK equations are invariant under time reparametrization and
gauge transformations. The singular part of the self-energy and
the Green’s function obey

Z �

0
d⌧2 ⌃(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃(⌧1, ⌧2) = �J2G2(⌧1, ⌧2)G(⌧2, ⌧1)

These equations can be solved exactly at T = 0 and T > 0.
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0
d⌧2 ⌃(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃(⌧1, ⌧2) = �J2G2(⌧1, ⌧2)G(⌧2, ⌧1)

These equations are invariant under

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
e⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.

By using f(�) = tan(⇡T�)/(⇡T ) we can obtain the T > 0 solution.
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Time reparameterization symmetry
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Let us write the large N saddle point solutions as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2

⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�3/2.

and so G(⌧1, ⌧2) = Gs(⌧1�⌧2). Now when we transform to � co-ordinates,
eG(�1,�2) will not in general be a function of �1 � �2: so time reparame-
terization symmetry is spontaneously broken by the saddle point.

We search for the transformations under which eG(�1,�2) = Gs(�1 � �2):
this is true only for the SL(2, R) transformations under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) time reparametrization symmetry is spontaneously
broken down to SL(2, R) by the saddle point.
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Random J model (insulator)
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The conformal (SL(2,R) invariant) solution for |⌧ | � 1/J and T ⌧ J is

G(⌧) ⇠ sgn(⌧)

����
⇡T

sin(⇡T ⌧)

����
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The irrelevant f†
↵@⌧f↵ term will induce corrections proportional to conformal

primaries
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where Oh has scaling dimension h with hOh(⌧)Oh(0)i ⇠ |⌧ |�2h. Note that
dim[gh] = 1 � h, so h > 1 is an irrelevant perturbation. This will induce a
correction
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where we can relate ↵h to gh by computing the conformal
3-point correlator hf†

↵(⌧1)f↵(⌧2)Oh(⌧3)i. All expressions can be generalized to
T > 0 by a conformal mapping.
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Solution of this integral equation yields the conditions kA(h) = 1 and kS(h) = 1 where

kA(h) =
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‘Protected’ operators: kA(h = 2) = 1: time reparameterization operator
kS(h = 1) = 1: emergent U(1) gauge symmetry.
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We can also consider more general models
with
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with conformal perturbation theory
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The h = 2 correction to the local spin susceptibility is
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Nearly Singular Magnetic Fluctuations in the
Normal State of a High-Tc Cuprate

Superconductor
G. Aeppli, T. E. Mason,* S. M. Hayden, H. A. Mook, J. Kulda

Polarized and unpolarized neutron scattering was used to measure the wave vector– and
frequency-dependent magnetic fluctuations in the normal state (from the supercon-
ducting transition temperature, Tc ! 35 kelvin, up to 350 kelvin) of single crystals of
La1.86Sr0.14CuO4. The peaks that dominate the fluctuations have amplitudes that de-
crease as T"2 and widths that increase in proportion to the thermal energy, kBT (where
kB is Boltzmann’s constant), and energy transfer added in quadrature. The nearly singular
fluctuations are consistent with a nearby quantum critical point.

The normal state of the metallic cuprates
is as unusual as their superconductivity. For
example, the electrical resistivity of samples
with optimal superconducting properties is
linear in temperature (T) from above 1000
K to the superconducting transition tem-
perature, Tc (1). Correspondingly, infrared
reflectivity reveals charge fluctuations with
a characteristic energy scale that is propor-
tional only to T (1, 2). Furthermore, the
effective number of charge carriers, as mea-
sured with the classic Hall effect, is strange-
ly T-dependent. Even so, the Hall angle, a
measure of the deflection of carriers in the
material by an external magnetic field, fol-
lows a T"2 law (3). Thus, the metallic
charge carriers in the doped cuprates exhib-
it peculiar but actually quite simple proper-
ties (4) in the normal state. Moreover,
these properties do not vary much between
the different high-Tc families.

Electrons carry spin as well as charge, so it
is reasonable to ask whether the normal state
magnetic properties derived from the spins are
as simple and universal as those derived from
the charges. Experiments to probe the spins
include classical magnetic susceptometry,
where the magnetization in response to a ho-

mogeneous external magnetic field is mea-
sured, and resonance experiments, where nu-
clear dipole and quadrupolar relaxation is used
to monitor the atomic-scale magnetic fluctu-
ations. The spin-sensitive measurements yield
more complex and less universal results than
those sensitive to charge, and do not seem
obviously related to the frequency-dependent
conductivity #($,T) (where $ is frequency),
probed in electrical, microwave, and optical
experiments. In particular, there is little evi-
dence for magnetic behavior that is as nearly
singular in the sense of diverging (for T3 0)
amplitudes, time constants, or length scales,
as the behavior of #($,T).

We report here nearly singular behavior
of the magnetic fluctuations in the simplest
of high-Tc materials, namely, the com-
pound La2"xSrxCuO4, whose fundamental
building blocks are single CuO2 layers. The
experimental tool was inelastic magnetic
neutron scattering. A beam of mono-ener-
getic neutrons is first prepared and then
scattered from the sample, and the outgoing
neutrons are labeled according to their en-
ergies and directions to establish an angle
and energy-dependent scattering probabili-
ty. Because the neutron spin and the elec-
tron spins in the sample interact through
magnetic dipole coupling, the cross section
is directly proportional to the magnetic
structure function, S(Q,$), the Fourier
transform of the space- and time-dependent
two-spin correlation function. The momen-
tum and energy transfers Q and $ are sim-
ply the differences between the momenta
and the energies of the ingoing and outgo-
ing neutrons, respectively. According to the
fluctuation-dissipation theorem, S(Q,$) is
in turn proportional to the imaginary part,

%&(Q,$), of the generalized linear magnetic
response %(Q,$). The bulk susceptibility
measured with a magnetometer is the long-
wavelength, small-wavenumber, (Q30),
limit of %'(Q,$ ! 0), and the nuclear res-
onance techniques yield averages of %&(Q,$
( 0) over momenta Q, which are of order
inverse interatomic spacings.

Figure 1A is a schematic phase diagram for
La2"xSrxCuO4 as a function of T, hole doping
(x), and pressure (y). Holes and pressure are
generally introduced chemically, most notably
through substitution of Sr2) and Nd3) ions,
respectively, for the La3) ions in La2CuO4 (5,
6). Possible magnetic ground states range from
simple antiferromagnetic (AFM for x ( 0) to
a long-period spin density wave with strong
coupling to the underlying lattice (shown as a
gray “mountain” for x ( 0.1 in Fig. 1A). Unit
cell doubling, where the spin on each Cu2) is
antiparallel to those on its nearest neighbors
displaced by vectors (0, *ao) and (*ao, 0) in
the (nearly) square CuO2 planes, characteriz-
es the simple AFM state (7); the lattice con-
stant, ao ! 3.8 Å. The associated magnetic
Bragg peaks, observed by neutron scattering,
occur at reciprocal lattice vectors Q of the
form (n+, m+), where n and m are both odd
integers; the axes of the reciprocal lattice
coordinate system are parallel to those of the
underlying square lattice in real space.

Substitution of Sr2) for La3) introduces
holes into the CuO2 planes and initially
replaces the AFM phase by a magnetic
(spin) glass phase. It is in this nonsupercon-
ducting composition regime, for which the
magnetic signals are strong and large single
crystals have long been available, that the
most detailed T-dependent magnetic neu-
tron scattering studies have been performed
(8). With further increases in Sr2) content,
the magnetic glass phase disappears and su-
perconductivity emerges. At the same time,
the commensurate peak derived from the
order and fluctuations in the nonsupercon-
ducting sample splits into four incommensu-
rate peaks, as indicated in Fig. 1B (9). These
peaks are characterized by a position, an
amplitude, and a width. Earlier work (9) has
described how the peak positions vary with
composition at low temperatures. Our con-
tribution is to follow the red trajectory in Fig.
1 and thus obtain the T and $ dependence
of the amplitude and width, which represent
the maximum magnetic response and inverse
magnetic coherence length, respectively.

The La1.86Sr0.14CuO4 crystals used here
are the same as those used in our determina-
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tion (10) of !"(Q,#) around and below the
superconducting transition at Tc $ 35 K.
We carried out unpolarized measurements,
where the spins of the ingoing and outgoing
neutrons are unspecified, using the TAS6
spectrometer of the Risø DR3 reactor in the
same configuration as that used before (10).
We performed measurements with fully po-
larized ingoing and outgoing beams, using
the IN20 instrument, at the Institut Laue-
Langevin in Grenoble, France.

Our surveys of Q–# space at various T
values are summarized in Fig. 2. Figure 2A
shows scans along the solid red line in Fig.
1B through the incommensurate peaks at
[%(1 & '),%] and [%,%(1 ( ')] for energy
transfer )# fixed at 6.1 meV. We have
checked that the peaks are of purely mag-
netic origin by using polarized neutrons
(Fig. 2B). The spin-flip (SF) channel con-
tains background plus magnetic scattering,

whereas the non–spin-flip (NSF) channel
contains background plus phonon scatter-
ing. The incommensurate response occurs
only in the SF channel, confirming that it is
derived from the electron spins.

The most important result in Fig. 2A is
that the sharp peaks at 80 K broaden to
nearly merge at 297 K, an effect also illus-
trated in Fig. 2, C and D, which shows the
Q and # dependence of !"(Q,#) deter-
mined from the fluctuation dissipation
theorem,

!"*Q,#+,n*#+ ( 1- $ S*Q,#+ (1)

where

n*#+ ( 1 $ 1/*1 & e&)#/kBT + (2)

() is Planck’s constant divided by 2% and kB
is Boltzmann’s constant). The magnetic
structure function S(Q,#) is simply the scat-
tering near the incommensurate peaks mea-

sured along the solid red line in Fig. 1B and
indicated by the filled symbols in Fig. 2A,
minus the background indicated by the open
symbols in Fig. 2A. Comparison of Fig. 2, C
and D, shows that warming from Tc (35 K)
to 297 K gives a much smaller !"(Q,#) and
eliminates clear incommensurate peaks at all
energies )# probed. At intermediate T val-
ues, there is more modest broadening of the
magnetic peaks at low )#, as well as an
intensity reduction that is much more pro-
nounced at low than at high )#.

The dramatic evolution of the incom-
mensurate peak amplitudes with T . Tc is
summarized in Fig. 3A. Both unpolarized
and polarized beam data are shown, and
their consistency confirms the background
subtraction procedure used in the faster un-
polarized beam measurements. In addition,
full polarization analysis (11) of the inten-
sity at the position indicated by a blue dot
in Fig. 1B confirms that the increase with T
seen in the background shown in Fig. 2A is
of nonmagnetic origin.

We have so far given a qualitative sur-
vey of our data, which seem to display
much greater temperature sensitivity
above the superconducting transition than
any other magnetic neutron scattering
data collected to date for a cuprate with
composition nearly optimal for supercon-
ductivity. To describe more precisely the
singular behaviors of the amplitude and
widths of the incommensurate peaks, we
must take into account the finite resolu-
tion of our instrument. We have conse-
quently fit our data at each )# and T with
the convolution of the instrumental reso-
lution and the general form (12)

(π,π)
δ

Fig. 1. (A) Schematic
phase diagram for
La2&xSrxCuO4 showing
the evolution from long-
range antiferromagnetic
(AFM) order [x $ 0, TN
(Néel temperature) shown
in red], through an inter-
mediate spin glass (SG)
phase (green), to super-
conducting (SC) order
(blue). Double doping
(with Nd3( on the La3(

site, for example) results
in “stripe” phase ordering (gray) displaced along the y axis. (B) Map of the region of reciprocal space (Q
vector) near (%,%) probed in the current measurements. Typically data were taken along the red line in (A) over
two of the four incommensurate peaks that occur in our x $ 0.14 sample with the background determined
along the dashed green trajectory.
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Fig. 2. (A) Scans collected with unpolarized neu-
trons at constant energy /E ()# $ 6.1 meV ) along
the trajectory shown as a red line in Fig. 1B [along
0, where Q $ 0(%,%) ( ('/2)(&%,%)] through two
incommensurate peak positions. Actual counting
times were in the range of 10 to 60 min per point.
Open symbols represent background collected
along the trajectory indicated by the dashed green
line in Fig. 1B. Solid lines correspond to a resolu-
tion-corrected structure factor defined by Eq. 3.
(B) Polarized scans at constant energy ()# $ 3.5
meV ) at 40 K showing the spin-flip (SF) and non–
spin-flip (NSF) intensity. The incommensurate
peaks occur only in the spin-flip channel confirm-
ing their magnetic origin. (C and D) Energy- and
momentum (along the solid trajectory in Fig. 1B)-
dependent magnetic response function !"(Q,#),
derived from background-corrected intensities
based on the use of the fluctuation-dissipation
theorem at (C) 35 K and (D) 297 K. No attempt has
been made to correct for experimental resolution,
which broadens and weakens sharp features in
!"(Q,#). The color scale corresponds to the raw
background-corrected intensities, measured per
unit signal in the incident beam monitor; the (ver-
tical) numerical scales are in units of counts per 6 min divided by [n(#) ( 1]. (E) Resolution-corrected (incommensurate) peak values of the magnetic response
as a function of frequency (1B signifies Bohr magnetons).
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energies )# probed. At intermediate T val-
ues, there is more modest broadening of the
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intensity reduction that is much more pro-
nounced at low than at high )#.

The dramatic evolution of the incom-
mensurate peak amplitudes with T . Tc is
summarized in Fig. 3A. Both unpolarized
and polarized beam data are shown, and
their consistency confirms the background
subtraction procedure used in the faster un-
polarized beam measurements. In addition,
full polarization analysis (11) of the inten-
sity at the position indicated by a blue dot
in Fig. 1B confirms that the increase with T
seen in the background shown in Fig. 2A is
of nonmagnetic origin.

We have so far given a qualitative sur-
vey of our data, which seem to display
much greater temperature sensitivity
above the superconducting transition than
any other magnetic neutron scattering
data collected to date for a cuprate with
composition nearly optimal for supercon-
ductivity. To describe more precisely the
singular behaviors of the amplitude and
widths of the incommensurate peaks, we
must take into account the finite resolu-
tion of our instrument. We have conse-
quently fit our data at each )# and T with
the convolution of the instrumental reso-
lution and the general form (12)
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site, for example) results
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vector) near (%,%) probed in the current measurements. Typically data were taken along the red line in (A) over
two of the four incommensurate peaks that occur in our x $ 0.14 sample with the background determined
along the dashed green trajectory.
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Fig. 2. (A) Scans collected with unpolarized neu-
trons at constant energy /E ()# $ 6.1 meV ) along
the trajectory shown as a red line in Fig. 1B [along
0, where Q $ 0(%,%) ( ('/2)(&%,%)] through two
incommensurate peak positions. Actual counting
times were in the range of 10 to 60 min per point.
Open symbols represent background collected
along the trajectory indicated by the dashed green
line in Fig. 1B. Solid lines correspond to a resolu-
tion-corrected structure factor defined by Eq. 3.
(B) Polarized scans at constant energy ()# $ 3.5
meV ) at 40 K showing the spin-flip (SF) and non–
spin-flip (NSF) intensity. The incommensurate
peaks occur only in the spin-flip channel confirm-
ing their magnetic origin. (C and D) Energy- and
momentum (along the solid trajectory in Fig. 1B)-
dependent magnetic response function !"(Q,#),
derived from background-corrected intensities
based on the use of the fluctuation-dissipation
theorem at (C) 35 K and (D) 297 K. No attempt has
been made to correct for experimental resolution,
which broadens and weakens sharp features in
!"(Q,#). The color scale corresponds to the raw
background-corrected intensities, measured per
unit signal in the incident beam monitor; the (ver-
tical) numerical scales are in units of counts per 6 min divided by [n(#) ( 1]. (E) Resolution-corrected (incommensurate) peak values of the magnetic response
as a function of frequency (1B signifies Bohr magnetons).

REPORTS

www.sciencemag.org ! SCIENCE ! VOL. 278 ! 21 NOVEMBER 1997 1433

on O
ctober 13, 2020

 
http://science.sciencem

ag.org/
Downloaded from

 

Science 278, 1432 (1997)



Comparison with exact diagonalization on SU(2) random-J model

Exact diagonalization  
results of SU(2) random magnet  
L. Arrachea and M. J. Rozenberg, 

PRB 65, 224430 (2002) 
(recomputed by  

Henry Shackleton)

Large M theory
(rescaled)



Comparison with exact diagonalization on SU(2) random-J model

Exact diagonalization  
results of SU(2) random magnet  
L. Arrachea and M. J. Rozenberg, 

PRB 65, 224430 (2002) 
(recomputed by  

Henry Shackleton)

Large M theory
(rescaled)

<latexit sha1_base64="jDIVlFGEM9+0ZJ2I/B8z9looEIQ="></latexit>

Spin glass order
q ⇡ 0.01

<latexit sha1_base64="IOR/9wLv9oNTKioz3D/rMKhm76M="></latexit>

Implies a local moment
2
p
q = 20%

of classical moment



Comparison with exact diagonalization on SU(2) random-J model

Exact diagonalization  
results of SU(2) random magnet  
L. Arrachea and M. J. Rozenberg, 

PRB 65, 224430 (2002) 
(recomputed by  

Henry Shackleton)

Large M theory
(rescaled)

<latexit sha1_base64="hzUoHqE59azgF+N9k4LQf9g6FPY="></latexit>

Incoherent contribution
similar to SY spin liquid !

<latexit sha1_base64="jDIVlFGEM9+0ZJ2I/B8z9looEIQ="></latexit>

Spin glass order
q ⇡ 0.01

<latexit sha1_base64="IOR/9wLv9oNTKioz3D/rMKhm76M="></latexit>

Implies a local moment
2
p
q = 20%

of classical moment



1.  Random J model (insulator) 
        Operator spectrum and numerics

2.  Random t-J model (metals) 
        Deconfined criticality and numerics 

3.  Random t-J-U model



Random t-J model

H = � 1p
N

NX

i,j=1

tij c
†
i↵cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj
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The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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Fractionalization in the t-J model

Large M limit of SU(M 0|M) theory
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Each site has 3 states which we map to the space of a boson b
(the holon) and a fermion f↵ (the spinon):
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↵ |vi

c↵ = f↵b
† , f†

↵f↵ + b†b = 1

To obtain a large M limit, let ↵ = 1 . . .M , endow the boson with

an ‘orbital’ index a = 1 . . .M 0
and send M ! 1 at fixed k = M 0/M .

Then

ca↵ = f↵b
†
a , f†

↵f↵ + b†aba = M

Assuming the bosons are not condensed, we obtain SYK-like

equations for the boson and fermion Green’s functions:

Gb(i!n) =
1

i!n + µb � ⌃b(i!n)

⌃b(⌧) = �t2Gf (⌧)Gf (�⌧)Gb(⌧)

Gf (i!n) =
1

i!n + µf � ⌃f (i!n)

⌃f (⌧) = �J2G2
f (⌧)Gf (�⌧) + k t2Gf (⌧)Gb(⌧)Gb(�⌧)

Here µf and µb are chemical potentials chosen to satisfy

⌦
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⌦
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= p .

These equations have critical solutions with
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sin(2⇡�b)
= + p .

The last two are analogs of ‘Luttinger’ relations

.
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Large M limit of SU(M 0|M) theory
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RG computations show that these results for the
exponents of gauge-invariant operators are

expected to be exact beyond the large M limit.
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Proposed phase diagram of random t-J model



At the critical point/phase of the t-J model, the Fermi
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Corrections to the critical spinon Green’s function arising from the time
reparameterization soft mode take the form
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where �non�conformal(T ⌧) is a computable (in the large M limit) scaling
function, �T is the specific heat per spin component, and Cf is a

UV-insensitive number
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Time reparameterization soft mode

Computing the resistivity from this Green’s function via
the Kubo formula, we find

⇢(T ) = ⇢(0) (1 + C⇢�T + . . .)

In general, an operator with scaling dimension h, yield a
resistivity ⇢(T ) ⇠ Th�1. In the large M solution of the
t-J model, we do find an operator with 1 < h < 2, but

with a smaller prefactor.
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Time reparameterization soft mode

Computing the resistivity from this Green’s function via
the Kubo formula, we find

⇢(T ) = ⇢(0) (1 + C⇢�T + . . .)

In general, an operator with scaling dimension h, yield a
resistivity ⇢(T ) ⇠ Th�1. In the large M solution of the
t-J model, we do find an operator with 1 < h < 2, but

with a smaller prefactor.
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Comparison with exact diagonalization on SU(2) random-t-J model

Large M theory
(rescaled)
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Entropy at T � 1 determined by dim(H)
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Maximum entropy shifts at lower temperature
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Maximum entropy shifts at lower temperature
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Maximum entropy shifts at lower temperature
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Large-N extrapolation of entropy density
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Large-N extrapolation of entropy density
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Non-zero s0 at p = 1/4 is extrapolation-dependent
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Non-zero s0 at p = 1/4 is extrapolation-dependent
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1.  Random J model (insulator) 
        Operator spectrum and numerics

2.  Random t-J model (metals) 
        Deconfined criticality and numerics 

3.  Random t-J-U model



Random t-J-UH model
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The local action (2) still presents a strongly correlated
problem. SY [23] made further progress on the random
Heisenberg model by extending the spin symmetry to
SU(M) and taking the M ! 1 limit, which allows for
an analytical calculation of the spin-spin correlator of (2)
and reduces the self-consistent problem to a non-linear in-
tegral equation. This was extended to itinerant fermions
within the t-Jij model by Parcollet and Georges (PG)
[24], who obtained a FL regime of the doped model at
low-T , and a quantum critical regime associated with the
proximity of the spin-liquid Mott insulator characterized
by a

p
!,

p
T self-energy but, remarkably, ‘bad metal’ be-

haviour with linear resistivity. Recently, fermionic ver-
sions of the random coupling problem, the so-called SYK
models [36, 37], garnered much interest with again a solv-
able limit for a large number of flavors M ! 1. Recent
works [38–42] extended the mechanism of PG [24] for
linear-T resistivity to a lattice of SYK ‘quantum dots’
with hopping. Interestingly, when SYK dots are coupled
to another band of otherwise free and translationally in-
variant (uniform hopping) fermions, not only does the
T -linear resistivity extend down to zero temperature but
the mechanism switches to that driven by the MFL T -
linear scattering rate [43, 44].

For the physical limit of a single flavor of spin-1/2
fermions that is of our interest, the self-consistency equa-
tions above require computing two- and four-point cor-
relators in the local model with SU(2) symmetry. We
use an implementation [45] of Rubtsov’s continuous-
time interaction-expansion quantum Monte Carlo (CT-
INT) [46] algorithm which is based on the TRIQS li-
brary [47]. The algorithm works in imaginary time, so
we will discuss most of our results directly on the imag-
inary axis without analytic continuation, except in the
discussion of transport. Our implementation determines
the local spin-spin correlator from the impurity three-
point vertex function rather than through an operator
insertion measurement. This algorithmic improvement
allows for a drastic speed-up of the calculations [45].

Let us first consider the long time spin dynamics. In
Fig. 2, we display the local spin-spin correlation func-
tion Q(⌧) at a fixed low temperature T/t = 0.01, for
various t/U approaching the QCP at (t/U)c ⇡ 0.31
from the FL limit cutting the phase diagram Fig. 1
along the horizontal axis. In the inset, we also dis-
play how Q(⌧) varies upon raising temperatures for fixed
t/U = 0.357 making a vertical cut in the phase diagram
slightly away from the QCP. Since we work in the Mat-
subara formalism, a zero temperature long time asymp-
totic form Q(t) ⇠ 1/t↵ transforms into a scaling function
Q(⌧) ⇠ (1/� sin(⇡⌧/�))↵ and the data should be exam-
ined near ⌧ = �/2. Away from the critical point, for
t/U = 1.0, we obtain the FL behaviour at long time
Q(t) ⇠ 1/t2 (↵ = 2). The closer one gets to the critical
point, the longer it takes to reach this asymptotic regime,
reflecting the decrease of the FL coherence scale close to

FIG. 2. Main: Spin susceptibility log[Q(⌧)/Q(�/2)] vs ⌧/�
for J/t = 0.5 and T/t = 0.01, across several t/U . Grey curves
show (1/ sin⇡⌧/�)↵ with ↵ = 1 (solid) and ↵ = 2 (dashed).
Color scheme follows the blue (FL) and red (QSL) gradi-
ent of Fig. 1. Inset: Spin susceptibility log[Q(⌧)/Q(�/2)]
vs � log[sin(⇡⌧/�)], for J/t = 0.5 and t/U = 0.357, across
a range of T , demonstrating scaling behavior of Q(⌧) near
⌧ = �/2. Grey curves show ↵ = 1, 2 (solid, dashed).

the critical point. Once in the quantum critical regime,
for t/U = (t/U)c ⇡ 0.31, the long time spin dynamics
crosses over to Q(t) ⇠ 1/t (↵ = 1), which is the same
power law as in the SY M = 1 model. The QSL to
FL crossover is also visible in the temperature cut shown
in the inset, where we observe the crossover from 1/t
within the quantum critical fan above the Fermi liquid
coherence temperature to 1/t2 at low-temperatures. The
phase classification at each point in Fig. 1 follows the
above criterion to identify the FL regime and the QSL
regime.
These results establish that our SU(2) t-U -J model

has, in the quantum critical regime, the same QSL lo-
cal spin dynamics (↵ = 1) as the SY model in the
M = 1 limit. Renormalisation group (RG) methods
should prove useful in establishing analytically our nu-
merical findings for SU(2). For simplified versions of
the e↵ective action (2), e.g. involving only localized
spins [48], RG methods have indeed established [48–58],
that the Q(t) ⇠ 1/t spin liquid behaviour is the only one
consistent with the self-consistency condition (3). This
was recently extended to the QCP obtained by doping
the U = 1 model [59].
Let us now consider the one particle properties, en-

coded by the self-energy ⌃. In the FL regime for
(t/U)c ⌧ (t/U), the self-energy has the low energy
expansion[60] :

Im⌃(i!n, T ) ⇡

✓
1�

1

Z

◆
!n+

!2
n � (⇡T )2

E
+O(!3

n) (5)

In the small hopping limit (t/U) ⌧ (t/U)c, ⌃ diverges at
low frequencies as 1/!n, indicating a transition into an

4

FIG. 3. (a) Imaginary part of the self-energy at the first
Matsubara point �Im⌃(i!0 = i⇡T ) vs temperature T , for a
range of t/U . Solid grey lines stand for the FL prediction of
Im⌃(i!0) / T from the lowest temperature. Arrows indicate
the Fermi-liquid coherence temperature T ⇤ for each value of
t/U . The solution at t/U = 1.0 remains in the Fermi-liquid
regime over the entire range of temperature considered. (b)
Quasi-particle residue Z and coherence scale E as obtained
by fitting (5) to the self-energy data, ordering criterion for
the SG phase 1 � J�, and the energy scale determined from
scaling plot (!⇤)2, vs t/U . Inset : logE vs logZ2 illustrating
a dependency E / Z2 close to the QCP. Grey line with slope
1 is plotted to guide the eye.

insulating phase (see Supporting Information C). We ex-
amine the crossover from the FL to the quantum critical
regime in several ways. First, a direct consequence of (5)
is that the self-energy at the first Matsubara frequency
is linear in temperature with vanishing quadratic correc-
tions [61]: Im⌃(i!0 = i⇡T ) = (1 � 1/Z)⇡T + O(T 3).
Deviation from linearity in T at a temperature T ⇤ sig-
nals the FL coherence scale, and hence the crossover to
the quantum critical regime. This is illustrated on Fig.
3a : when t/U approaches (t/U)c, the self-energy in-
creases and T ⇤ (indicated by arrows on the figure) de-
creases. More precisely, we extract the quasi-particle
residue Z and the coherence scale E by fitting the func-
tional form (5) to the low-energy data using weighted
least squares. Fig. 3b shows that Z and E vanishes at the
QCP. The susceptibility to SG order is given by [34, 35]

FIG. 4. (a) Imaginary part of self-energy with the scat-
tering rate subtracted � (Im⌃(i!n)� Im⌃(0)) vs the scaled
frequency !/!⇤ for various values of U near the QCP at
T/t = 0.01, demonstrating the collapse onto the universal
scaling function f(!/!⇤) (grey solid curve). Color scheme
follows the legend of (b). Inset: Imaginary part of self-energy
�Im⌃(i!n) vs Matsubara frequencies !n at the QCP t/U =
0.312 and lowest accessible temperature T/t = 0.01. Also
shown are low-frequency fits of self-energy to the MFL form
c+ a!n log!n/b (orange) and the SYK form c+ a

p
!n + b!n

(green). (b) Scattering rate �Im⌃(0) vs temperature T/t at
various values of t/U near the QCP. At the QCP (t/U =
0.312, green), the scattering rate is T -linear (linear fit in
grey), in contrast to the quadratic behavior in the FL regime
(blue). (c) Resistivity ⇢DC/⇢0 vs temperature T/t at the
QCP, computed with the analytically continued Green’s func-
tion. The unit of resistivity is the MIR value ⇢0 = ~/e2�(0),
where � is the transport function. (d) Imaginary part of
self-energy at fixed, interpolated values of Matsubara fre-
quency �Im⌃(i! = fixed, T ) vs temperature T/t at the QCP
t/U = 0.312, for various fixed values of frequency.

�sg / �2/(1 � J2�2) with � the local susceptibility. As
shown in Fig. 3, we find that 1 � J� also vanishes close
to the QCP, indicating the boundary of the SG phase.
Within our numerical accuracy, we cannot however ex-
clude that 1�J� vanishes at a slightly larger value of t/U
than E, possibly indicating a small intervening region of
metallic SG [59].
In order to analyse the quantum critical point, we at-

tempt to scale the self-energy for t/U close to (t/U)c, for
our lowest temperature T/t = 0.01, with an ansatz of the
form

Im⌃(i!n) ⇡ Im⌃(0) + f
⇣!n

!⇤

⌘
(6)

which applies for !n and !⇤ smaller than the high-energy
cuto↵ J , but !n/!⇤ otherwise arbitrary. We determine
numerically Im⌃(0), !⇤ and the scaling function f by
requesting that optimal data collapse is obtained, using
a minimisation procedure. We obtain a remarkable col-
lapse of the data, presented in Fig. 4a, with !⇤ presented
in Fig. 3b.
For ! < !⇤, the ansatz (6) has to reproduce (5), which

Resisitivity ⇢ ⇠ T to the lowest T
at the critical point

in a large-dimension model
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Linear resistivity and Sachdev-Ye-Kitaev (SYK) spin liquid behavior 
in a quantum critical metal with spin-1/2 fermions

Onset of insulating gap and spin glass order appear to co-incide. 
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Random t-J model

• Proposed phase diagram of random t-J model captures key characteristics of cuprates.

• Critical electron Green’s function Gc(⌧) ⇠ 1/⌧ and local spin correlator �(⌧) ⇠ 1/|⌧ |.

• Can be interpreted in terms of fractionalization with spinon and holon correlators
⇠ 1/

p
⌧ (deconfined criticality).

• Linear-in-T resistivity down to T = 0 at the critical point from the time reparameter-
ization soft mode (but there could be other singular modes).

• Carrier density p for p < pc, and 1 + p for p > pc.

• Extensive zero temperature entropy limT!0 limN!1 S/N > 0. Related to entropy of
extremal black holes.


