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 Graphene at half-filling; no impurities

Low energy theory has 4 two-component Dirac fermions, ⇤�,
� = 1 . . . 4, interacting with a 1/r Coulomb interaction
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Dimensionless “fine-structure” constant � = e2/(�vF ).
RG flow of �:

d�

d⌅
= ��2 + . . .

Behavior is similar to a conformal field theory (CFT)
in 2+1 dimensions with � ⇥ 1/ ln(scale)



 Conductivity is finite 
without impurities and 

with particle-hole symmetry, but 
thermal conductivity is infinite
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Density correlations in CFTs at T >0 

Two-point density correlator, ⇥(k, ⇤)

Kubo formula for conductivity �(⇤) = lim
k�0

�i⇤

k2
⇥(k, ⇤)

For all CFT3s, at ~! � kBT

�(k,!) = K
k2p

v2k2 � !2
; �(!) = K

where K is a universal dimensionless number (in units of e2/h)
characterizing the CFT3, and v is the velocity of “light”.
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Density correlations in CFTs at T >0 

Two-point density correlator, ⇥(k, ⇤)

Kubo formula for conductivity �(⇤) = lim
k�0

�i⇤

k2
⇥(k, ⇤)

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).

However, for all CFT3s, at ~! ⌧ kBT , we have “phase” random-
izing collisions and relaxation to local thermodynamic equilibrium.
This leads to the hydrodynamic behavior

�(k,!) = �c
Dk2

Dk2 � i!
; �(!) = D�c ⌘ �Q

where �c is the compressibility and D is the di↵usion con-

stant, and �Q is the conductivity = a dimensionless number
times (e2/h). (We are ignoring logarithmic corrections from ‘long-time

tails’ present when momentum is exactly conserved.)
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 Collisionless-hydrodynamic crossover in graphene

L. Fritz, M. Mueller, J. Schmalian and S. Sachdev, PRB 78, 085416 (2008)
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where �(T ) is the T -dependent fine structure constant
which obeys

�(T ) =
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1 + (�/4) ln(�/T )
T�0� 4

ln(�/T )

I. Herbut, V. Juricic, and O. Vafek,  Phys. Rev. Lett. 100, 046403 (2008).



kx

ky

Graphene



Electron 
Fermi surface

Graphene



Hole
 Fermi surface

Electron 
Fermi surface

Graphene



-1 -0.5 0 0.5 1

100

200

300

400

500

600

-1 -0.5 0 0.5 1

100

200

300

400

500

600

∼ 1√
n
(1 + λ ln Λ√

n
)

n
1012/m2

T (K)

Dirac liquid

Electron
Fermi liquid

Hole
Fermi liquid

Quantum critical

D. E. Sheehy and J. Schmalian, PRL 99, 226803 (2007)
M. Müller, L. Fritz, and S. Sachdev, PRB 78, 115406 (2008)

M. Müller and S. Sachdev, PRB 78, 115419 (2008)

Graphene



-1 -0.5 0 0.5 1

100

200

300

400

500

600

-1 -0.5 0 0.5 1

100

200

300

400

500

600

∼ 1√
n
(1 + λ ln Λ√

n
)

n
1012/m2

T (K)

Dirac liquid

Electron
Fermi liquid

Hole
Fermi liquid

Quantum critical

Graphene

M. Müller, L. Fritz, and S. Sachdev, PRB 78, 115406 (2008)
M. Müller and S. Sachdev, PRB 78, 115419 (2008)

Prediction: hydrodynamic 
theory without quasiparticles, 

similar to a perturbed CFT 



Fermi liquids: quasiparticles moving 
ballistically between impurity (red circles) 

scattering events



Fermi liquids: quasiparticles moving 
ballistically between impurity (red circles) 

scattering events

Strange metals: electrons scatter 
frequently off each other, so there is no 
regime of ballistic quasiparticle motion. 

The electron “liquid” then “flows” around 
impurities
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Impurity scattering dominates

Prediction: hydrodynamic 
theory without quasiparticles, 

similar to a perturbed CFT 
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Wiedemann-Franz Law

I Wiedemann-Franz law in a Fermi liquid:



�T
⇡

⇡
2
k
2
B

3e2
⇡ 2.45 ⇥ 10�8 W · ⌦

K2
.

I in hydrodynamics one finds



�T
=

Lhydro

(1 + (Q/Q0)2)
2 , Lhydro � 1.

hence the Lorenz ratio, L, departs from the Sommer- 
feld value, L o 

L -  efT (4) 

The important scattering processes in thermal and 
electrical conduction are: (i) elastic scattering by solute 
atoms, impurities and lattice defects, (ii) scattering of 
the electrons by phonons, and (iii) electron-electron 
interactions. In the elastic scattering region, i.e. at very 
low temperature, IE = IT and hence L = L 0. At higher 
temperatures, electron-electron scattering and elec- 
tron-phonon scattering dominate and the collisions 
are inelastic. Then IE#l T and hence L deviates 
from L o. 

Deviations from the Sommerfeld value of the 
Lorenz number are due to various reasons. In metals, 
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Re la t i ve  e lec t r ica l  c o n d u c t i v i t y  

thermal conductivities, A, measured by 
Wiedemann and Franz (AAg assumed to be = 100) and relative 
electrical conductivities, ~, measured by ( 9 Riess, (A) Becquerel, 
and (V) Lorenz. C~Ag assumed to be - 100. After Wiedemann and 
Franz [1]. 

at low temperatures the deviations are due to the 
inelastic nature of electron-phonon interactions. In 
some cases, a higher Lorenz number is due to the 
presence of impurities. The phonon contribution to 
thermal conductivity sometimes increases the Lorenz 
number, and this contribution, when phonon 
Umklapp scattering is present, is inversely propor- 
tional to the temperature. The deviations in Lorenz 
number can also be due to the changes in band 
structure. In magnetic materials, the presence of mag- 
nons also can change the Lorenz number at low 
temperatures. In the presence of a magnetic field, the 
Lorenz number varies directly with magnetic field. 
Changes in Lorenz number are sometimes due to 
structural phase transitions. In recent years, the 
Lorenz number has also been investigated at higher 
temperatures and has been found to deviate from the 
Sommerfeld value [14-20] and it is sometimes at- 
tributed to the incomplete degeneracy (Fermi 
smearing) [21] of electron gas. The Lorenz number 
has also been found to vary with pressure [-22, 23]. 

In alloys, the thermal conductivity and hence the 
Lorenz number have contributions from the electronic 
and lattice parts at low temperatures. The apparent 
Lorenz ratio (L/Lo) for many alloys has a peak at low 
temperatures. At higher temperatures the apparent 
Lorenz ratio is constant for each sample and ap- 
proaches Lo as the percentage of alloying, x, increases. 
In certain alloys at high temperatures, the ordering 
causes a peak in L/L  o. 

The Lorenz number of degenerate semiconductors 
also shows a similar deviation to that observed in 
metals and alloys. Up to a certain temperature, in- 
elastic scattering determines the Lorenz number value, 
and below this the scattering is elastic which is due to 
impurities. Supression of the electronic contribution 
to thermal conductivity and hence the separation of 
the lattice and electronic parts of conductivity can be 
done by application of a transverse magnetic field and 
hence the Lorenz number can be evaluated. The devi- 
ation of the Lorenz number in some degenerate semi- 
conductors is attributed to phonon drag. In some 
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Figure 2 Experimental Lorenz number  of elemental metals in the low-temperature residual resistance regime, see Table I. Also shown are our 
own data points on a doped, degenerate semiconductor (Table III). Data are plotted versus electrical conductivity and also versus carrier 
concentration, taken from Ashcroft and Mermin [24] except for the semiconductors. 
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G. S. Kumar, G. Prasad, and R.O. Pohl, J. Mat. Sci. 28, 4261 (1993)

L0 =

Thermal and electrical conductivity 
with quasiparticles



Relativistic hydrodynamics

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)

Hydrodynamics of Quantum Electron Fluids 6

Relativistic Hydrodynamics

I hydrodynamics when l � lee, t � tee

I long time dynamics governed by conservation laws:

@⌫T
µ⌫ = J⌫

�
F

ext
�µ⌫

, @µJ
µ = 0.

dynamics of relaxation to equilibrium

I expand T
µ⌫ , J

µ in perturbative parameter lee@µ :

Tµ⌫ = P⌘µ⌫ + (✏ + P )uµu⌫
� 2Pµ⇢

P
⌫�⌘@(⇢u�) � P

µ⌫
✓

⇣ �
2⌘

d

◆
@⇢u⇢ + · · · ,

Jµ = Quµ
� �qP

µ⇢
⇣
@⇢µ �

µ

T
@⇢T � u⌫F ext

⇢⌫

⌘
+ · · · ,

P
µ⌫

⌘ ⌘µ⌫ + uµu⌫ ,

Qi = Ji
� µT ti

I quantum physics ! values of P , �q, etc...

[Hartnoll, Kovtun, Müller, Sachdev, Physical Review B76 144502 (2007)]

New (and only) transport co-e�cient, �Q:
“quantum critical” conductivity at Q = 0.

Qi = T ti � µJ i

in terms of the velocity uµ(x), the chemical potential µ(x) and the
temperature T (x)
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From these relations, we obtained results for the transport co-efficients, 
expressed in terms of a “cyclotron” frequency and damping:

S.A. Hartnoll, P.K. Kovtun, M. Müller, and S. Sachdev, Phys. Rev. B 76 144502 (2007) 
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Prediction for transport in the graphene strange metal 

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
M. Müller and S. Sachdev, PRB 78, 115419 (2008)

Recall that in a Fermi liquid, the Lorenz ratio L = /(T�), where

 is the thermal conductivity, and � is the conductivity, is given by

L = ⇡2k2B/(3e
2
).

For a strange metal with a “relativistic” Hamiltonian, hydrody-

namic, holographic, and memory function methods yield

� = �Q

✓
1 +

e2v2FQ
2⌧imp

H�Q

◆
,  =

v2FH⌧imp

T

✓
1 +

e2v2FQ
2⌧imp

H�Q

◆�1

L =
v2FH⌧imp

T 2�Q

✓
1 +

e2v2FQ
2⌧imp

H�Q

◆�2

,

where H is the enthalpy density, ⌧imp is the momentum relaxation time

(from impurities), while � = �Q, an intrinsic, finite, “quantum critical”

conductivity.

Note that the limits Q ! 0 and ⌧imp ! 1 do not commute. For

Q = 0 (Q 6= 0) when we take the clean limit ⌧imp ! 1, the electrical

conductivity is finite (diverges), and the thermal conductivity diverges

(is finite).
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Prediction for transport in the graphene strange metal 

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
M. Müller and S. Sachdev, PRB 78, 115419 (2008)

Recall that in a Fermi liquid, the Lorenz ratio L = /(T�), where

 is the thermal conductivity, and � is the conductivity, is given by

L = ⇡2k2B/(3e
2
).

For a strange metal with a “relativistic” Hamiltonian, hydrody-

namic, holographic, and memory function methods yield

� = �Q

✓
1 +
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H�Q

◆
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T
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1 +
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H�Q
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L =
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T 2�Q

✓
1 +

e2v2FQ
2⌧imp

H�Q

◆�2

,

where H is the enthalpy density, ⌧imp is the momentum relaxation time

(from impurities), while � = �Q, an intrinsic, finite, “quantum critical”

conductivity.

Note that the limits Q ! 0 and ⌧imp ! 1 do not commute. For

Q = 0 (Q 6= 0) when we take the clean limit ⌧imp ! 1, the electrical

conductivity is finite (diverges), and the thermal conductivity diverges

(is finite).
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Prediction for transport in the graphene strange metal 

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
M. Müller and S. Sachdev, PRB 78, 115419 (2008)

For a strange metal

with a “relativistic” Hamiltonian,

hydrodynamic, holographic,

and memory function methods yield

Lorentz ratio L = /(T�)

=
v2FH⌧imp

T 2�Q

1

(1 + e2v2FQ
2⌧imp/(H�Q))

2

Q ! electron density; H ! enthalpy density

�Q ! quantum critical conductivity

⌧imp ! momentum relaxation time from impurities.

Note that for a clean system (⌧imp ! 1 first),

the Lorentz ratio diverges L ⇠ 1/Q4
,

as we approach “zero” electron density at the Dirac point.

Recall that in a Fermi liquid, the Lorenz ratio L = /(T�), where

 is the thermal conductivity, and � is the conductivity, is given by

L = ⇡2k2B/(3e
2
).

For a strange metal with a “relativistic” Hamiltonian, hydrody-

namic, holographic, and memory function methods yield

� = �Q

✓
1 +

e2v2FQ
2⌧imp

H�Q

◆
,  =

v2FH⌧imp

T

✓
1 +

e2v2FQ
2⌧imp

H�Q

◆�1

L =
v2FH⌧imp

T 2�Q

✓
1 +

e2v2FQ
2⌧imp

H�Q

◆�2

,

where H is the enthalpy density, ⌧imp is the momentum relaxation time

(from impurities), while � = �Q, an intrinsic, finite, “quantum critical”

conductivity.

Note that the limits Q ! 0 and ⌧imp ! 1 do not commute. For

Q = 0 (Q 6= 0) when we take the clean limit ⌧imp ! 1, the electrical

conductivity is finite (diverges), and the thermal conductivity diverges

(is finite).
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R
versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous

J. Crossno et al., Science 351, 1058 (2016)

Red dots: data
Blue line: value for L = L0
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R
versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R
versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R
versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous
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FIG. 3. Disorder in the Dirac fluid. (A) Minimum car-
rier density as a function of temperature for all three sam-
ples. At low temperature each sample is limited by disorder.
At high temperature all samples become limited by thermal
excitations. Dashed lines are a guide to the eye. (B) The
Lorentz ratio of all three samples as a function of bath tem-
perature. The largest WF violation is seen in the cleanest
sample. (C) The gate dependence of the Lorentz ratio is well
fit to hydrodynamic theory of Ref. [5, 6]. Fits of all three
samples are shown at 60 K. All samples return to the Fermi
liquid value (black dashed line) at high density. Inset shows
the fitted enthalpy density as a function of temperature and
the theoretical value in clean graphene (black dashed line).
Schematic inset illustrates the di↵erence between heat and
charge current in the neutral Dirac plasma.

more pronounced peak but also a narrower density de-
pendence, as predicted [5, 6].

More quantitative analysis of L(n) in our experiment
can be done by employing a quasi-relativistic hydrody-
namic theory of the DF incorporating the e↵ects of weak
impurity scattering [5, 6, 39].

L =
LDF

(1 + (n/n0)2)
2 (2)

where

LDF =
HvFlm
T 2�min

and n2
0 =

H�min

e2vFlm
. (3)

Here vF is the Fermi velocity in graphene, �min is the elec-
trical conductivity at the CNP, H is the fluid enthalpy
density, and lm is the momentum relaxation length from

impurities. Two parameters in Eqn. 2 are undetermined
for any given sample: lm and H. For simplicity, we as-
sume we are well within the DF limit where lm and H

are approximately independent of n. We fit the experi-
mentally measured L(n) to Eqn. (2) for all temperatures
and densities in the Dirac fluid regime to obtain lm and
H for each sample. Fig 3C shows three representative fits
to Eqn. (2) taken at 60 K. lm is estimated to be 1.5, 0.6,
and 0.034 µm for samples S1, S2, and S3, respectively.
For the system to be well described by hydrodynamics,
lm should be long compared to the electron-electron scat-
tering length of ⇠0.1 µm expected for the Dirac fluid at
60 K [18]. This is consistent with the pronounced sig-
natures of hydrodynamics in S1 and S2, but not in S3,
where only a glimpse of the DF appears in this more
disordered sample. Our analysis also allows us to es-
timate the thermodynamic quantity H(T ) for the DF.
The Fig. 3C inset shows the fitted enthalpy density as
a function of temperature compared to that expected in
clean graphene (dashed line) [18], excluding renormal-
ization of the Fermi velocity. In the cleanest sample H

varies from 1.1-2.3 eV/µm2 for Tdis < T < Tel�ph. This
enthalpy density corresponds to ⇠ 20 meV or ⇠ 4kBT
per charge carrier — about a factor of 2 larger than the
model calculation without disorder [18].

In a hydrodynamic system, the ratio of shear viscosity
⌘ to entropy density s is an indicator of the strength of
the interactions between constituent particles. It is sug-
gested that the DF can behave as a nearly perfect fluid
[18]: ⌘/s approaches a “universal” lower bound conjec-
ture by Kovtun-Son-Starinets, (⌘/s)/(~/kB) � 1/4⇡ for
a strongly interacting system [40]. Though we cannot
directly measure ⌘, we comment on the implications of
our measurement for its value. Within relativistic hy-
drodynamics, we can estimate the shear viscosity of the
electron-hole plasma in graphene from the enthalpy den-
sity as ⌘ ⇠ H⌧ee [40], where ⌧ee is the electron-electron
scattering time. Increasing the strength of interactions
decreases ⌧ee, which in turn decreases ⌘ and ⌘/s. Employ-
ing the expected Heisenberg limited inter-particle scat-
tering time, ⌧ee ⇠ ~/kBT [5, 6], we find a shear viscosity
of ⇠ 10�20 kg/s in two-dimensional units, corresponding
to ⇠ 10�10 Pa · s. The value of ⌧ee used here is consistent
with recent optical experiments on graphene [14, 16, 17].
Using the theoretical entropy density for clean graphene
(SM), we estimate (⌘/s)/(~/kB) ⇠ 3. This is comparable
to ⇠0.7 found in liquid helium at the Lambda-point [41],
⇠0.3 measured in cold atoms [3], and  0.4 for quark-
gluon plasmas [4].

To fully incorporate the e↵ects of disorder, a hydrody-
namic theory treating inhomogeneity non-perturbatively
may be needed [42]. The enthalpy densities reported here
are larger than the theoretical estimation obtained for
disorder free graphene; consistent with the picture that
chemical potential fluctuations prevent the sample from
reaching the Dirac point. While we find thermal conduc-

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)

Lorentz ratio L = /(T�)

=
v2FH⌧imp

T 2�Q

1

(1 + e2v2FQ
2⌧imp/(H�Q))

2

Q ! electron density; H ! enthalpy density
�Q ! quantum critical conductivity
⌧imp ! momentum relaxation time from impurities
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Figure 1: testingFigure 1: A comparison of our hydrodynamic theory of transport with the experimental results of
[33] in clean samples of graphene at T = 75 K. We study the electrical and thermal conductances
at various charge densities n near the charge neutrality point. Experimental data is shown
as circular red data markers, and numerical results of our theory, averaged over 30 disorder
realizations, are shown as the solid blue line. Our theory assumes the equations of state described
in (27) with the parameters C0 ⇡ 11, C2 ⇡ 9, C4 ⇡ 200, ⌘0 ⇡ 110, �0 ⇡ 1.7, and (28) with
u0 ⇡ 0.13. The yellow shaded region shows where Fermi liquid behavior is observed and the
Wiedemann-Franz law is restored, and our hydrodynamic theory is not valid in or near this
regime. We also show the predictions of (2) as dashed purple lines, and have chosen the 3
parameter fit to be optimized for (n).

where e is the electron charge, s is the entropy density, n is the charge density (in units of length�2),
H is the enthalpy density, ⌧ is a momentum relaxation time, and �q is a quantum critical e↵ect, whose
existence is a new e↵ect in the hydrodynamic gradient expansion of a relativistic fluid. Note that up to
�q, �(n) is simply described by Drude physics. The Lorenz ratio then takes the general form

L(n) =
LDF

(1 + (n/n0)2)2
, (3)

where

LDF =
v2
FH⌧

T 2�q
, (4a)

n2
0 =

H�q

e2v2
F⌧

. (4b)

L(n) can be parametrically larger than LWF (as ⌧ ! 1 and n ⌧ n0), and much smaller (n � n0).
Both of these predictions were observed in the recent experiment, and fits of the measured L to (3) were
quantitatively consistent, until large enough n where Fermi liquid behavior was restored. However, the
experiment also found that the conductivity did not grow rapidly away from n = 0 as predicted in (2),
despite a large peak in (n) near n = 0, as we show in Figure 1. Furthermore, the theory of [25] does not
make clear predictions for the temperature dependence of ⌧ , which determines (T ).

In this paper, we argue that there are two related reasons for the breakdown of (2). One is that the
dominant source of disorder in graphene – fluctuations in the local charge density, commonly referred to as
charge puddles [43, 44, 45, 46] – are not perturbatively weak, and therefore a non-perturbative treatment
of their e↵ects is necessary.3 The second is that the parameter ⌧ , even when it is sharply defined, is

3See [47, 48] for a theory of electrical conductivity in charge puddle dominated graphene at low temperatures.
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Figure 3: A cartoon of a nearly quantum critical fluid where our hydrodynamic description of
transport is sensible. The local chemical potential µ(x) always obeys |µ| ⌧ kBT , and so the
entropy density s/kB is much larger than the charge density |n|; both electrons and holes are
everywhere excited, and the energy density ✏ does not fluctuate as much relative to the mean.
Near charge neutrality the local charge density flips sign repeatedly. The correlation length of
disorder ⇠ is much larger than lee, the electron-electron interaction length.

1.2 Outline

The outline of this paper is as follows. We briefly review the definitions of transport coe�cients in Section
2. In Section 3 we develop a theory of hydrodynamic transport in the electron fluid, assuming that it is
Lorentz invariant. We discuss the peculiar case of the Dirac fluid in graphene in Section 4, and argue that
deviations from Lorentz invariance are small. We describe the results of our numerical simulations of this
theory in Section 5, and directly compare our simulations with recent experimental data from graphene
[33]. The experimentally relevant e↵ects of phonons are qualitatively described in Section 6. We conclude
the paper with a discussion of future experimental directions. Appendices contain technical details of our
theory.

In this paper we use index notation for vectors and tensors. Latin indices ij · · · run over spatial
coordinates x and y; Greek indices µ⌫ · · · run over time t as well. We will denote the time-like coordinate
of Aµ as At. Indices are raised and lowered with the Minkowski metric ⌘µ⌫ ⌘ diag(�1, 1, 1). The Einstein
summation convention is always employed.

Transport Coe�cients2

Let us begin by defining the thermoelectric response coe�cients of interest in this paper. Suppose that
we drive our fluid by a spatially uniform, externally applied, electric field Ei (formally, an electrochemical
potential gradient), and a temperature gradient �@iT . We will refer to �@jT as T ⇣j , with ⇣j = �T�1@jT ,
for technical reasons later. As is standard in linear response theory, we decompose these perturbations
into various frequencies, and focus on the response at a single frequency !. Time translation invariance
implies that the (uniformly) spatially averaged charge current hJii and the spatially averaged heat current
hQii are also periodic in time of frequency !, and are related to Ei and ⇣i by the thermoelectric transport
coe�cients: ✓

hJii

hQii

◆
e�i!t =

✓
�ij(!) T↵ij(!)

T ↵̄ij(!) T ̄ij(!)

◆✓
Ej

⇣j

◆
e�i!t. (5)

6

Non-perturbative treatment of disorder

Note
n ⌘ Q

Numerically solve the hydrodynamic equations in the presence of a
x-dependent chemical potential. The thermoelectric transport properties

will then depend upon the value of the shear viscosity, ⌘.
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Figure 1: testingFigure 1: A comparison of our hydrodynamic theory of transport with the experimental results of
[33] in clean samples of graphene at T = 75 K. We study the electrical and thermal conductances
at various charge densities n near the charge neutrality point. Experimental data is shown
as circular red data markers, and numerical results of our theory, averaged over 30 disorder
realizations, are shown as the solid blue line. Our theory assumes the equations of state described
in (27) with the parameters C0 ⇡ 11, C2 ⇡ 9, C4 ⇡ 200, ⌘0 ⇡ 110, �0 ⇡ 1.7, and (28) with
u0 ⇡ 0.13. The yellow shaded region shows where Fermi liquid behavior is observed and the
Wiedemann-Franz law is restored, and our hydrodynamic theory is not valid in or near this
regime. We also show the predictions of (2) as dashed purple lines, and have chosen the 3
parameter fit to be optimized for (n).

where e is the electron charge, s is the entropy density, n is the charge density (in units of length�2),
H is the enthalpy density, ⌧ is a momentum relaxation time, and �q is a quantum critical e↵ect, whose
existence is a new e↵ect in the hydrodynamic gradient expansion of a relativistic fluid. Note that up to
�q, �(n) is simply described by Drude physics. The Lorenz ratio then takes the general form

L(n) =
LDF

(1 + (n/n0)2)2
, (3)

where

LDF =
v2
FH⌧

T 2�q
, (4a)

n2
0 =

H�q

e2v2
F⌧

. (4b)

L(n) can be parametrically larger than LWF (as ⌧ ! 1 and n ⌧ n0), and much smaller (n � n0).
Both of these predictions were observed in the recent experiment, and fits of the measured L to (3) were
quantitatively consistent, until large enough n where Fermi liquid behavior was restored. However, the
experiment also found that the conductivity did not grow rapidly away from n = 0 as predicted in (2),
despite a large peak in (n) near n = 0, as we show in Figure 1. Furthermore, the theory of [25] does not
make clear predictions for the temperature dependence of ⌧ , which determines (T ).

In this paper, we argue that there are two related reasons for the breakdown of (2). One is that the
dominant source of disorder in graphene – fluctuations in the local charge density, commonly referred to as
charge puddles [43, 44, 45, 46] – are not perturbatively weak, and therefore a non-perturbative treatment
of their e↵ects is necessary.3 The second is that the parameter ⌧ , even when it is sharply defined, is

3See [47, 48] for a theory of electrical conductivity in charge puddle dominated graphene at low temperatures.

4

Q Q

Solution of the hydrodynamic equations in the presence
of a space-dependent chemical potential.

Best fit of density dependence to thermal conductivity now gives a better fit to
the density dependence of the electrical conductivity (for ⌘/s ⇡ 10). The T

dependencies of other parameters also agree well with expectation.

A. Lucas, J. Crossno, K.C. Fong, P. Kim, and S. Sachdev, PRB 93, 075426 (2016)

See also models with separately conserved particle and hole densities: 
Yunseok Seo, Geunho Song, Philip Kim, S. Sachdev, and Sang-Jin Sin, PRL 118, 036601 (2017) 
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Quasiparticle transport in Weyl metals
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Quasiparticle transport in Weyl metals



Pirsa: 16080046 Page 44/64

Transport in Weyl metals



Hydrodynamics transport in Weyl metals
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There is a similar anomaly in the flow of heat:

The heat flow can be accounted for by considering a 
background gravitational field (Luttinger 1964) 



  

Anomalous charge conservation

● In (3+1)d, an anomalous U(1) current in background ?elds
generally obeys

● C is the chiral anomaly coef?cient. 

● G is the mixed chiral-gravitational anomaly coef?cient.

● The values of each coef?cient depends on the matter content.

● For a single Weyl fermion,

Hydrodynamics transport in Weyl metals



  

Hydrodynamics in Weyl metals

● Now apply anomalous hydrodynamics to Weyl metals.

● Assume that there is fast equilibration at each Weyl node, and
slow scattering between Weyl nodes:

● The indices a,b label the different Weyl nodes.

● R, S, U,  V account for transfer of charge, energy and momentum 
between nodes. Their values depend on microscopic details.

● We use the anomalous hydro expressions for         and      .

Hydrodynamics transport in Weyl metals

• Express Tµ⌫ and Jµ in terms of the velocity uµ(x), the chem-
ical potential µ(x) and the temperature T (x), constrained by
positivity of entropy production.
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The results

● There are anomalous contributions to three conductivities

● The 1st term in each is due to momentum relaxation at rate

● The 2nd is due to anomalies

● Negative electrical magnetoresistance due to the chiral anomaly.

● The mixed chiral-gravitational anomaly produces negative thermal
magnetoresistance and anomalous thermoelectric resistance.

RD, Schalm, Zaanen (2013)

Hydrodynamics transport in Weyl metals

R. Davison, Schalm, Zaanen, 2013
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Experimental signatures of the mixed axial–
gravitational anomaly in the Weyl semimetal NbP
Johannes Gooth1,2, Anna C. Niemann1,3, Tobias Meng4, Adolfo G. Grushin5, Karl Landsteiner6, Bernd Gotsmann2, 
Fabian Menges2, Marcus Schmidt7, Chandra Shekhar7, Vicky Süß7, Ruben Hühne3, Bernd Rellinghaus3, Claudia Felser7, 
Binghai Yan7,8 & Kornelius Nielsch1,3

The conservation laws, such as those of charge, energy and 
momentum, have a central role in physics. In some special cases, 
classical conservation laws are broken at the quantum level by 
quantum fluctuations, in which case the theory is said to have 
quantum anomalies1. One of the most prominent examples is 
the chiral anomaly2,3, which involves massless chiral fermions. 
These particles have their spin, or internal angular momentum, 
aligned either parallel or antiparallel with their linear momentum, 
labelled as left and right chirality, respectively. In three spatial 
dimensions, the chiral anomaly is the breakdown (as a result of 
externally applied parallel electric and magnetic fields4) of the 
classical conservation law that dictates that the number of massless 
fermions of each chirality are separately conserved. The current that 
measures the difference between left- and right-handed particles 
is called the axial current and is not conserved at the quantum 
level. In addition, an underlying curved space-time provides a 
distinct contribution to a chiral imbalance, an effect known as the 
mixed axial–gravitational anomaly1, but this anomaly has yet to be 
confirmed experimentally. However, the presence of a mixed gauge–
gravitational anomaly has recently been tied to thermoelectrical 
transport in a magnetic field5,6, even in flat space-time, suggesting 
that such types of mixed anomaly could be experimentally probed 
in condensed matter systems known as Weyl semimetals7. Here, 
using a temperature gradient, we observe experimentally a positive 
magneto-thermoelectric conductance in the Weyl semimetal 
niobium phosphide (NbP) for collinear temperature gradients and 
magnetic fields that vanishes in the ultra-quantum limit, when only 
a single Landau level is occupied. This observation is consistent with 
the presence of a mixed axial–gravitational anomaly, providing 
clear evidence for a theoretical concept that has so far eluded 
experimental detection.

Weyl semimetals are materials in which electrons behave as a type 
of massless relativistic particle known as a Weyl fermion. Massless 
chiral fermions exist where conductance and valence bands in these 
materials touch in isolated points, so-called Weyl nodes. At energies 
near these points the electrons are effectively described by the Weyl 
Hamiltonian8,9, which implies that the energy of these Weyl  fermions 
scales linearly with their momentum. Weyl nodes occur in pairs of 
opposite chirality10 that, in the absence of additional symmetries, are 
topologically stable when they are separated in momentum space  
(Fig. 1a). Chiral Weyl fermions are subject to a chiral anomaly, which 
results in a strong positive magneto-conductance that can be detected 
experimentally4,11. Inspired by the pioneering studies of the chiral 
anomaly in pion physics2,3, several research groups have recently 
reported on the observation of chiral-anomaly-induced positive lon-
gitudinal magneto-conductance in Na3Bi (ref. 12), TaAs (ref. 13), NbP 

(ref. 14), GdPtBi (ref. 15), Cd2As3 (ref. 16), TaP (ref. 17) and RPtBi  
(ref. 18). Three-dimensional chiral fermions are theoretically  predicted 
to also exhibit a mixed axial–gravitational anomaly19,20. In curved 
space-time, this anomaly contributes to the violation of the  covariant 
conservation laws of the axial current, which are relevant to the  chiral 
anomaly, and to the conservation law for the energy– momentum 
 tensor21. The energy–momentum tensor encodes the density and flux 
of energy and momentum of a system. The mixed axial– gravitational 
anomaly has been suggested to be relevant to the hydrodynamic 
description of neutron stars22, and to the chiral vortical effect in the 
context of quark–gluon plasmas5. However, a clear experimental 
 signature has yet to be reported.

Although the flatness of space-time would imply that gravita-
tional anomalies are irrelevant for condensed matter systems, it has 
been recently understood that the presence or absence of a positive 
 magneto-thermoelectric conductance for Weyl fermions is tied to the 
presence or absence of a mixed axial–gravitational anomaly in flat 
space-time5,6. The connection between the mixed axial–gravitational 
anomaly and the observed positive magneto-thermoelectric conduct-
ance can be understood by a calculation based on the conservation 
laws for charge and energy, and the standard Kubo formalism for the 
conductivities (Methods). Because the Weyl semimetal lives in a flat 
space-time, the mixed axial–gravitational anomaly does not affect the 
conservation laws for charge and energy directly. An anomalous con-
tribution to the energy current has nevertheless been identified in the 
Kubo formalism22. Inserting this contribution into the conservation 
laws and using a simple approximation for the relaxation time, we find 
that thermoelectric transport in flat space-time is explicitly modified 
as a result of the presence of the mixed axial–gravitational anomaly in 
the underlying field theory.

The connection between thermal transport and the mixed axial–
gravitational anomaly is also apparent in a relativistic quantum 
field theory computation of transport properties5 and in the hydro-
dynamic formalism of the effective chiral electron liquid6. In the 
 latter approach, the presence of a mixed axial–gravitational anomaly 
modifies the thermodynamic constitutive relations of the current and 
energy–momentum tensor in terms of gradients of the relevant hydro-
dynamic variables: temperature, chemical potential and velocity6. These 
modifications can be viewed as the hydrodynamic equivalent of the 
anomalous contributions to the energy current identified in the Kubo 
formalism. Although the Kubo-based calculation (Methods) is thus 
qualitatively consistent with the hydrodynamic calculation6, transport 
in current Weyl semimetal samples is not consistent with the hydro-
dynamic regime, which involves strong interactions and features fast 
energy–momentum relaxation between the nodes. The predicted 
 positive magneto-thermoelectric conductance is also consistent with 
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labelled as left and right chirality, respectively. In three spatial 
dimensions, the chiral anomaly is the breakdown (as a result of 
externally applied parallel electric and magnetic fields4) of the 
classical conservation law that dictates that the number of massless 
fermions of each chirality are separately conserved. The current that 
measures the difference between left- and right-handed particles 
is called the axial current and is not conserved at the quantum 
level. In addition, an underlying curved space-time provides a 
distinct contribution to a chiral imbalance, an effect known as the 
mixed axial–gravitational anomaly1, but this anomaly has yet to be 
confirmed experimentally. However, the presence of a mixed gauge–
gravitational anomaly has recently been tied to thermoelectrical 
transport in a magnetic field5,6, even in flat space-time, suggesting 
that such types of mixed anomaly could be experimentally probed 
in condensed matter systems known as Weyl semimetals7. Here, 
using a temperature gradient, we observe experimentally a positive 
magneto-thermoelectric conductance in the Weyl semimetal 
niobium phosphide (NbP) for collinear temperature gradients and 
magnetic fields that vanishes in the ultra-quantum limit, when only 
a single Landau level is occupied. This observation is consistent with 
the presence of a mixed axial–gravitational anomaly, providing 
clear evidence for a theoretical concept that has so far eluded 
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Weyl semimetals are materials in which electrons behave as a type 
of massless relativistic particle known as a Weyl fermion. Massless 
chiral fermions exist where conductance and valence bands in these 
materials touch in isolated points, so-called Weyl nodes. At energies 
near these points the electrons are effectively described by the Weyl 
Hamiltonian8,9, which implies that the energy of these Weyl  fermions 
scales linearly with their momentum. Weyl nodes occur in pairs of 
opposite chirality10 that, in the absence of additional symmetries, are 
topologically stable when they are separated in momentum space  
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space-time, this anomaly contributes to the violation of the  covariant 
conservation laws of the axial current, which are relevant to the  chiral 
anomaly, and to the conservation law for the energy– momentum 
 tensor21. The energy–momentum tensor encodes the density and flux 
of energy and momentum of a system. The mixed axial– gravitational 
anomaly has been suggested to be relevant to the hydrodynamic 
description of neutron stars22, and to the chiral vortical effect in the 
context of quark–gluon plasmas5. However, a clear experimental 
 signature has yet to be reported.

Although the flatness of space-time would imply that gravita-
tional anomalies are irrelevant for condensed matter systems, it has 
been recently understood that the presence or absence of a positive 
 magneto-thermoelectric conductance for Weyl fermions is tied to the 
presence or absence of a mixed axial–gravitational anomaly in flat 
space-time5,6. The connection between the mixed axial–gravitational 
anomaly and the observed positive magneto-thermoelectric conduct-
ance can be understood by a calculation based on the conservation 
laws for charge and energy, and the standard Kubo formalism for the 
conductivities (Methods). Because the Weyl semimetal lives in a flat 
space-time, the mixed axial–gravitational anomaly does not affect the 
conservation laws for charge and energy directly. An anomalous con-
tribution to the energy current has nevertheless been identified in the 
Kubo formalism22. Inserting this contribution into the conservation 
laws and using a simple approximation for the relaxation time, we find 
that thermoelectric transport in flat space-time is explicitly modified 
as a result of the presence of the mixed axial–gravitational anomaly in 
the underlying field theory.

The connection between thermal transport and the mixed axial–
gravitational anomaly is also apparent in a relativistic quantum 
field theory computation of transport properties5 and in the hydro-
dynamic formalism of the effective chiral electron liquid6. In the 
 latter approach, the presence of a mixed axial–gravitational anomaly 
modifies the thermodynamic constitutive relations of the current and 
energy–momentum tensor in terms of gradients of the relevant hydro-
dynamic variables: temperature, chemical potential and velocity6. These 
modifications can be viewed as the hydrodynamic equivalent of the 
anomalous contributions to the energy current identified in the Kubo 
formalism. Although the Kubo-based calculation (Methods) is thus 
qualitatively consistent with the hydrodynamic calculation6, transport 
in current Weyl semimetal samples is not consistent with the hydro-
dynamic regime, which involves strong interactions and features fast 
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Conclusions:

• Dirac materials with Coulomb inter-
actions have interactions of strength
unity, e2/(~vF ), leading to an in-
elastic scattering time ⇠ ~/(kBT ).

• In su�ciently clean Dirac materials,
there is hydrodynamic flow of the
electron fluid.

• Evidence for such flow in graphene,
and in other materials.
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