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we find regimes where the globally optimal state has a
CDW with wavevector very close to (Q0, 0) and a d-wave
form factor.

We consider the following model of a metal with anti-
ferromagnetic and Coulomb interactions,
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where the electrons c live on the sites x of a square lattice
with spacing a = 1 and ~� is the vector of Pauli matrices,
which act on an implicit spin index. The vector a con-
nects neighboring sites, and we allow first, second, and
third neighbor hoppings t1, t2, t3, respectively. However,
we limit the Coulomb (V ) and exchange (J) interactions
to the nearest neighbors. HU represents an infinite on-
site Coulomb repulsion, which we account for by project-
ing out doubly occupied sites. The couplings are real
and preserve all lattice symmetries, and we work at fixed
density.

We seek to minimize the energy of the Hamiltonian (1)
within the space of states
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where |gd(Hvar)i is the ground state of the quadratic
hamiltonian
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and the state |vari has no doubly occupied sites by con-
struction. T

a

are variational hopping parameters and
�
a

parameters for the ordering wave-function. We note
that the particular parameterization in Eq. (3) is care-
fully chosen [22, 23]: it is crucial that Q couple to the
center-of-mass co-ordinate of the particle-hole pair for an
e�cient symmetry characterization of order parameters
at incommensurate Q. Previous analyses [19, 40, 45] did
not make this choice.

This variational ansatz allows for the condensation of
a charge/bond density wave with wavevector Q, whose
local pattern (the form factor) is determined by the wave-
function �. That is,
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where �̄ is nonzero if and only if � is nonzero, and they
both have the same symmetries under point group trans-
formations and time reversal. We further restrict �
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FIG. 2. Schematic illustration of the ordering patterns in real
space. a) diagonal d-wave CDW (P3 6= 0, Q = (0.25, 0.25)⇡)
b) horizontal, predominantly d-wave CDW (P3 6= 0, Q =
(0.25, 0)⇡) c) staggered flux state (P5 6= 0, Q = (⇡,⇡)). For
the time reversal invariant orders a) and b) we show the fluc-
tuation of hc†

x+a

c

x

i about the average with positive (red) and
negative (blue) values. For the time reversal breaking order
c) we show the pattern of permanent currents.

with x̂ = (1, 0), ŷ = (0, 1). Time reversal is preserved if
P4 = P5 = 0. If P1, P2 � P3, a predominantly s-wave
charge/bond density wave is induced, whereas P1, P2 ⌧
P3 induces a predominantly d-wave bond density wave. It
is important to notice that, for generic Q, s- and d-wave
characters mix, so that P3 = 0 does not imply that �̄

a

is
purely s-wave. If P4 or P5 are nonzero, a time reversal
breaking pattern of spontaneous currents is created. In
particular the state with only P5 6= 0 and Q = (⇡,⇡)
is the staggered flux state. Figure 2 shows a schematic
representation of a few relevant CDW and spontaneous
current patterns.
We carry out the variational computation in a slightly

unusual way. Ideally, we would like to prescribe, and
keep fixed, the Fermi surface of the system, especially
the presence and location of hot spots. This is the Fermi
surface seen in, say, photoemission experiments, and it is
di↵erent from the one obtained from the kinetic term in
(1), because of interaction e↵ects. This “true” Fermi sur-
face is not easily accessible, but the Fermi surface of the
optimal variational Hamiltonian is a close proxy. There-
fore, instead of minimizing with respect to the variational
hoppings Ta, we set them to values of our satisfaction,
and tune the bare hoppings ta in such a way as to make
our choice a variational optimum [30]. We carry out this
procedure while having all Pi = 0, then we look at what


