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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is
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The perfectly linear temperature dependence of the electrical 
resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
□TF!= !h/2e2, 

where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
in two closely related electron-doped materials, Pr2−xCexCuO4±δ 
(PCCO)2,16,17 and La2−xCexCuO4 (LCCO)13,14, and in three hole-
doped materials: Bi2Sr2CuO6+δ (ref. 6), La2−xSrxCuO4 (LSCO)8 and 
La1.6−xNd0.4SrxCuO4 (Nd-LSCO)7,11,12. On the electron-doped side, 
T-linear resistivity is seen just above the QCP16 where antiferromag-
netic order ends18 as a function of x, and as such it may not come 
as a surprise. On the hole-doped side, however, the doping values 

where ρ(T) =  ρ0 +  A1T as T →  0 are very far from the QCP where 
long-range antiferromagnetic order ends (pN ~ 0.02); for example, 
at p =  0.24 in Nd-LSCO (Fig. 1a) and in the range p =  0.21–0.26 in 
LSCO (Fig. 1b). Instead, these values are close to the critical dop-
ing where the pseudogap phase ends (that is, at p* =  0.23 ±  0.01 in 
Nd-LSCO (ref. 11) and at p* ~ 0.18–0.19 in LSCO (ref. 8)), where the 
role of antiferromagnetic spin fluctuations is not clear. In Bi2201,  
p* is farther still (see Supplementary Section 10).

To make progress, several questions must be answered. Is T-linear 
resistivity as T →  0 in hole-doped cuprates limited to single-layer 
materials with low Tc, or is it generic? Why is ρ(T) =  ρ0 +  A1T as 
T →  0 seen in LSCO over an anomalously wide doping range8? Is 
there a common mechanism linking cuprates to the other metals 
where ρ ~ T as T →  0?

To establish the universal character of T-linear resistivity in 
cuprates, we have turned to Bi2Sr2CaCu2O8+δ (Bi2212). While 
Nd-LSCO and LSCO have essentially the same single electron-like 
diamond-shaped Fermi surface at p >  p* (refs 19,20), Bi2212 has a very 
different Fermi surface, consisting of two sheets, one of which is also 
diamond-like at p >  0.22, but the other is much more circular21 (see 
Supplementary Section 1). Moreover, the structural, magnetic and 
superconducting properties of Bi2212 are very different to those of 
Nd-LSCO and LSCO: a stronger 2D character, a larger gap to spin 
excitations, no spin-density-wave order above p ~ 0.1 and a much 
higher superconducting Tc.

We measured the resistivity of Bi2212 at p =  0.23 by sup-
pressing superconductivity with a magnetic field of up to 58 T. 
At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
T dependence of ρ(T) down to the lowest accessible temperature 
(Fig. 1a). Correcting for the magnetoresistance (see Methods and 
Supplementary Section 3), as was done for LSCO (ref. 8), we find 
that the T-linear dependence of ρ(T) seen in Bi2212 at H = 0 from 
T ~ 120 K down to Tc simply continues to low temperature, with the 
same slope A1 =  0.62 ±  0.06 μ Ω  cm K−1 (Fig. 2b). Measured per CuO2 
plane, this gives A1

□ ≡  A1/d = 8.0 ±  0.9 Ω  K−1, where d is the (aver-
age) separation between CuO2 planes. Remarkably, this is the same 
value, within error bars, as measured in Nd-LSCO at p =  0.24, where 
A1

□ =  7.4 ±  0.8 Ω  K−1 (see Table 1).
The observation of T-linear resistivity in those two cuprates 

shows that it is robust against changes in the shape, topology and 
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Remarkable recent observation of ‘Planckian’ strange metal transport
in cuprates, pnictides, magic-angle graphene, and ultracold atoms: the
resistivity is associated with a universal scattering time ⇡ ~/(kBT ).
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Quantum-mechanical fluctuations between competing phases at T = 0 induce exotic finite-
temperature collective excitations that are not described by the standard Landau Fermi liquid
framework [1–4]. These excitations exhibit anomalous temperature dependences, or non-Fermi liq-
uid behavior, in the transport and thermodynamic properties [5] in the vicinity of a quantum
critical point, and are often intimately linked to the appearance of unconventional Cooper pairing
as observed in strongly correlated systems including the high-Tc cuprate and iron pnictide supercon-
ductors [6, 7]. The presence of superconductivity, however, precludes direct access to the quantum
critical point, and makes it difficult to assess the role of quantum-critical fluctuations in shaping
anomalous finite-temperature physical properties, such as Planckian dissipation !/τp = kBT [8–10].
Here we report temperature-field scale invariance of non-Fermi liquid thermodynamic, transport
and Hall quantities in a non-superconducting iron-pnictide, Ba(Fe1/3Co1/3Ni1/3)2As2, indicative of
quantum criticality at zero temperature and zero applied magnetic field. Beyond a linear in temper-
ature resistivity, the hallmark signature of strong quasiparticle scattering, we find a more universal
Planck-limited scattering rate that obeys a scaling relation between temperature and applied mag-
netic fields down to the lowest energy scales. Together with the emergence of hole-like carriers close
to the zero-temperature and zero-field limit, the scale invariance, isotropic field response and lack
of applied pressure sensitivity point to the realization of a novel quantum fluid predicted by the
holographic correspondence [11] and born out of a unique quantum critical system that does not
drive a pairing instability.

Non-Fermi liquid (NFL) behavior ubiquitously ap-
pears in iron-based high-temperature superconductors
with a novel type of superconducting pairing symme-
try driven by interband repulsion [7, 12]. The putative
pairing mechanism is thought to be associated with the
temperature-doping phase diagram, bearing striking re-
semblance to cuprate and heavy-fermion superconductors
[13, 14]. In iron-based superconductors, the supercon-
ducting phase appears to be centered around the point of
suppression of antiferromagnetic (AFM) and orthorhom-
bic structural order [12]. Close to the boundary between
AFM order and superconductivity, the exotic metallic
regime emerges in the normal state. In addition to the
AFM order, the presence of an electronic nematic phase
above the structural transition complicates the under-
standing of the SC and NFL behavior [15–18]. More-
over, the robust superconducting phase prohibits inves-
tigations of zero-temperature limit normal state physical
properties associated with the quantum critical (QC) in-
stability due to the extremely high upper critical fields.

While AFM spin fluctuations are widely believed to
provide the pairing glue in the iron-pnictides, other mag-

netic interactions are prevalent in closely related ma-
terials, such as the cobalt-based oxypnictides LaCoOX
(X=P, As) [19], which exhibit ferromagnetic (FM) or-
ders, and Co-based intermetallic arsenides with coexist-
ing FM and AFM spin correlations [20–22]. For instance,
a strongly enhanced Wilson ratio RW of ∼ 7-10 at 2 K
[23] and violation of the Koringa law [20–22] suggest
proximity to a FM instability in BaCo2As2. BaNi2As2,
on the other hand, seems to be devoid of magnetic or-
der [24] and rather hosts other ordering instabilities in
both structure and charge [25]. Confirmed by extensive
study, Fe, Co, and Ni have the same 2+ oxidation state
in the tetragonal ThCr2Si2 structure, thus adding one d
electron- (hole-) contribution by Ni (Fe) substitution for
Co in BaCo2As2 [26–29], and thereby modifying the elec-
tronic structure subtly but significantly enough to tune in
and out of different ground states and correlation types.
Utilizing this balance, counter-doping a system to achieve
the same nominal d electron count as BaCo2As2 can re-
alize a unique route to the same nearly FM system while
disrupting any specific spin correlation in the system.

Here, we utilize this approach to stabilize a novel
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The perfectly linear temperature dependence of the electrical 
resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
□TF!= !h/2e2, 

where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
in two closely related electron-doped materials, Pr2−xCexCuO4±δ 
(PCCO)2,16,17 and La2−xCexCuO4 (LCCO)13,14, and in three hole-
doped materials: Bi2Sr2CuO6+δ (ref. 6), La2−xSrxCuO4 (LSCO)8 and 
La1.6−xNd0.4SrxCuO4 (Nd-LSCO)7,11,12. On the electron-doped side, 
T-linear resistivity is seen just above the QCP16 where antiferromag-
netic order ends18 as a function of x, and as such it may not come 
as a surprise. On the hole-doped side, however, the doping values 

where ρ(T) =  ρ0 +  A1T as T →  0 are very far from the QCP where 
long-range antiferromagnetic order ends (pN ~ 0.02); for example, 
at p =  0.24 in Nd-LSCO (Fig. 1a) and in the range p =  0.21–0.26 in 
LSCO (Fig. 1b). Instead, these values are close to the critical dop-
ing where the pseudogap phase ends (that is, at p* =  0.23 ±  0.01 in 
Nd-LSCO (ref. 11) and at p* ~ 0.18–0.19 in LSCO (ref. 8)), where the 
role of antiferromagnetic spin fluctuations is not clear. In Bi2201,  
p* is farther still (see Supplementary Section 10).

To make progress, several questions must be answered. Is T-linear 
resistivity as T →  0 in hole-doped cuprates limited to single-layer 
materials with low Tc, or is it generic? Why is ρ(T) =  ρ0 +  A1T as 
T →  0 seen in LSCO over an anomalously wide doping range8? Is 
there a common mechanism linking cuprates to the other metals 
where ρ ~ T as T →  0?

To establish the universal character of T-linear resistivity in 
cuprates, we have turned to Bi2Sr2CaCu2O8+δ (Bi2212). While 
Nd-LSCO and LSCO have essentially the same single electron-like 
diamond-shaped Fermi surface at p >  p* (refs 19,20), Bi2212 has a very 
different Fermi surface, consisting of two sheets, one of which is also 
diamond-like at p >  0.22, but the other is much more circular21 (see 
Supplementary Section 1). Moreover, the structural, magnetic and 
superconducting properties of Bi2212 are very different to those of 
Nd-LSCO and LSCO: a stronger 2D character, a larger gap to spin 
excitations, no spin-density-wave order above p ~ 0.1 and a much 
higher superconducting Tc.

We measured the resistivity of Bi2212 at p =  0.23 by sup-
pressing superconductivity with a magnetic field of up to 58 T. 
At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
T dependence of ρ(T) down to the lowest accessible temperature 
(Fig. 1a). Correcting for the magnetoresistance (see Methods and 
Supplementary Section 3), as was done for LSCO (ref. 8), we find 
that the T-linear dependence of ρ(T) seen in Bi2212 at H = 0 from 
T ~ 120 K down to Tc simply continues to low temperature, with the 
same slope A1 =  0.62 ±  0.06 μ Ω  cm K−1 (Fig. 2b). Measured per CuO2 
plane, this gives A1

□ ≡  A1/d = 8.0 ±  0.9 Ω  K−1, where d is the (aver-
age) separation between CuO2 planes. Remarkably, this is the same 
value, within error bars, as measured in Nd-LSCO at p =  0.24, where 
A1

□ =  7.4 ±  0.8 Ω  K−1 (see Table 1).
The observation of T-linear resistivity in those two cuprates 

shows that it is robust against changes in the shape, topology and 
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resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
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where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
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At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
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plane, this gives A1
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Remarkable recent observation of ‘Planckian’ strange metal transport
in cuprates, pnictides, magic-angle graphene, and ultracold atoms: the
resistivity is associated with a universal scattering time ⇡ ~/(kBT ).
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Recent experiments on magic angle twisted bilayer graphene have discovered correlated insulating

behavior and superconductivity at a fractional filling of an isolated narrow band. In this paper we show

that magic angle bilayer graphene exhibits another hallmark of strongly correlated systems — a broad

regime of T�linear resistivity above a small, density dependent, crossover temperature— for a range of

fillings near the correlated insulator. We also extract a transport “scattering rate”, which satisfies a near

Planckian form that is universally related to the ratio of (kBT/~). Our results establish magic angle bilayer

graphene as a highly tunable platform to investigate strange metal behavior, which could shed light on

this mysterious ubiquitous phase of correlated matter.

A panoply of strongly correlated materials have metallic
parent states that display properties at odds with the expecta-
tions in a conventional Fermi liquid and are marked by the ab-
sence of coherent quasiparticle excitations. Some well known
families of materials, such as the ruthenates [1, 2], cobal-
tates [3, 4] and a subset of the iron-based superconductors [5],
show non-Fermi liquid (NFL) behavior over a broad inter-
mediate range of temperatures, with a crossover to a conven-
tional Fermi liquid below an emergent low-energy scale, Tcoh,
at which coherent electronic quasiparticles emerge as well-
defined excitations. Even more striking examples of NFL
behavior are observed in the hole-doped cuprates [6, 7] and
certain quantum critical heavy-fermion compounds [8] where
the incoherent features appear to survive down to the lowest
measurable temperatures, i.e. Tcoh ! 0, when superconduc-
tivity is suppressed externally. In the incoherent regime, all of
these materials in spite of being microscopically distinct have
a resistivity, ⇢(T ) ⇠ T , and exhibit a number of anomalous
features [8–11] clearly indicating the absence of sharp elec-
tronic quasiparticles. In strongly interacting non-quasiparticle
systems, it has been conjectured [12] that transport “scattering
rates” (�) satisfy a universal ‘Planckian’ bound � . O(kBT/~)
at a temperature T . It is however worth noting that in a NFL
there is in general no clear definition for �; the scattering rates
defined through di↵erent measurements, such as dc and opti-
cal conductivity, need not be identical [13]. One of the most
surprising aspects of incoherent transport in these systems, in
spite of these subtleties, is that � extracted from the dc resis-
tivity (through a procedure specified in Ref. [14]) appears to
satisfy a universal form � = CkBT/~with C a number of order
1 [14, 15].

Recent experiments [16, 17] have reported the discovery
of a correlation driven insulator at fractional fillings (with re-
spect to a fully filled isolated band) in magic-angle bilayer
graphene (MABLG). In MABLG, the relative rotation be-
tween two sheets of graphene generates a moiré pattern (Fig.
1a) with a periodicity that is much larger than the underly-
ing interatomic distances in graphene. The theoretically esti-
mated electronic bandwidth, W, is strongly renormalized near

these small magic-angles [18–20]; then the strength of the typ-
ical Coulomb interactions, U, becomes at least comparable to
(if not greater than) the bandwidth, U & W. Investigating
the properties of MABLG as a function of temperature and
carrier density with unprecedented tunability in a controlled
setup can lead to new insights into the nature of electronic
transport in other low-dimensional strongly correlated metal-
lic systems.

For our experiments, we have fabricated multiple high-
quality encapsulated MABLG devices (see Fig. 1a) using
the ‘tear and stack’ technique [21, 22]. As reported earlier
[16, 22], we obtain band-insulators with a large gap near
n ⇡ ±ns, where n is the carrier density tuned externally by
applying a gate voltage and ns corresponds to four electrons
per moiré unit cell. On the other hand, correlation driven in-
sulators with much smaller gap-scales [16, 23] appear near
n ⇡ ±ns/2; we denote these fillings as ⌫ = ±2 from now
on (the fully filled band corresponds to ⌫ = +4). Dop-
ing away from these correlated insulators by an additional
amount, �, with holes (⌫ = ±2 � �) and electrons (⌫ = ±2 + �)
leads to superconductivity (SC) [17, 23]. The superconduct-
ing transition temperature (Tc) measured relative to the Fermi-
energy ("F), as inferred from low temperature quantum oscil-
lations measurements [17], is high, with the largest value of
(Tc/"F) ⇠ 0.07 � 0.08, indicating strong coupling supercon-
ductivity [17]. A schematic ⌫�T phase-diagram for MABLG
is shown in Fig.1b.

In this work, we investigate the transport phenomenology
of the metallic states in MABLG as a function of increasing
temperature over a large range of externally tuned fillings. We
have analyzed the temperature dependence of the longitudinal
DC resistivity, ⇢(T ), for a number of devices (MA1 - MA6)
over a wide range of fillings, the results of which appear to
be qualitatively similar across devices. In order to highlight
the universal aspects of the behavior, both within and across
di↵erent samples, we show the temperature dependent traces
of ⇢(T ) for a range of di↵erent ⌫ in two devices MA1 and
MA4 in Fig.1c and Fig.1d respectively. The range of ⌫ chosen
for this purpose is shown as a color-bar in Fig.1b; see caption
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Quantum-mechanical fluctuations between competing phases at T = 0 induce exotic finite-
temperature collective excitations that are not described by the standard Landau Fermi liquid
framework [1–4]. These excitations exhibit anomalous temperature dependences, or non-Fermi liq-
uid behavior, in the transport and thermodynamic properties [5] in the vicinity of a quantum
critical point, and are often intimately linked to the appearance of unconventional Cooper pairing
as observed in strongly correlated systems including the high-Tc cuprate and iron pnictide supercon-
ductors [6, 7]. The presence of superconductivity, however, precludes direct access to the quantum
critical point, and makes it difficult to assess the role of quantum-critical fluctuations in shaping
anomalous finite-temperature physical properties, such as Planckian dissipation !/τp = kBT [8–10].
Here we report temperature-field scale invariance of non-Fermi liquid thermodynamic, transport
and Hall quantities in a non-superconducting iron-pnictide, Ba(Fe1/3Co1/3Ni1/3)2As2, indicative of
quantum criticality at zero temperature and zero applied magnetic field. Beyond a linear in temper-
ature resistivity, the hallmark signature of strong quasiparticle scattering, we find a more universal
Planck-limited scattering rate that obeys a scaling relation between temperature and applied mag-
netic fields down to the lowest energy scales. Together with the emergence of hole-like carriers close
to the zero-temperature and zero-field limit, the scale invariance, isotropic field response and lack
of applied pressure sensitivity point to the realization of a novel quantum fluid predicted by the
holographic correspondence [11] and born out of a unique quantum critical system that does not
drive a pairing instability.

Non-Fermi liquid (NFL) behavior ubiquitously ap-
pears in iron-based high-temperature superconductors
with a novel type of superconducting pairing symme-
try driven by interband repulsion [7, 12]. The putative
pairing mechanism is thought to be associated with the
temperature-doping phase diagram, bearing striking re-
semblance to cuprate and heavy-fermion superconductors
[13, 14]. In iron-based superconductors, the supercon-
ducting phase appears to be centered around the point of
suppression of antiferromagnetic (AFM) and orthorhom-
bic structural order [12]. Close to the boundary between
AFM order and superconductivity, the exotic metallic
regime emerges in the normal state. In addition to the
AFM order, the presence of an electronic nematic phase
above the structural transition complicates the under-
standing of the SC and NFL behavior [15–18]. More-
over, the robust superconducting phase prohibits inves-
tigations of zero-temperature limit normal state physical
properties associated with the quantum critical (QC) in-
stability due to the extremely high upper critical fields.

While AFM spin fluctuations are widely believed to
provide the pairing glue in the iron-pnictides, other mag-

netic interactions are prevalent in closely related ma-
terials, such as the cobalt-based oxypnictides LaCoOX
(X=P, As) [19], which exhibit ferromagnetic (FM) or-
ders, and Co-based intermetallic arsenides with coexist-
ing FM and AFM spin correlations [20–22]. For instance,
a strongly enhanced Wilson ratio RW of ∼ 7-10 at 2 K
[23] and violation of the Koringa law [20–22] suggest
proximity to a FM instability in BaCo2As2. BaNi2As2,
on the other hand, seems to be devoid of magnetic or-
der [24] and rather hosts other ordering instabilities in
both structure and charge [25]. Confirmed by extensive
study, Fe, Co, and Ni have the same 2+ oxidation state
in the tetragonal ThCr2Si2 structure, thus adding one d
electron- (hole-) contribution by Ni (Fe) substitution for
Co in BaCo2As2 [26–29], and thereby modifying the elec-
tronic structure subtly but significantly enough to tune in
and out of different ground states and correlation types.
Utilizing this balance, counter-doping a system to achieve
the same nominal d electron count as BaCo2As2 can re-
alize a unique route to the same nearly FM system while
disrupting any specific spin correlation in the system.

Here, we utilize this approach to stabilize a novel

arXiv:1902.01034v1  [cond-mat.str-el]  4 Feb 2019
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The perfectly linear temperature dependence of the electrical 
resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
□TF!= !h/2e2, 

where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
in two closely related electron-doped materials, Pr2−xCexCuO4±δ 
(PCCO)2,16,17 and La2−xCexCuO4 (LCCO)13,14, and in three hole-
doped materials: Bi2Sr2CuO6+δ (ref. 6), La2−xSrxCuO4 (LSCO)8 and 
La1.6−xNd0.4SrxCuO4 (Nd-LSCO)7,11,12. On the electron-doped side, 
T-linear resistivity is seen just above the QCP16 where antiferromag-
netic order ends18 as a function of x, and as such it may not come 
as a surprise. On the hole-doped side, however, the doping values 

where ρ(T) =  ρ0 +  A1T as T →  0 are very far from the QCP where 
long-range antiferromagnetic order ends (pN ~ 0.02); for example, 
at p =  0.24 in Nd-LSCO (Fig. 1a) and in the range p =  0.21–0.26 in 
LSCO (Fig. 1b). Instead, these values are close to the critical dop-
ing where the pseudogap phase ends (that is, at p* =  0.23 ±  0.01 in 
Nd-LSCO (ref. 11) and at p* ~ 0.18–0.19 in LSCO (ref. 8)), where the 
role of antiferromagnetic spin fluctuations is not clear. In Bi2201,  
p* is farther still (see Supplementary Section 10).

To make progress, several questions must be answered. Is T-linear 
resistivity as T →  0 in hole-doped cuprates limited to single-layer 
materials with low Tc, or is it generic? Why is ρ(T) =  ρ0 +  A1T as 
T →  0 seen in LSCO over an anomalously wide doping range8? Is 
there a common mechanism linking cuprates to the other metals 
where ρ ~ T as T →  0?

To establish the universal character of T-linear resistivity in 
cuprates, we have turned to Bi2Sr2CaCu2O8+δ (Bi2212). While 
Nd-LSCO and LSCO have essentially the same single electron-like 
diamond-shaped Fermi surface at p >  p* (refs 19,20), Bi2212 has a very 
different Fermi surface, consisting of two sheets, one of which is also 
diamond-like at p >  0.22, but the other is much more circular21 (see 
Supplementary Section 1). Moreover, the structural, magnetic and 
superconducting properties of Bi2212 are very different to those of 
Nd-LSCO and LSCO: a stronger 2D character, a larger gap to spin 
excitations, no spin-density-wave order above p ~ 0.1 and a much 
higher superconducting Tc.

We measured the resistivity of Bi2212 at p =  0.23 by sup-
pressing superconductivity with a magnetic field of up to 58 T. 
At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
T dependence of ρ(T) down to the lowest accessible temperature 
(Fig. 1a). Correcting for the magnetoresistance (see Methods and 
Supplementary Section 3), as was done for LSCO (ref. 8), we find 
that the T-linear dependence of ρ(T) seen in Bi2212 at H = 0 from 
T ~ 120 K down to Tc simply continues to low temperature, with the 
same slope A1 =  0.62 ±  0.06 μ Ω  cm K−1 (Fig. 2b). Measured per CuO2 
plane, this gives A1

□ ≡  A1/d = 8.0 ±  0.9 Ω  K−1, where d is the (aver-
age) separation between CuO2 planes. Remarkably, this is the same 
value, within error bars, as measured in Nd-LSCO at p =  0.24, where 
A1

□ =  7.4 ±  0.8 Ω  K−1 (see Table 1).
The observation of T-linear resistivity in those two cuprates 

shows that it is robust against changes in the shape, topology and 
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The perfectly linear temperature dependence of the electrical 
resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
□TF!= !h/2e2, 

where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
in two closely related electron-doped materials, Pr2−xCexCuO4±δ 
(PCCO)2,16,17 and La2−xCexCuO4 (LCCO)13,14, and in three hole-
doped materials: Bi2Sr2CuO6+δ (ref. 6), La2−xSrxCuO4 (LSCO)8 and 
La1.6−xNd0.4SrxCuO4 (Nd-LSCO)7,11,12. On the electron-doped side, 
T-linear resistivity is seen just above the QCP16 where antiferromag-
netic order ends18 as a function of x, and as such it may not come 
as a surprise. On the hole-doped side, however, the doping values 

where ρ(T) =  ρ0 +  A1T as T →  0 are very far from the QCP where 
long-range antiferromagnetic order ends (pN ~ 0.02); for example, 
at p =  0.24 in Nd-LSCO (Fig. 1a) and in the range p =  0.21–0.26 in 
LSCO (Fig. 1b). Instead, these values are close to the critical dop-
ing where the pseudogap phase ends (that is, at p* =  0.23 ±  0.01 in 
Nd-LSCO (ref. 11) and at p* ~ 0.18–0.19 in LSCO (ref. 8)), where the 
role of antiferromagnetic spin fluctuations is not clear. In Bi2201,  
p* is farther still (see Supplementary Section 10).

To make progress, several questions must be answered. Is T-linear 
resistivity as T →  0 in hole-doped cuprates limited to single-layer 
materials with low Tc, or is it generic? Why is ρ(T) =  ρ0 +  A1T as 
T →  0 seen in LSCO over an anomalously wide doping range8? Is 
there a common mechanism linking cuprates to the other metals 
where ρ ~ T as T →  0?

To establish the universal character of T-linear resistivity in 
cuprates, we have turned to Bi2Sr2CaCu2O8+δ (Bi2212). While 
Nd-LSCO and LSCO have essentially the same single electron-like 
diamond-shaped Fermi surface at p >  p* (refs 19,20), Bi2212 has a very 
different Fermi surface, consisting of two sheets, one of which is also 
diamond-like at p >  0.22, but the other is much more circular21 (see 
Supplementary Section 1). Moreover, the structural, magnetic and 
superconducting properties of Bi2212 are very different to those of 
Nd-LSCO and LSCO: a stronger 2D character, a larger gap to spin 
excitations, no spin-density-wave order above p ~ 0.1 and a much 
higher superconducting Tc.

We measured the resistivity of Bi2212 at p =  0.23 by sup-
pressing superconductivity with a magnetic field of up to 58 T. 
At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
T dependence of ρ(T) down to the lowest accessible temperature 
(Fig. 1a). Correcting for the magnetoresistance (see Methods and 
Supplementary Section 3), as was done for LSCO (ref. 8), we find 
that the T-linear dependence of ρ(T) seen in Bi2212 at H = 0 from 
T ~ 120 K down to Tc simply continues to low temperature, with the 
same slope A1 =  0.62 ±  0.06 μ Ω  cm K−1 (Fig. 2b). Measured per CuO2 
plane, this gives A1

□ ≡  A1/d = 8.0 ±  0.9 Ω  K−1, where d is the (aver-
age) separation between CuO2 planes. Remarkably, this is the same 
value, within error bars, as measured in Nd-LSCO at p =  0.24, where 
A1

□ =  7.4 ±  0.8 Ω  K−1 (see Table 1).
The observation of T-linear resistivity in those two cuprates 

shows that it is robust against changes in the shape, topology and 

Universal T-linear resistivity and Planckian 
dissipation in overdoped cuprates
A. Legros1,2, S. Benhabib3, W. Tabis3,4, F. Laliberté" "1, M. Dion1, M. Lizaire1, B. Vignolle3, D. Vignolles" "3, 
H. Raffy5, Z. Z. Li5, P. Auban-Senzier5, N. Doiron-Leyraud1, P. Fournier1,6, D. Colson2, L. Taillefer" "1,6* and 
C. Proust" "3,6*
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Remarkable recent observation of ‘Planckian’ strange metal transport
in cuprates, pnictides, magic-angle graphene, and ultracold atoms: the
resistivity is associated with a universal scattering time ⇡ ~/(kBT ).
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Bad metallic transport in a cold atom
Fermi-Hubbard system
Peter T. Brown1, Debayan Mitra1, Elmer Guardado-Sanchez1, Reza Nourafkan2,
Alexis Reymbaut2, Charles-David Hébert2, Simon Bergeron2, A.-M. S. Tremblay2,3,
Jure Kokalj4,5, David A. Huse1, Peter Schauß1*, Waseem S. Bakr1†

Strong interactions in many-body quantum systems complicate the interpretation of
charge transport in such materials. To shed light on this problem, we study transport in a
clean quantum system: ultracold lithium-6 in a two-dimensional optical lattice, a testing
ground for strong interaction physics in the Fermi-Hubbard model. We determine the
diffusion constant by measuring the relaxation of an imposed density modulation and
modeling its decay hydrodynamically. The diffusion constant is converted to a resistivity by
using the Nernst-Einstein relation. That resistivity exhibits a linear temperature
dependence and shows no evidence of saturation, two characteristic signatures of a bad
metal. The techniques we developed in this study may be applied to measurements of
other transport quantities, including the optical conductivity and thermopower.

I
n conventional materials, charge is carried
by quasiparticles and conductivity is under-
stood as a current of these charge carriers
developed in response to an external field.
For the conductivity to be finite, the charge

carriers must be able to relax their momentum
through scattering. The Boltzmann kinetic equa-
tion in conjunction with Fermi liquid theory
provides a detailed description of transport in
conventionalmaterials, including two trademarks
of resistivity. The first is the Fermi liquid prediction
that the temperature (T)–dependent resistivity r(T)
should scale like T2 at low temperature (1). The
second is that the resistivity should not exceed
amaximum value rmax, obtained from the Drude
relation assuming the Mott-Ioffe-Regel (MIR)
limit, which states that the mean free path of a
quasiparticle cannot be less than the lattice spacing
(2, 3). This resistivity bound itself is sometimes
referred to as the MIR limit.
Strong interactions can, however, lead to a

breakdown of Fermi liquid theory. One signal of
this breakdown is anomalous scaling of r with
temperature, including the linear scaling ob-
served in the strange metal state of the cuprates
(4) and other anomalous scalings in d- and f-
electron materials (5). Another is the violation of
the resistivity bound r < rmax, which is observed

in a wide variety of materials (6). Additionally,
interactions may lead to a situation where the
momentum relaxation rate alone does not de-
termine the conductivity, in contrast to the
semiclassical Drude formula, generalizations
of which hold for a large class of systems called
coherent metals (7). Approaches introduced to
understand these anomalous behaviors include
hidden Fermi liquids (8), marginal Fermi liquids
(9), proximity to quantum critical points (10) and
associated holographic approaches (11), and
many numerical studies of model systems,
most notably the Hubbard model (12) and the
t − J model (13).
Disentangling strong interaction physics from

other effects, such as impurities and electron-
phonon coupling, is difficult in real materials.
Cold atom systems are free of these complica-
tions, but transport experiments are challenging
because of the finite and isolated nature of these
systems. Most fermionic charge transport ex-
periments have focused on studying either mass
flow through optically structured mesoscopic
devices (14–17) or bulk transport in lattice sys-
tems (18–22). In this study, we explored bulk
transport in a Fermi-Hubbard system by study-
ing charge diffusion, which is a microscopic
process related to conductivity through the
Nernst-Einstein equation s = ccD, where D is
the diffusion constant and cc ¼ @n

@m

! "
jT is the

compressibility. This requires only the assumption
of linear response and the absence of thermo-
electric coupling (23) anddoes not rest on assump-
tions concerning quasiparticles.
We realized the two-dimensional Fermi-Hubbard

model by using a degenerate spin-balancedmix-
ture of two hyperfine ground states of 6Li in an
optical lattice (24). Our lattice beams produce
a harmonic trapping potential, which leads to a
varying atomic density in the trap. To obtain a

system with uniform density, we flatten our
trapping potential over an elliptical region of
mean diameter 30 sites by using a repulsive
potential created with a spatial light modulator.
We superimpose an additional sinusoidal po-
tential that varies slowly along one direction of
the lattice with a controllable wavelength (Fig. 1,
A and B). By adiabatically loading the gas into
these potentials, we prepare a Hubbard system
in thermal equilibrium with a small-amplitude
(typically 10%) sinusoidal density modulation.
The average density in the region with the flat-
tened potential is the same with and without the
sinusoidal potential. Next, we suddenly turn off
the added sinusoidal potential and observe the
decay of the density pattern versus time (Fig. 1,
C and D), always keeping the optical lattice at
fixed intensity. We measure the density of a
single spin component, hn↑i, by using techniques
described in (24), giving us access to the total
density through hni ¼ h2n↑i.
Wework at average total densityhni ¼ 0:82ð2Þ.

This value is close to a conjectured quantum
critical point in the Hubbard model (25). Our
lattice depth is 6.9(2) ER, where ER is the lattice
recoil energy and ER/h = 14.66 kHz, leading to
a tunneling rate of t/h = 925(10) Hz. Here h is
Planck’s constant. We adjust the scattering
length, as = 1070(10)ao, by working at a mag-
netic bias field of 616.0(2) G, in the vicinity of
the Feshbach resonance centered near 690 G.
These parameters lead to an on-site interaction–
to–tunneling ratio U/t = 7.4(8), which is in the
strong-interaction regime and close to the value
thatmaximizes antiferromagnetic correlations at
half-filling (26).
We observe the decay of the initial sinusoidal

density pattern over a period of a few tunneling
times. The short time scale ensures that the
observed dynamics are not affected by the in-
homogeneous density outside of the central
flattened region of the trap. To obtain better
statistics, we apply the sinusoidal modulation
along one dimension and average along the
other direction (Fig. 1, A and C). We fit the
average modulation profile to a sinusoid, where
the phase and frequency are fixed by the initial
pattern (Fig. 2A). The time dependence of the
amplitude of the sinusoid quantifies the decay
of the density modulation (Fig. 2B). Our experi-
mental technique is analogous to that ofHild et al.
(27), who studied the decay of a sinusoidally
modulated spin pattern in a bosonic system.
The decay of the sinusoidal density pattern

versus the wavelength l of the modulation be-
comes consistent with diffusive transport at long
wavelengths. In diffusive transport, the ampli-
tude of a density pattern at wave vector k = 2p/l
will decay exponentially with time constant t =
1/Dk2, where D is the diffusion constant. We ob-
serve exponentially decaying amplitudes with
diffusive scaling for wavelengths longer than
15 sites. However, the decay curves are flat at
early times, showing clear deviation from ex-
ponential decay. For short wavelengths, we ob-
serve deviations from diffusive behavior in the
form of underdamped oscillations, which can be
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Strange metal in magic-angle graphene with near Planckian dissipation

Yuan Cao,1, ⇤ Debanjan Chowdhury,1, ⇤ Daniel Rodan-Legrain,1 Oriol Rubies-Bigordà,1
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1
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(Dated: January 15, 2019)

Recent experiments on magic angle twisted bilayer graphene have discovered correlated insulating

behavior and superconductivity at a fractional filling of an isolated narrow band. In this paper we show

that magic angle bilayer graphene exhibits another hallmark of strongly correlated systems — a broad

regime of T�linear resistivity above a small, density dependent, crossover temperature— for a range of

fillings near the correlated insulator. We also extract a transport “scattering rate”, which satisfies a near

Planckian form that is universally related to the ratio of (kBT/~). Our results establish magic angle bilayer

graphene as a highly tunable platform to investigate strange metal behavior, which could shed light on

this mysterious ubiquitous phase of correlated matter.

A panoply of strongly correlated materials have metallic
parent states that display properties at odds with the expecta-
tions in a conventional Fermi liquid and are marked by the ab-
sence of coherent quasiparticle excitations. Some well known
families of materials, such as the ruthenates [1, 2], cobal-
tates [3, 4] and a subset of the iron-based superconductors [5],
show non-Fermi liquid (NFL) behavior over a broad inter-
mediate range of temperatures, with a crossover to a conven-
tional Fermi liquid below an emergent low-energy scale, Tcoh,
at which coherent electronic quasiparticles emerge as well-
defined excitations. Even more striking examples of NFL
behavior are observed in the hole-doped cuprates [6, 7] and
certain quantum critical heavy-fermion compounds [8] where
the incoherent features appear to survive down to the lowest
measurable temperatures, i.e. Tcoh ! 0, when superconduc-
tivity is suppressed externally. In the incoherent regime, all of
these materials in spite of being microscopically distinct have
a resistivity, ⇢(T ) ⇠ T , and exhibit a number of anomalous
features [8–11] clearly indicating the absence of sharp elec-
tronic quasiparticles. In strongly interacting non-quasiparticle
systems, it has been conjectured [12] that transport “scattering
rates” (�) satisfy a universal ‘Planckian’ bound � . O(kBT/~)
at a temperature T . It is however worth noting that in a NFL
there is in general no clear definition for �; the scattering rates
defined through di↵erent measurements, such as dc and opti-
cal conductivity, need not be identical [13]. One of the most
surprising aspects of incoherent transport in these systems, in
spite of these subtleties, is that � extracted from the dc resis-
tivity (through a procedure specified in Ref. [14]) appears to
satisfy a universal form � = CkBT/~with C a number of order
1 [14, 15].

Recent experiments [16, 17] have reported the discovery
of a correlation driven insulator at fractional fillings (with re-
spect to a fully filled isolated band) in magic-angle bilayer
graphene (MABLG). In MABLG, the relative rotation be-
tween two sheets of graphene generates a moiré pattern (Fig.
1a) with a periodicity that is much larger than the underly-
ing interatomic distances in graphene. The theoretically esti-
mated electronic bandwidth, W, is strongly renormalized near

these small magic-angles [18–20]; then the strength of the typ-
ical Coulomb interactions, U, becomes at least comparable to
(if not greater than) the bandwidth, U & W. Investigating
the properties of MABLG as a function of temperature and
carrier density with unprecedented tunability in a controlled
setup can lead to new insights into the nature of electronic
transport in other low-dimensional strongly correlated metal-
lic systems.

For our experiments, we have fabricated multiple high-
quality encapsulated MABLG devices (see Fig. 1a) using
the ‘tear and stack’ technique [21, 22]. As reported earlier
[16, 22], we obtain band-insulators with a large gap near
n ⇡ ±ns, where n is the carrier density tuned externally by
applying a gate voltage and ns corresponds to four electrons
per moiré unit cell. On the other hand, correlation driven in-
sulators with much smaller gap-scales [16, 23] appear near
n ⇡ ±ns/2; we denote these fillings as ⌫ = ±2 from now
on (the fully filled band corresponds to ⌫ = +4). Dop-
ing away from these correlated insulators by an additional
amount, �, with holes (⌫ = ±2 � �) and electrons (⌫ = ±2 + �)
leads to superconductivity (SC) [17, 23]. The superconduct-
ing transition temperature (Tc) measured relative to the Fermi-
energy ("F), as inferred from low temperature quantum oscil-
lations measurements [17], is high, with the largest value of
(Tc/"F) ⇠ 0.07 � 0.08, indicating strong coupling supercon-
ductivity [17]. A schematic ⌫�T phase-diagram for MABLG
is shown in Fig.1b.

In this work, we investigate the transport phenomenology
of the metallic states in MABLG as a function of increasing
temperature over a large range of externally tuned fillings. We
have analyzed the temperature dependence of the longitudinal
DC resistivity, ⇢(T ), for a number of devices (MA1 - MA6)
over a wide range of fillings, the results of which appear to
be qualitatively similar across devices. In order to highlight
the universal aspects of the behavior, both within and across
di↵erent samples, we show the temperature dependent traces
of ⇢(T ) for a range of di↵erent ⌫ in two devices MA1 and
MA4 in Fig.1c and Fig.1d respectively. The range of ⌫ chosen
for this purpose is shown as a color-bar in Fig.1b; see caption
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Planckian dissipation and scale invariance in a quantum-critical disordered pnictide
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Quantum-mechanical fluctuations between competing phases at T = 0 induce exotic finite-
temperature collective excitations that are not described by the standard Landau Fermi liquid
framework [1–4]. These excitations exhibit anomalous temperature dependences, or non-Fermi liq-
uid behavior, in the transport and thermodynamic properties [5] in the vicinity of a quantum
critical point, and are often intimately linked to the appearance of unconventional Cooper pairing
as observed in strongly correlated systems including the high-Tc cuprate and iron pnictide supercon-
ductors [6, 7]. The presence of superconductivity, however, precludes direct access to the quantum
critical point, and makes it difficult to assess the role of quantum-critical fluctuations in shaping
anomalous finite-temperature physical properties, such as Planckian dissipation !/τp = kBT [8–10].
Here we report temperature-field scale invariance of non-Fermi liquid thermodynamic, transport
and Hall quantities in a non-superconducting iron-pnictide, Ba(Fe1/3Co1/3Ni1/3)2As2, indicative of
quantum criticality at zero temperature and zero applied magnetic field. Beyond a linear in temper-
ature resistivity, the hallmark signature of strong quasiparticle scattering, we find a more universal
Planck-limited scattering rate that obeys a scaling relation between temperature and applied mag-
netic fields down to the lowest energy scales. Together with the emergence of hole-like carriers close
to the zero-temperature and zero-field limit, the scale invariance, isotropic field response and lack
of applied pressure sensitivity point to the realization of a novel quantum fluid predicted by the
holographic correspondence [11] and born out of a unique quantum critical system that does not
drive a pairing instability.

Non-Fermi liquid (NFL) behavior ubiquitously ap-
pears in iron-based high-temperature superconductors
with a novel type of superconducting pairing symme-
try driven by interband repulsion [7, 12]. The putative
pairing mechanism is thought to be associated with the
temperature-doping phase diagram, bearing striking re-
semblance to cuprate and heavy-fermion superconductors
[13, 14]. In iron-based superconductors, the supercon-
ducting phase appears to be centered around the point of
suppression of antiferromagnetic (AFM) and orthorhom-
bic structural order [12]. Close to the boundary between
AFM order and superconductivity, the exotic metallic
regime emerges in the normal state. In addition to the
AFM order, the presence of an electronic nematic phase
above the structural transition complicates the under-
standing of the SC and NFL behavior [15–18]. More-
over, the robust superconducting phase prohibits inves-
tigations of zero-temperature limit normal state physical
properties associated with the quantum critical (QC) in-
stability due to the extremely high upper critical fields.

While AFM spin fluctuations are widely believed to
provide the pairing glue in the iron-pnictides, other mag-

netic interactions are prevalent in closely related ma-
terials, such as the cobalt-based oxypnictides LaCoOX
(X=P, As) [19], which exhibit ferromagnetic (FM) or-
ders, and Co-based intermetallic arsenides with coexist-
ing FM and AFM spin correlations [20–22]. For instance,
a strongly enhanced Wilson ratio RW of ∼ 7-10 at 2 K
[23] and violation of the Koringa law [20–22] suggest
proximity to a FM instability in BaCo2As2. BaNi2As2,
on the other hand, seems to be devoid of magnetic or-
der [24] and rather hosts other ordering instabilities in
both structure and charge [25]. Confirmed by extensive
study, Fe, Co, and Ni have the same 2+ oxidation state
in the tetragonal ThCr2Si2 structure, thus adding one d
electron- (hole-) contribution by Ni (Fe) substitution for
Co in BaCo2As2 [26–29], and thereby modifying the elec-
tronic structure subtly but significantly enough to tune in
and out of different ground states and correlation types.
Utilizing this balance, counter-doping a system to achieve
the same nominal d electron count as BaCo2As2 can re-
alize a unique route to the same nearly FM system while
disrupting any specific spin correlation in the system.

Here, we utilize this approach to stabilize a novel

arXiv:1902.01034v1  [cond-mat.str-el]  4 Feb 2019
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The perfectly linear temperature dependence of the electrical 
resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
□TF!= !h/2e2, 

where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
in two closely related electron-doped materials, Pr2−xCexCuO4±δ 
(PCCO)2,16,17 and La2−xCexCuO4 (LCCO)13,14, and in three hole-
doped materials: Bi2Sr2CuO6+δ (ref. 6), La2−xSrxCuO4 (LSCO)8 and 
La1.6−xNd0.4SrxCuO4 (Nd-LSCO)7,11,12. On the electron-doped side, 
T-linear resistivity is seen just above the QCP16 where antiferromag-
netic order ends18 as a function of x, and as such it may not come 
as a surprise. On the hole-doped side, however, the doping values 

where ρ(T) =  ρ0 +  A1T as T →  0 are very far from the QCP where 
long-range antiferromagnetic order ends (pN ~ 0.02); for example, 
at p =  0.24 in Nd-LSCO (Fig. 1a) and in the range p =  0.21–0.26 in 
LSCO (Fig. 1b). Instead, these values are close to the critical dop-
ing where the pseudogap phase ends (that is, at p* =  0.23 ±  0.01 in 
Nd-LSCO (ref. 11) and at p* ~ 0.18–0.19 in LSCO (ref. 8)), where the 
role of antiferromagnetic spin fluctuations is not clear. In Bi2201,  
p* is farther still (see Supplementary Section 10).

To make progress, several questions must be answered. Is T-linear 
resistivity as T →  0 in hole-doped cuprates limited to single-layer 
materials with low Tc, or is it generic? Why is ρ(T) =  ρ0 +  A1T as 
T →  0 seen in LSCO over an anomalously wide doping range8? Is 
there a common mechanism linking cuprates to the other metals 
where ρ ~ T as T →  0?

To establish the universal character of T-linear resistivity in 
cuprates, we have turned to Bi2Sr2CaCu2O8+δ (Bi2212). While 
Nd-LSCO and LSCO have essentially the same single electron-like 
diamond-shaped Fermi surface at p >  p* (refs 19,20), Bi2212 has a very 
different Fermi surface, consisting of two sheets, one of which is also 
diamond-like at p >  0.22, but the other is much more circular21 (see 
Supplementary Section 1). Moreover, the structural, magnetic and 
superconducting properties of Bi2212 are very different to those of 
Nd-LSCO and LSCO: a stronger 2D character, a larger gap to spin 
excitations, no spin-density-wave order above p ~ 0.1 and a much 
higher superconducting Tc.

We measured the resistivity of Bi2212 at p =  0.23 by sup-
pressing superconductivity with a magnetic field of up to 58 T. 
At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
T dependence of ρ(T) down to the lowest accessible temperature 
(Fig. 1a). Correcting for the magnetoresistance (see Methods and 
Supplementary Section 3), as was done for LSCO (ref. 8), we find 
that the T-linear dependence of ρ(T) seen in Bi2212 at H = 0 from 
T ~ 120 K down to Tc simply continues to low temperature, with the 
same slope A1 =  0.62 ±  0.06 μ Ω  cm K−1 (Fig. 2b). Measured per CuO2 
plane, this gives A1

□ ≡  A1/d = 8.0 ±  0.9 Ω  K−1, where d is the (aver-
age) separation between CuO2 planes. Remarkably, this is the same 
value, within error bars, as measured in Nd-LSCO at p =  0.24, where 
A1

□ =  7.4 ±  0.8 Ω  K−1 (see Table 1).
The observation of T-linear resistivity in those two cuprates 

shows that it is robust against changes in the shape, topology and 
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The perfectly linear temperature dependence of the electrical 
resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
□TF!= !h/2e2, 

where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
in two closely related electron-doped materials, Pr2−xCexCuO4±δ 
(PCCO)2,16,17 and La2−xCexCuO4 (LCCO)13,14, and in three hole-
doped materials: Bi2Sr2CuO6+δ (ref. 6), La2−xSrxCuO4 (LSCO)8 and 
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netic order ends18 as a function of x, and as such it may not come 
as a surprise. On the hole-doped side, however, the doping values 
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Nd-LSCO (ref. 11) and at p* ~ 0.18–0.19 in LSCO (ref. 8)), where the 
role of antiferromagnetic spin fluctuations is not clear. In Bi2201,  
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Nd-LSCO and LSCO: a stronger 2D character, a larger gap to spin 
excitations, no spin-density-wave order above p ~ 0.1 and a much 
higher superconducting Tc.

We measured the resistivity of Bi2212 at p =  0.23 by sup-
pressing superconductivity with a magnetic field of up to 58 T. 
At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
T dependence of ρ(T) down to the lowest accessible temperature 
(Fig. 1a). Correcting for the magnetoresistance (see Methods and 
Supplementary Section 3), as was done for LSCO (ref. 8), we find 
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T ~ 120 K down to Tc simply continues to low temperature, with the 
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plane, this gives A1
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Remarkable recent observation of ‘Planckian’ strange metal transport
in cuprates, pnictides, magic-angle graphene, and ultracold atoms: the
resistivity is associated with a universal scattering time ⇡ ~/(kBT ).
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Bad metallic transport in a cold atom
Fermi-Hubbard system
Peter T. Brown1, Debayan Mitra1, Elmer Guardado-Sanchez1, Reza Nourafkan2,
Alexis Reymbaut2, Charles-David Hébert2, Simon Bergeron2, A.-M. S. Tremblay2,3,
Jure Kokalj4,5, David A. Huse1, Peter Schauß1*, Waseem S. Bakr1†

Strong interactions in many-body quantum systems complicate the interpretation of
charge transport in such materials. To shed light on this problem, we study transport in a
clean quantum system: ultracold lithium-6 in a two-dimensional optical lattice, a testing
ground for strong interaction physics in the Fermi-Hubbard model. We determine the
diffusion constant by measuring the relaxation of an imposed density modulation and
modeling its decay hydrodynamically. The diffusion constant is converted to a resistivity by
using the Nernst-Einstein relation. That resistivity exhibits a linear temperature
dependence and shows no evidence of saturation, two characteristic signatures of a bad
metal. The techniques we developed in this study may be applied to measurements of
other transport quantities, including the optical conductivity and thermopower.

I
n conventional materials, charge is carried
by quasiparticles and conductivity is under-
stood as a current of these charge carriers
developed in response to an external field.
For the conductivity to be finite, the charge

carriers must be able to relax their momentum
through scattering. The Boltzmann kinetic equa-
tion in conjunction with Fermi liquid theory
provides a detailed description of transport in
conventionalmaterials, including two trademarks
of resistivity. The first is the Fermi liquid prediction
that the temperature (T)–dependent resistivity r(T)
should scale like T2 at low temperature (1). The
second is that the resistivity should not exceed
amaximum value rmax, obtained from the Drude
relation assuming the Mott-Ioffe-Regel (MIR)
limit, which states that the mean free path of a
quasiparticle cannot be less than the lattice spacing
(2, 3). This resistivity bound itself is sometimes
referred to as the MIR limit.
Strong interactions can, however, lead to a

breakdown of Fermi liquid theory. One signal of
this breakdown is anomalous scaling of r with
temperature, including the linear scaling ob-
served in the strange metal state of the cuprates
(4) and other anomalous scalings in d- and f-
electron materials (5). Another is the violation of
the resistivity bound r < rmax, which is observed

in a wide variety of materials (6). Additionally,
interactions may lead to a situation where the
momentum relaxation rate alone does not de-
termine the conductivity, in contrast to the
semiclassical Drude formula, generalizations
of which hold for a large class of systems called
coherent metals (7). Approaches introduced to
understand these anomalous behaviors include
hidden Fermi liquids (8), marginal Fermi liquids
(9), proximity to quantum critical points (10) and
associated holographic approaches (11), and
many numerical studies of model systems,
most notably the Hubbard model (12) and the
t − J model (13).
Disentangling strong interaction physics from

other effects, such as impurities and electron-
phonon coupling, is difficult in real materials.
Cold atom systems are free of these complica-
tions, but transport experiments are challenging
because of the finite and isolated nature of these
systems. Most fermionic charge transport ex-
periments have focused on studying either mass
flow through optically structured mesoscopic
devices (14–17) or bulk transport in lattice sys-
tems (18–22). In this study, we explored bulk
transport in a Fermi-Hubbard system by study-
ing charge diffusion, which is a microscopic
process related to conductivity through the
Nernst-Einstein equation s = ccD, where D is
the diffusion constant and cc ¼ @n

@m

! "
jT is the

compressibility. This requires only the assumption
of linear response and the absence of thermo-
electric coupling (23) anddoes not rest on assump-
tions concerning quasiparticles.
We realized the two-dimensional Fermi-Hubbard

model by using a degenerate spin-balancedmix-
ture of two hyperfine ground states of 6Li in an
optical lattice (24). Our lattice beams produce
a harmonic trapping potential, which leads to a
varying atomic density in the trap. To obtain a

system with uniform density, we flatten our
trapping potential over an elliptical region of
mean diameter 30 sites by using a repulsive
potential created with a spatial light modulator.
We superimpose an additional sinusoidal po-
tential that varies slowly along one direction of
the lattice with a controllable wavelength (Fig. 1,
A and B). By adiabatically loading the gas into
these potentials, we prepare a Hubbard system
in thermal equilibrium with a small-amplitude
(typically 10%) sinusoidal density modulation.
The average density in the region with the flat-
tened potential is the same with and without the
sinusoidal potential. Next, we suddenly turn off
the added sinusoidal potential and observe the
decay of the density pattern versus time (Fig. 1,
C and D), always keeping the optical lattice at
fixed intensity. We measure the density of a
single spin component, hn↑i, by using techniques
described in (24), giving us access to the total
density through hni ¼ h2n↑i.
Wework at average total densityhni ¼ 0:82ð2Þ.

This value is close to a conjectured quantum
critical point in the Hubbard model (25). Our
lattice depth is 6.9(2) ER, where ER is the lattice
recoil energy and ER/h = 14.66 kHz, leading to
a tunneling rate of t/h = 925(10) Hz. Here h is
Planck’s constant. We adjust the scattering
length, as = 1070(10)ao, by working at a mag-
netic bias field of 616.0(2) G, in the vicinity of
the Feshbach resonance centered near 690 G.
These parameters lead to an on-site interaction–
to–tunneling ratio U/t = 7.4(8), which is in the
strong-interaction regime and close to the value
thatmaximizes antiferromagnetic correlations at
half-filling (26).
We observe the decay of the initial sinusoidal

density pattern over a period of a few tunneling
times. The short time scale ensures that the
observed dynamics are not affected by the in-
homogeneous density outside of the central
flattened region of the trap. To obtain better
statistics, we apply the sinusoidal modulation
along one dimension and average along the
other direction (Fig. 1, A and C). We fit the
average modulation profile to a sinusoid, where
the phase and frequency are fixed by the initial
pattern (Fig. 2A). The time dependence of the
amplitude of the sinusoid quantifies the decay
of the density modulation (Fig. 2B). Our experi-
mental technique is analogous to that ofHild et al.
(27), who studied the decay of a sinusoidally
modulated spin pattern in a bosonic system.
The decay of the sinusoidal density pattern

versus the wavelength l of the modulation be-
comes consistent with diffusive transport at long
wavelengths. In diffusive transport, the ampli-
tude of a density pattern at wave vector k = 2p/l
will decay exponentially with time constant t =
1/Dk2, where D is the diffusion constant. We ob-
serve exponentially decaying amplitudes with
diffusive scaling for wavelengths longer than
15 sites. However, the decay curves are flat at
early times, showing clear deviation from ex-
ponential decay. For short wavelengths, we ob-
serve deviations from diffusive behavior in the
form of underdamped oscillations, which can be
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Bad metallic transport in a cold atom Fermi-Hubbard system
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A
panoply

of
strongly

correlated
m

aterials
have

m
etallic

parentstates
thatdisplay

properties
atodds

w
ith

the
expecta-

tionsin
a

conventionalFerm
iliquid

and
are

m
arked

by
the

ab-
sence

ofcoherentquasiparticle
excitations.Som

e
w

ellknow
n

fam
ilies

of
m

aterials,
such

as
the

ruthenates
[1,

2],
cobal-

tates[3,4]and
a

subsetofthe
iron-based

superconductors[5],
show

non-Ferm
i

liquid
(N

FL)
behavior

over
a

broad
inter-

m
ediate

range
oftem

peratures,w
ith

a
crossoverto

a
conven-

tionalFerm
iliquid

below
an

em
ergentlow

-energy
scale,

T
coh ,

at
w

hich
coherent

electronic
quasiparticles

em
erge

as
w

ell-
defined

excitations.
Even

m
ore

striking
exam

ples
of

N
FL

behavior
are

observed
in

the
hole-doped

cuprates
[6,7]

and
certain

quantum
criticalheavy-ferm

ion
com

pounds
[8]w

here
the

incoherentfeatures
appear

to
survive

dow
n

to
the

low
est

m
easurable

tem
peratures,i.e.

T
coh
!

0,w
hen

superconduc-
tivity

issuppressed
externally.In

the
incoherentregim

e,allof
these

m
aterials

in
spite

ofbeing
m

icroscopically
distincthave

a
resistivity,

⇢(
T

)
⇠

T
,and

exhibita
num

ber
of

anom
alous

features
[8–11]

clearly
indicating

the
absence

of
sharp

elec-
tronic

quasiparticles.In
strongly

interacting
non-quasiparticle

system
s,ithasbeen

conjectured
[12]thattransport“scattering

rates”
(�)satisfy

a
universal‘Planckian’bound

�
.

O
(
k

B
T
/~)

ata
tem

perature
T

.
Itis

how
everw

orth
noting

thatin
a

N
FL

there
isin

generalno
cleardefinition

for
�;the

scattering
rates

defined
through

di↵erentm
easurem

ents,such
as

dc
and

opti-
calconductivity,need

notbe
identical[13].

O
ne

ofthe
m

ost
surprising

aspects
ofincoherenttransportin

these
system

s,in
spite

ofthese
subtleties,is

that
�

extracted
from

the
dc

resis-
tivity

(through
a

procedure
specified

in
R

ef.
[14])appears

to
satisfy

a
universalform

�
=

C
k

B
T
/~

w
ith

C
a

num
beroforder

1
[14,15].

R
ecent

experim
ents

[16,
17]

have
reported

the
discovery

ofa
correlation

driven
insulatoratfractionalfillings

(w
ith

re-
spect

to
a

fully
filled

isolated
band)

in
m

agic-angle
bilayer

graphene
(M

A
B

LG
).

In
M

A
B

LG
,

the
relative

rotation
be-

tw
een

tw
o

sheets
ofgraphene

generates
a

m
oiré

pattern
(Fig.

1a)
w

ith
a

periodicity
that

is
m

uch
larger

than
the

underly-
ing

interatom
ic

distances
in

graphene.
The

theoretically
esti-

m
ated

electronic
bandw

idth,
W

,isstrongly
renorm

alized
near

these
sm

allm
agic-angles[18–20];then

the
strength

ofthe
typ-

icalC
oulom

b
interactions,

U
,becom

es
atleastcom

parable
to

(if
not

greater
than)

the
bandw

idth,
U
&

W
.

Investigating
the

properties
of

M
A

B
LG

as
a

function
of

tem
perature

and
carrier

density
w

ith
unprecedented

tunability
in

a
controlled

setup
can

lead
to

new
insights

into
the

nature
of

electronic
transportin

otherlow
-dim

ensionalstrongly
correlated

m
etal-

lic
system

s.
For

our
experim

ents,
w

e
have

fabricated
m

ultiple
high-

quality
encapsulated

M
A

B
LG

devices
(see

Fig.
1a)

using
the

‘tear
and

stack’
technique

[21,22].
A

s
reported

earlier
[16,

22],
w

e
obtain

band-insulators
w

ith
a

large
gap

near
n
⇡
±

n
s ,w

here
n

is
the

carrier
density

tuned
externally

by
applying

a
gate

voltage
and

n
s

corresponds
to

four
electrons

perm
oiré

unitcell.
O

n
the

otherhand,correlation
driven

in-
sulators

w
ith

m
uch

sm
aller

gap-scales
[16,

23]
appear

near
n
⇡
±

n
s /2;

w
e

denote
these

fillings
as
⌫
=
±

2
from

now
on

(the
fully

filled
band

corresponds
to
⌫
=
+

4).
D

op-
ing

aw
ay

from
these

correlated
insulators

by
an

additional
am

ount,�,w
ith

holes
(⌫
=
±

2�
�)and

electrons
(⌫
=
±

2
+
�)

leads
to

superconductivity
(SC

)
[17,23].

The
superconduct-

ing
transition

tem
perature

(T
c )m

easured
relative

to
the

Ferm
i-

energy
("

F ),as
inferred

from
low

tem
perature

quantum
oscil-

lations
m

easurem
ents

[17],is
high,w

ith
the

largestvalue
of

(T
c /"

F )⇠
0.07�

0.08,indicating
strong

coupling
supercon-

ductivity
[17].A

schem
atic
⌫�

T
phase-diagram

forM
A

B
LG

is
show

n
in

Fig.1b.
In

this
w

ork,w
e

investigate
the

transportphenom
enology

of
the

m
etallic

states
in

M
A

B
LG

as
a

function
of

increasing
tem

perature
overa

large
range

ofexternally
tuned

fillings.W
e

have
analyzed

the
tem

perature
dependence

ofthe
longitudinal

D
C

resistivity,
⇢(

T
),for

a
num

ber
of

devices
(M

A
1

-
M

A
6)

over
a

w
ide

range
of

fillings,the
results

of
w

hich
appear

to
be

qualitatively
sim

ilar
across

devices.
In

order
to

highlight
the

universalaspects
of

the
behavior,both

w
ithin

and
across

di↵erentsam
ples,w

e
show

the
tem

perature
dependenttraces

of
⇢(T

)
for

a
range

of
di↵erent

⌫
in

tw
o

devices
M

A
1

and
M

A
4

in
Fig.1c

and
Fig.1d

respectively.The
range

of
⌫

chosen
forthis

purpose
is

show
n

as
a

color-barin
Fig.1b;see

caption
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The complex SYK model

H =
1

(2N)3/2

NX

i,j,k,`=1

Uij;k` c
†
i c

†
jckc` � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

Q =
1

N

X

i

c
†
i ci

Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U2

N ! 1 yields critical strange metal.
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S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

Feynman graph expansion in Uijk`, and graph-by-graph average, yields ex-
act equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless and obey

⌃(z) = µ� ei(⇡/4+✓)

A

p
z + . . . , G(z) =

Ae�i(⇡/4+✓)

p
z

where A = (⇡/U2 cos(2✓))1/4. The value of ✓ is universally related to Q by
a Luttinger-Ward functional analysis similar to that used to establish the
Luttinger theorem of Fermi liquid theory:

Q =
1

2
� ✓

⇡
� sin(2✓)

4
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The complex SYK model

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

Solution of these equations for the model with a q fermion Hamiltonian

yields the following universal results (i.e. all results are quantitatively un-

changed by adding additional higher order fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2�
with � = 1/q ()

indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a

parameter E :

G(⌧) ⇠
⇢

�⌧�2� ⌧ > 0

e�2⇡E
(�⌧)�2� ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and

the total charge 0 < Q < 1

e2⇡E =
sin(⇡�+ ✓)

sin(⇡�� ✓)

Q =
1

2
� ✓

⇡
+

✓
�� 1

2

◆
sin(2✓)

sin(2⇡�)
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The complex SYK model

S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

Solution of these equations for the model with a q fermion Hamiltonian

yields the following universal results (i.e. all results are quantitatively un-

changed by adding additional higher order fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2�
with � = 1/q ()

indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a

parameter E :

G(⌧) ⇠
⇢

�⌧�2� ⌧ > 0

e�2⇡E
(�⌧)�2� ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and

the total charge 0 < Q < 1

e2⇡E =
sin(⇡�+ ✓)

sin(⇡�� ✓)

Q =
1

2
� ✓

⇡
+

✓
�� 1

2

◆
sin(2✓)

sin(2⇡�)
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The complex SYK model

A. Georges, O. Parcollet, 
and S. Sachdev,  PRB 63, 

134406 (2001)
R. Davison, Wenbo Fu, 
A. Georges, Yingfei Gu, 

K. Jensen,  S. Sachdev, PRB 
95, 155131 (2017)

Solution of these equations for the model with a q fermion Hamiltonian

yields the following universal results (i.e. all results are quantitatively un-

changed by adding additional higher order fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2�
with � = 1/q ()

indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a

parameter E :

G(⌧) ⇠
⇢

�⌧�2� ⌧ > 0

e�2⇡E
(�⌧)�2� ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and

the total charge 0 < Q < 1

e2⇡E =
sin(⇡�+ ✓)

sin(⇡�� ✓)

Q =
1

2
� ✓

⇡
+

✓
�� 1

2

◆
sin(2✓)

sin(2⇡�)
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The complex SYK model

A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)

Solution of these equations for the model with a q fermion Hamiltonian

yields the following universal results (i.e. all results are quantitatively un-

changed by adding additional higher order fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2�
with � = 1/q ()

indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a

parameter E :

G(⌧) ⇠
⇢

�⌧�2� ⌧ > 0

e�2⇡E
(�⌧)�2� ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and

the total charge 0 < Q < 1

e2⇡E =
sin(⇡�+ ✓)

sin(⇡�� ✓)

Q =
1

2
� ✓

⇡
+

✓
�� 1

2

◆
sin(2✓)

sin(2⇡�)
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• At T > 0, we obtain a solution with a conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E , and A =
(⇡/(U2 cos(2✓)))1/4.

• The dimensionless parameter E depends upon the ratio of the two
dimensionful parameters, µ and U , in a non-universal manner: we
have E = f(µ/U) for some function f . For small µ/U , E = �0.41J .

• Note the non-universal U appears both in the pre-factor A, and in
the µ dependence of E .
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Solution of these equations for the model with a q fermion Hamiltonian

yields the following universal results (i.e. all results are quantitatively un-

changed by adding additional higher order fermion terms):

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�2�
with � = 1/q ()

indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a

parameter E :

G(⌧) ⇠
⇢

�⌧�2� ⌧ > 0

e�2⇡E
(�⌧)�2� ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and

the total charge 0 < Q < 1

e2⇡E =
sin(⇡�+ ✓)

sin(⇡�� ✓)

Q =
1

2
� ✓

⇡
+

✓
�� 1

2

◆
sin(2✓)

sin(2⇡�)
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• At T > 0, we obtain a solution with a conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E , and A =
(⇡/(U2 cos(2✓)))1/4.

• The dimensionless parameter E depends upon the ratio of the two
dimensionful parameters, µ and U , in a non-universal manner: we
have E = f(µ/U) for some function f . For small µ/U , E = �0.41µ/U .

• Note the non-universal U appears both in the pre-factor A, and in
the µ dependence of E .
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SYK model in momentum space

Aavishkar Patel

Random SYK interactions be-
tween each shell in momentum
space with dispersion "k im-
ply a Green’s function

G(!,k) = GSYK(!, µ = �"k)

We define the Fermi velocity
vF = @"k/@k on the Fermi
surface where "k = 0.

<latexit sha1_base64="mLwYFhpfUF/rolvnEseiIGRTE7A="></latexit>

We assume T ⌧ U ⌧ EF
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Each shell has fixed value of E
which changes sign across the “Fermi surface”
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SYK model in momentum space
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This computation ignores the contribution to the current from the momentum-dependent
interaction, which is only permissible for the conductivity at a small non-zero momentum.
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Computation of the resistivity from the Green’s function yields the resistivity
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where the e↵ective mass is

m⇤ =
d VFSH
FS |vF |

where d is spatial dimensionality and VFS is the volume enclosed by the Fermi
surface. For a circular Fermi surface, this is the usual m⇤.
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The U dependencies in the prefactor of G, and from
the variation in E with µ cancel with each other!
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Strongly correlated metals comprise an enduring puzzle at the heart of condensed matter physics.
Commonly a highly renormalized heavy Fermi liquid occurs below a small coherence scale, while at
higher temperatures a broad incoherent regime pertains in which quasi-particle description fails. Despite
the ubiquity of this phenomenology, strong correlations and quantum fluctuations make it challenging to
study. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with random all-to-all
four-fermion interactions among N Fermion modes which becomes exactly solvable as N ! 1, exhibiting
a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence of quasi-
particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic hopping.
Combining the imaginary time path integral with real time path integral formulation, we obtain a heavy
Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find
linear in temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two
universal values as a function of temperature. Our work exemplifies an analytically controlled study of a
strongly correlated metal.

Prominent systems like the high-Tc cuprates and heavy
fermions display intriguing features going beyond the quasi-
particle description[1–9]. The exactly soluble SYK models
provide a powerful framework to study such physics. The
most-studied SYK4 model, a 0 + 1D quantum cluster of N

Majorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–25]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature
scale Ec ⌘ t

2
0/U0[21, 26, 27] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a

Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[28], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[29, 30] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c

lx
+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
d⌧1d⌧2

hX

x

U
2
0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
c̄ix⌧1 c jx0⌧1 c̄ jx0⌧2 cix⌧2

i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from
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Prominent systems like the high-Tc cuprates and heavy fermions display intriguing features going beyond
the quasiparticle description. The Sachdev-Ye-Kitaev(SYK) model describes a 0 + 1D quantum cluster with
random all-to-all four-fermion interactions among N Fermion modes which becomes exactly solvable as N !

1, exhibiting a zero-dimensional non-Fermi liquid with emergent conformal symmetry and complete absence
of quasi-particles. Here we study a lattice of complex-fermion SYK dots with random inter-site quadratic

hopping. Combining the imaginary time path integral with real time path integral formulation, we obtain a
heavy Fermi liquid to incoherent metal crossover in full detail, including thermodynamics, low temperature
Landau quasiparticle interactions, and both electrical and thermal conductivity at all scales. We find linear in
temperature resistivity in the incoherent regime, and a Lorentz ratio L ⌘

⇢
T

varies between two universal values
as a function of temperature. Our work exemplifies an analytically controlled study of a strongly correlated
metal.

Introduction - Strongly correlated metals comprise an en-
during puzzle at the heart of condensed matter physics. Com-
monly a highly renormalized heavy Fermi liquid occurs be-
low a small coherence scale, while at higher temperatures a
broad incoherent regime pertains in which quasi-particle de-
scription fails[1–9]. Despite the ubiquity of this phenomenol-
ogy, strong correlations and quantum fluctuations make it
challenging to study. The exactly soluble SYK models pro-
vide a powerful framework to study such physics. The most-
studied SYK4 model, a 0 + 1D quantum cluster of N Ma-
jorana fermion modes with random all-to-all four-fermion
interactions[10–18] has been generalized to SYKq models
with q-fermion interactions. Subsequent works[19, 20] ex-
tended the SYK model to higher spatial dimensions by cou-
pling a lattice of SYK4 quantum clusters by additional four-
fermion “pair hopping” interactions. They obtained electrical
and thermal conductivities completely governed by di↵usive
modes and nearly temperature-independent behavior owing to
the identical scaling of the inter-dot and intra-dot couplings.

Here, we take one step closer to realism by considering a
lattice of complex-fermion SYK clusters with SYK4 intra-
cluster interaction of strength U0 and random inter-cluster
“SYK2” two-fermion hopping of strength t0[21–26]. Un-
like the previous higher dimensional SYK models where lo-
cal quantum criticality governs the entire low temperature
physics, here as we vary the temperature, two distinctive
metallic behaviors appear, resembling the previously men-
tioned heavy fermion systems. We assume t0 ⌧ U0, which
implies strong interactions, and focus on the correlated regime
T ⌧ U0. We show the system has a coherence temperature

scale Ec ⌘ t
2
0/U0[21, 27, 28] between a heavy Fermi liquid

and an incoherent metal. For T < Ec, the SYK2 induces a
Fermi liquid, which is however highly renormalized by the
strong interactions. For T > Ec, the system enters the incoher-
ent metal regime and the resistivity ⇢ depends linearly on tem-
perature. These results are strikingly similar to those of Par-
collet and Georges[29], who studied a variant SYK model ob-
tained in a double limit of infinite dimension and large N. Our
model is simpler, and does not require infinite dimensions. We
also obtain further results on the thermal conductivity , en-
tropy density and Lorentz ratio[30, 31] in this crossover. This
work bridges traditional Fermi liquid theory and the hydrody-
namical description of an incoherent metallic system.

SYK model and Imaginary-time formulation - We consider
a d-dimensional array of quantum dots, each with N species
of fermions labeled by i, j, k · · · ,

H =
X

x

X

i< j,k<l

Ui jkl,xc
†

ix
c
†

jx
c

kx
c
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+
X

hxx0i

X

i, j

ti j,xx0c
†

i,xc
j,x0 (1)

where Ui jkl,x = U
⇤

kli j,x and ti j,xx0 = t
⇤

ji,x0x are random zero mean
complex variables drawn from Gaussian distribution whose
variances |Ui jkl,x|

2 = 2U
2
0/N

3 and |ti j,x,x0 |
2 = t

2
0/N.

In the imaginary time formalism, one studies the partition
function Z = Tr e

��(H�µN), with N =
P

i,x c
†

i,xc
i,x, written as

a path integral over Grassman fields cix⌧, c̄ix⌧. Owing to the
self-averaging established for the SYK model at large N, it is
su�cient to study Z̄ =

R
[dc̄][dc]e�S c , with (repeated species

indices are summed over)

S c =
X

x

Z �

0
d⌧ c̄ix⌧(@⌧ � µ)cix⌧ �

Z �

0
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hX
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0

4N3 c̄ix⌧1 c̄ jx⌧1 ckx⌧1 clx⌧1 c̄lx⌧2 c̄kx⌧2 c jx⌧2 cix⌧2 +
X

hxx0i

t
2
0

N
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i
. (2)

The basic features can be determined by a simple power- counting. Considering for simplicity µ = 0, starting from

Ut

t
U

See also A. Georges and O. Parcollet PRB 59, 5341 (1999)

Pengfei Zhang, PRB 96, 205138 (2017)
Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8, 021049 (2018)

Aavishkar A. Patel, John McGreevy, Daniel P. Arovas, Subir Sachdev, PRX 8, 021049 (2018) 

Aavishkar Patel

Xue-Yang Song



4

The density-density correlator is expressed as

DRn(x,t; x
0,t0) ⌘ i✓(t � t

0)h[N(x,t),N(x
0,t0)]i

=
i

2
hNc(x,t)Nq(x

0,t0)i, (10)

where Ns ⌘
N�S '
�'̇s

, Nc/q = N+ ± N�(keeping momentum-
independent components- See Sec.B). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[31], the action (9)
yields the di↵usive form [32]

DRn(p,!) =
�iNK!

i! � D'p2 + NK =
�NKD'p

2

i! � D'p2 . (11)

From this we identify NK and D' as the compressibility and
charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'

e
2

~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)
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where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
fusion constant D✏ . This identification is seen from the corre-
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where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
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N

R⇣( T
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where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)
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Ec
)/N. (b): The
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8 , in the two regimes.
The solid curves are guides to the eyes.
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is
large due to small coherence scale in denominator, charac-
teristic of a strongly correlated Fermi liquid. Famously, the
Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[33, 34].
We find here A'

(N�)2 =
R
00
' (0)

2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary lin-
early with temperature: R⇣(T ) ⇠ c⇣ T . We analytically obtain
c' =

2
p
⇡

and c" =
16
⇡5/2 (Supplementary Information), implying

that the Lorenz number, characterizing the Wiedemann-Franz
law, takes the unusual value L = 

�T
!
⇡2

8 for Ec ⌧ T ⌧ U0.
More generally, the scaling form (B2) implies that L is a uni-
versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.

Conclusion – We have shown that the SYK model pro-
vides a soluble source of strong local interactions which,
when coupled into a higher-dimensional lattice by ordinary
but random electron hopping, reproduces a remarkable num-
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Figure 5: Four regions with different OTOC behavior.

A complete solution for all x and t would require including nonlinearity in the kinetic
equation. However, the following seems to be a consistent qualitative picture. Let us define
the scrambling time as tscr = ln(δκN). There are four regions for the butterfly effect as shown
in figure 5:

1. x
v∗

< t < x
vB

+ tscr. In this region, the saddle contribution to the OTOC exceeds that of
the pole; hence

OTOC ∼
us(x, t)

N
≈

1

πδκN

eκ(0)t−x2/(4Dst)

√
4πDst

, Ds =
a

tB
. (67)

The Lyapunov exponent κ(0) is the same as for the usual SYK model.

2. |x|
vB

< t < |x|
vB

+ tscr and t < |x|
v∗
. This is the most interesting region. It is dominated by the

contribution from the pole, which grows with the maximal Lyapunov exponent:

OTOC ∼
u1(x, t)

N
≈

1

πv∗N
et−|p1||x| . (68)

3. t > |x|
vB

+ tscr. In this region the OTOC has saturated.

4. t < |x|
vB
. In this region the OTOC is smaller than 1/N and the butterfly effect is negligible.

We remark that the exact maximal Lyapunov exponent here arises from the zero of the
decoherence factor 2 cos κπ

2 , which is related to the pole of the prefactor by the ladder identity
we derived. This argument is stronger than the perturbative calculation done in [13], where
the authors note a cancellation of corrections to the Lyapunov exponent at order 1/J . As we
have demonstrated, the Lyapunov exponent in the butterfly wavefront is exactly 1, provided
the coupling strength J is above a certain threshold. It would be interesting to see if another
perturbative result in [13] is actually exact, namely, that the butterfly velocity is related to the
heat diffusion coefficient as v2B = D. This relation has previously been established for certain
holographic theories [14].

14
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N

1

cos(�L(q)/(4T ))

1

[! � i�L(q)]

This has a pole at imaginary q at

q1 = i|q1| where �L(q1) = 2⇡T .
We can define two characteristic velocities

v⇤ = |�0
L(q1)|

vB = 2⇡T/|q1| ,

and the scrambling time tscr ⇡ (lnN)/�L
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The chaos Lyapunov exponent
�L(0) ⇠ T 2/Ec for T ⌧ Ec, and
�L(0) ⇠ 2⇡T for Ec ⌧ T ⌧ U .

<latexit sha1_base64="WHO5vZeagwCJorkuApHGQWb3gC8="></latexit>

●●●●
●●●
●●●
●●●
●●●
●●●
●●●
●●●●
●●●●
●●●●
●●●●
●●
●
●●
●●
●●
●●
●●●

●
●

● ● ● ● ● ●

10 20 30 40 T/Ec

1

2

3

4

5

6

λL/T

●●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●
●●●
●●●
●●●
●●

0.1 0.2 0.3 0.4
0.0

0.5

1.0

1.5

2.0

2.5



Coupled SYK Islands

Haoyu Guo

The energy di↵usion constant, DE = /C, is close to
the long-time chaos di↵usion constant D1 = v2B/(2⇡T ),

but not the chaos di↵usion constant D⇤.<latexit sha1_base64="cdhXlNgYDThmAp8I9bft91gWv6w="></latexit>
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M. Blake, R. A. Davison, and S. Sachdev, PRD 96, 106008 (2017)

• For a large class of holographic theories with
momentum dissipation, we find

DE =
z

2z � 2

v2B
2⇡T

where z is the dynamic critical exponent

• In the large N theory of the Fermi surface
coupled to a gauge field, we have

DE =
v2B

5.90T

• Similar relations do not apply to the charge
di↵usion constant.

<latexit sha1_base64="lBgDmZAR9KYPHjgzDKNnW/3DiGo="></latexit>

A. A. Patel and S. Sachdev, PNAS 114, 1844 (2017)
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H = Hhopping +HSYK +Hph +He-ph,

Hhopping =
1p
zN
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Lattice of SYK islands coupled
to N2 local Einstein phonons.

We study the limit !0 ! 0 with fixed electron-phonon coupling
g = ↵2/(M!2

0t0). Then all properties are characterized by the
energy scale Ec = t20/U and the dimensionless parameter gt0/U

(The following plots use J ⌘ U)
<latexit sha1_base64="Gcd+XdEVAsjdgvYIx6CqFuz7OWU="></latexit>

Yochai Werman, Steven A. Kivelson, 
and Erez Berg, arXiv:1705.07895 
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The slope of the linear-in-T resistivity depends upon gt0/U
(similar results apply to the thermal conductivity)
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The electron scrambling rate �L(q = 0):

the ratio �L/T depends only on the combination
T/Ec

1 + (T/Ec)(gt0/U)
.
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