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Compressible quantum matter

e Comnsider a continuum quantum system with a globally
conserved U(1) charge Q (the “electron density”) in
spatial dimension d > 1.
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Compressible quantum matter

e Comnsider a continuum quantum system with a globally
conserved U(1) charge Q (the “electron density”) in
spatial dimension d > 1.

e We are interested in zero temperature phases where
(Q) varies smoothly as a function of any external pa-
rameter u (the “chemical potential”). For simplicity,
we assume [ couples linearly to Q.

e We will also restrict our attention to phases where this
global U(1) symmetry is not spontaneously broken,
and translational symmetry is preserved.

There are only a few established examples of such phases in
condensed matter physics.
However, they appear naturally as duals of gravitational
theories, and we want to interpret them in the gauge theory.
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The Fermi surface

All known examples of such phases have a Fermi surface:
the locus of zero energy singularities in momentum space
in the two-point correlator of fermions carrying charge Q.

k—kp,w—O)—O

fermlon (

Luttinger relations: The “volume (area)” A enclosed
by the Fermi surface has a simple linear relation to (Q).

Area A
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The Fermi Liquid (FL)

Most common example: electrons with short-range interactions
(or screened long-range interactions), which are adiabatically con-
nected to the non-interacting limit. The electron Green’s function
(G. has a pole which crosses zero energy at k = kr, and the Fermi
surface has the same area as the non-interacting case.

L =7¢(0q4 — qt) v*c+ 4 Fermi terms

Friday, February 4, 2011



Outline

|. Fermion-boson mixtures
Luttinger relations with bosons

2. Gauge theories
The fractionalized Fermi liquid (FL*) phase

3. Connections to semi-holographic theories
Low energy theory of FL and FL* phases

4. Solvable models with infinite-range hopping
Mapping to gravity duals on AdS-x R4

Friday, February 4, 2011



Outline

( N
|. Fermion-boson mixtures

Luttinger relations with bosons
L J

2. Gauge theories
The fractionalized Fermi liquid (FL*) phase

3. Connections to semi-holographic theories
Low energy theory of FL and FL* phases

4. Solvable models with infinite-range hopping
Mapping to gravity duals on AdS-x R4

Friday, February 4, 2011



Introduce a second “flavor” of electrons, f,
and allow c to decay into f and a boson b

f

C Q:EVtC_FTﬁY;f
b ngthf—Eatb

Two conserved charges:

U(1)xUy(1)

L= (0a— pbar)v"c+ f(9a — (1 + 11g)0at) V" f
+ (8 + p1g0az)b|” + s|b|%> + NEfb+c.c.) + ...




There is a Luttinger relation for each conserved U(1) charge.
However, the boson, b cannot have a Fermi surface in its
Green’s function, and so there is no area associated with
it, although the boson density is included in the Luttinger

relation
@y'e) + (7' f) =(Q)
(fAf) = (O b) = (Qy)

A, —I-Af
Ay

The b bosons
have bound
with f fermions
to form c
“molecules”

S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)
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If U, (1) is spontaneously broken by condensation of b, only
the Luttinger relation associated with U(1) applies. Also
the ¢ and f flavors can now mix (“hybridize”), and so
form only a single Fermi surface when the mixing is large
enough.

A = (v +('f)=(Q

S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)
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Phase diagram of boson-fermion mixture

Superfluid: (b) £ 0 Normal: =0
U, (1) broken U(1)xU,(1 )unbroken
U(1) unbroken

L= ¢(0q — poar)7'c+ f (O — (10 + 11g)0at) Y f
+ (0 + 1190at)b|* + s|b|? + A(Efb+ c.c.) + ...

S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)

S

Friday, February 4, 2011



Outline

|. Fermion-boson mixtures
Luttinger relations with bosons

2. Gauge theories
The fractionalized Fermi liquid (FL*) phase

3. Connections to semi-holographic theories
Low energy theory of FL and FL* phases

4. Solvable models with infinite-range hopping
Mapping to gravity duals on AdS-x R4

Friday, February 4, 2011



Outline

|. Fermion-boson mixtures

Luttinger relations with bosons

f

2. Gauge theories

\

The fractionalized Fermi liquid (FL*) phase

y,

3. Connections to semi-holographic theories

Low energy theory of FL and FL* phases

4. Solvable models with infinite-range hopping

Mapping to gravity duals on AdS-x R4

Friday, February 4, 2011



e Now gauge U,(1) by a dynamical (“emergent”) gauge field A,.

L= E(aa — ,uéat) ’Yac / (aa, — (,LL ,ug)éat) ’yaf
+ [(8a + f1g0at)|” + s|b]> + A(@fb+c.c) + ...
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e Now gauge U,(1) by a dynamical (“emergent”) gauge field A,.

L= T(0q — pbar) Vic+ f(0g —iAg + (1t 4 prg)0at) Y f
4 [(Ba + i Aq + p1g0at)b] + 8[|2 + ANEfb+c.c.) + ...
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e Now gauge U,(1) by a dynamical (“emergent”) gauge field A,.

e Longitudinal gauge fluctuations are screened by the f fermions.
But transverse gauge fluctuations remain unscreened, and are
Landau-damped by excitations near the f Fermi surface. The
theory of a Fermi surface coupled to transverse gauge fluctua-
tions is strongly coupled in two spatial dimensions.
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e Now gauge U,(1) by a dynamical (“emergent”) gauge field A,.

e Longitudinal gauge fluctuations are screened by the f fermions.
But transverse gauge fluctuations remain unscreened, and are
Landau-damped by excitations near the f Fermi surface. The
theory of a Fermi surface coupled to transverse gauge fluctua-
tions is strongly coupled in two spatial dimensions.

e The overdamped transverse gauge modes lead to “non-Fermi
liquid” broadening of the fermion pole near the f Fermi surface.

e The gauge-neutral c fermion also acquires a weaker non-Fermi
liquid broadening.

L= T(0y — pbar)Yc+ f 0y —iAg + (1t + f1g)0ar) Y f
4 [(Ba + i Aq + p1g0at)b] + 8[|2 + ANEfb+c.c.) + ...
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e However, the locations of the Fermi surfaces
are well defined, and the Luttinger relations
apply as before.

L= T(0q — pbar) Vic+ f(0g —iAg + (1t 4 prg)0at) Y f
4 [(Ba + i Aq + p1g0at)b] + 8[|2 + ANEfb+c.c.) + ...
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Phase diagram of boson-fermion mixture

Superfluid: (b) £ 0 Normal: =0
U, (1) broken U(1)xU,(1 )unbroken
U(1) unbroken

L= ¢(0q — poar)7'c+ f (O — (10 + 11g)0at) Y f
+ (0 + 1190at)b|* + s|b|? + A(Efb+ c.c.) + ...

S. Powell, S. Sachdev, and H. P. Biichler, Physical Review B 72, 024534 (2005)

S
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Phase diagram of U,(1) gauge theory

(Only showing Fermi
surfaces of the
observable gauge-
neutral fermions.)

| | Deconfined phase:
Higgs/confining phase: Fractionalized

Fermi liquid (FL) Fermi liquid (FL*)

S
L= ¢(0s — poat)Y'c+ [ (00 —iAa+ (1 + 11g)0at) V" f
+ (00 4 1 Aq + p1g0ar)b|” + s|b]> + MEfb +c.c.) + ...

T. Senthil, M. Vojta, and S. Sachdev, Physical Review B 69, 035111 (2004)
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Phase diagram of gauge theories with
global U(l) charge density

(Only showing Fermi
surfaces of the
observable gauge-
neutral fermions.)

| | Deconfined phase:
Higgs/confining phase: Fractionalized

Fermi liquid (FL) Fermi liquid (FL*)

S

The same phase diagram applies when U,(1) is generalized to non-
Abelian or discrete gauge groups. It also applies when the f Fermi
surface is gapped by the lattice potential, or by pairing of the f fermions.

T. Senthil, M. Vojta, and S. Sachdev, Physical Review B 69, 035111 (2004)
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Phase diagram of gauge theories with
global U(l) charge density

wing Fermi

Needed: AdS/CFT description of these
s of the

phases and of the quantum phase  pofte
transition between them ermions)

e

| | Deconfined phase:
Higgs/confining phase: Fractionalized

Fermi liquid (FL) Fermi liquid (FL¥)
S
L= C(0g — ptbat) Yic+ f (0 —iAa + (1t + pig)dat) V" f

T ‘(60, + 1A, + g at)b| =+ S‘b‘Q + )\(Cfb + C.C.) + ...

T. Senthil, M. Vojta, and S. Sachdev, Physical Review B 69, 035111 (2004)
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Bilayer *He: A Simple
Two-Dimensional Heavy-Fermion
System with Quantum Criticality

Michael Neumann, )an Nyéki, Brian Cowan, John Saunders*

Science 317, 1356 (2007)
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A bilayer Hubbard model or a = Kondo lattice”
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Michael Neumann, Jan Nyéki, Brian Cowan, John Saunders*

Science 317, 1356 (2007)

FIDBGIFG e e b bosons and A, gauge
WSISIIEIAIGNT s ubstrate field “emerge” dynamically
from the strong interac-
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Low energy theory of FL* phase

Integrate out gapped b bosons, and write theory of c electrons as
L.=7¢(0, — udas)c+ MNCcF + Fec)
e The c are the observable gauge-invariant fermions ( “probe UV fermions”).

e The F' are composite gauge-invariant operators (“IR fermions”), car-
rying global U(1) charge, which probe the strongly-coupled physics
of the f Fermi surface coupled to a fluctuating gauge field

F o~ (Ff)e

Note this also involves a contribution from the “probe sector” (the
factor of ¢), so the UV and IR are not completely decoupled.
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Low energy theory of FL* phase

Integrate out gapped b bosons, and write theory of c electrons as
L.=7¢(0, — udas)c+ MNCcF + Fec)
e The c are the observable gauge-invariant fermions ( “probe UV fermions”).

e The F' are composite gauge-invariant operators (“IR fermions”), car-
rying global U(1) charge, which probe the strongly-coupled physics
of the f Fermi surface coupled to a fluctuating gauge field

F o~ (Ff)e

Note this also involves a contribution from the “probe sector” (the
factor of ¢), so the UV and IR are not completely decoupled.

If we ignore UV-IR mazing, this structure is formally the same
as that in the semi-holographic theories of metals (T. Faulkner,
H. Liu, J. McGreevy and D. Vegh, arXiv:0907.2694; T. Faulkner
and J. Polchinski, arXiv:1001.5049.)
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Low energy theory of FL phase

Now b is condensed; so write b = e~ *” and integrate out the f

fermions. Then the c electrons (“UV fermions”) obey
Lo = (00 — 1w — Dy —iAS)e + Ty (AL) + (0,0 — Ay + AS)?

Here AS** is an external source coupling to the global U(1) charge,

~

A, = A, + A and X and II; are the self-energy and effective

a )

action generated by integrating out the f.
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Low energy theory of FL phase

Now b is condensed; so write b = e~ *” and integrate out the f
fermions. Then the c electrons (“UV fermions”) obey

Lo=0(00 — pbur — By —iAZ)e + T (Ae) + (00 — A, + A

Here AS** is an external source coupling to the global U(1) charge,

~

A, = A, + A and X and II; are the self-energy and effective
action generated by integrating out the f.

This structure is similar to the semi-holographic theory ot
Nickel and Son (arXiv:1009.3094).
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Solution of lattice models

Place theory on lattice, integrate out b and A,, to obtain Kondo
lattice Hamiltonian

H = th CiaCia + Z JH(Zaj)gz ' g] T JK Zg’b ' C:jrozazaﬁciﬁ

1< 1<)

where S_{L — f;a(;')agfg

e Bethe
lattice for
large co-
ordination

Fully-
connected
cluster S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).

A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).
S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Solution of lattice models

All other sites

“Impurity”
site O

L = Linp|Co, fo] + Cngulk - Fgulk(io + Lpulk

Has to be combined with a self-consistency condition
between correlators on the impurity and the bulk.

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Obtain both FL and FL* phases;
properties of the FL* phase:

e The ground state has a non-zero entropy den-
S1ty

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Obtain both FL and FL* phases;
properties of the FL* phase:

e The ground state has a non-zero entropy den-
S1ty

e The correlations of Fyyk are local (z = oo)

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Obtain both FL and FL* phases;
properties of the FL* phase:

The ground state has a non-zero entropy den-
S1ty

The correlations of I, are local (z = 0o)

The correlations Fi,, In time have a confor-
mal structure with scaling dimension A (as

in the boundary of AdSs)

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Obtain both FL and FL* phases;
properties of the FL* phase:

e The ground state has a non-zero entropy den-
S1ty

e The correlations of Fyyk are local (z = oo)

e The correlations F},, i in time have a confor-
mal structure with scaling dimension A (as

in the boundary of AdSs)

e Imposition of the self-consistency condition
between impurity and boundary yields the
scaling dimension A = 1, the ‘marginal Fermi
liquid’ value.

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Obtain both FL and FL* phases;
properties of the FL* phase:

These features, and the resulting fermion correla-
tor and transport properties, co-incide with those
obtained (for general A) using the holographic
AdSs x R? theory defined on the extremal horizon

of the Reissner-Nordstrom black hole (T. Faulkner,
H. Liu, J. McGreevy and D. Vegh, arXiv:0907.2694)

S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010).

scaling dimension A = 1, the ‘marginal Fermi
liquid’ value.

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993).
A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 134406 (2001).

S. Burdin, D. R. Grempel, and A. Georges, Phys. Rev. B 66, 045111 (2002)
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Conclusions

@ Compressible quantum matter is characterized by
Fermi surfaces.

Q@ Fermi surfaces can be removed from the Luttinger
count if the fermions acquire gauge charges

@ Phases of a strongly-coupled gauge theory
contains Fermi liquid (FL) and fractionalized Fermi
liquid (FL*) phases: attractive candidate for a dual
gravity theory

Friday, February 4, 2011



Conclusions

@ Mean field Kondo lattice models capture the
physics of holographic metals with a AdS; x R
geometry

@ Needed: Holographic theory without a factorized
geometry, in which the probe fermions and the
strongly-coupled IR refer to the same degrees of
freedom.
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