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FIG. 3. In the top row, the gain in variational energy (per site, times 100) by allowing ordering at wavevector Q is displayed.
Each diagram is for a di↵erent Fermi surface, shown in the inset. The local minimum at Q = (⇡,⇡) is the staggered flux
state P5 6= 0. The local minima at Q = (Q0, Q0) and Q = (Q0, 0) are predominantly d-wave CDW (P3 6= 0). The red
dots denote wavevectors Q that connect hot spots. In the bottom row, we show approximate diagrams of the ground state
order, as a function of J and V . The setup corresponding to the plot above is indicated with a black dot. Model parameters
(values in the brackets correspond to plots from left to right): x = 10%, t1 = 1, t2 2 {0.5, 0.16, 0.18}, t3 2 {0.6, 0.9, 1.6},
J 2 {0.09, 0.235, 0.4}, V 2 {1., 1.5, 0.5}. Variational parameters: T1 = 1., T2 2 {�0.1, �0.32, �0.5}, T3 = 0.128. As described
in the text the Fermi surface is determined by the Ta parameters.

CDW order can further improve the variational bound,
while keeping Ta fixed. For each wavevector Q, we min-
imize the variational energy, hvar|H |vari, with respect
to the parameters Pi, one at a time. For a few choice
wavevectors Q we also looked at simultaneous minimiza-
tion with respect to P1, P2 and P3, without finding sig-
nificant additional energy gains. This three parameter
minimization is the limit of the computational resources
at our disposal.

In order to have su�cient momentum resolution, we
use a lattice of 32⇥32 sites. Because the wavefunction is
not a smooth function of the variational parameters, we
cannot use derivative information to carry out the mini-
mization, so we compute the energy over a grid of points
in variational space. More precisely, we store the expec-
tation value of every operator making up the Hamilto-
nian (1). This allows us to explore the parameter space
without having to recompute the energy for every setup.
Our grid comprises a total of about 30,000 points in vari-
ational space, each point requiring about 12 hr of CPU
time on a 1.7GHz AMD Opteron.

Fig. 3 illustrates the results of this variational analy-
sis. For a few representative choices of model parame-

ters, we show the Q values the system finds it energeti-
cally favorable to order. The form factor corresponding
to each energy minimum is not explicitly shown in the
plot. The minimum at Q = (⇡,⇡) has P5 6= 0, i.e. it
is the SF state, whereas all other minima are predom-
inantly d-wave CDW, i.e. have P3 6= 0. The parame-
ters are chosen close to the onset of the order. A more
comprehensive picture is given by the approximate phase
diagrams of the bottom row, which show the kind of or-
der that yields the greatest gain in energy over a range
of parameters. The staggered flux state is dominant at
large J , but is suppressed by the Coulomb repulsion V
which prefers CDWs. As can be seen in the upper row,
in addition to this main order, other subleading energy
minima are usually present. In particular, even when the
global energy minimum is the staggered flux state, the
CDWs are still present as a local minimum. The CDWs
become global minima at smaller J , and the appropri-
ate Fermi surface configuration and moderate J stabilize
the wavevector Q = (Q0, 0) over Q = (Q0, Q0). In our
framework, we cannot address the issue of competition
between orders, as this would require simultaneous min-
imization with respect to several more parameters, but


