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S = kB logW

Density of quantum states D(E) = exp(S(E)/kB)



Ludwig Boltzmann 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Molecular chaos: successive collisions are statistically independent

 
Boltzmann equation (1872) 

Dilute classical gas



Quantum Boltzmann equation (Landau) 
Dense gas of electrons
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Neglects quantum interference (entanglement)  
between successive collisions

Ludwig Boltzmann 
20 February 1844 - September 5, 1906 

Vienna, Austria



Current flow with electrons in Copper
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Flow of electrons described by Boltzmann equation )
typical scattering time ⌧ ⇠ 1/T 2, resistivity ⇢(T ) = ⇢(0) +AT 2

The time ⌧ is much longer than a limiting ‘Planckian time’
~

kBT
.

The long scattering time implies that individual electrons are well-defined.

The motion of electrons is ‘ballistic’ or ‘integrable’
up to the long time ⌧ , after which it is chaotic.
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(a) (b)

FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018 MATBG: Jaoui et al. 2021
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Linear-in temperature resistivity from an 
isotropic Planckian scattering rate

Gaël Grissonnanche1,2,3, Yawen Fang2, Anaëlle Legros1,4, Simon Verret1, Francis Laliberté1, 
Clément Collignon1, Jianshi Zhou5, David Graf6, Paul A. Goddard7, Louis Taillefer1,8 ✉ & 
B. J. Ramshaw2,8 ✉

A variety of ‘strange metals’ exhibit resistivity that decreases linearly with 
temperature as the temperature decreases to zero1–3, in contrast to conventional 
metals where resistivity decreases quadratically with temperature. This 
linear-in-temperature resistivity has been attributed to charge carriers scattering at a 
rate given by ħ/τ = αkBT, where α is a constant of order unity, ħ is the Planck constant 
and kB is the Boltzmann constant. This simple relationship between the scattering rate 
and temperature is observed across a wide variety of materials, suggesting a 
fundamental upper limit on scattering—the ‘Planckian limit’4,5—but little is known 
about the underlying origins of this limit. Here we report a measurement of the 
angle-dependent magnetoresistance of La1.6−xNd0.4SrxCuO4—a hole-doped cuprate 
that shows linear-in-temperature resistivity down to the lowest measured 
temperatures6. The angle-dependent magnetoresistance shows a well de#ned Fermi 
surface that agrees quantitatively with angle-resolved photoemission spectroscopy 
measurements7 and reveals a linear-in-temperature scattering rate that saturates at 
the Planckian limit, namely α = 1.2 ± 0.4. Remarkably, we #nd that this Planckian 
scattering rate is isotropic, that is, it is independent of direction, in contrast to 
expectations from ‘hotspot’ models8,9. Our #ndings suggest that 
linear-in-temperature resistivity in strange metals emerges from a 
momentum-independent inelastic scattering rate that reaches the Planckian limit.

Immediately following the discovery of high-temperature supercon-
ductivity in the cuprates, it was noted that their normal-state resistiv-
ity is linear over a broad temperature range10. Linear-in temperature 
(T-linear) resistivity extending to low temperatures indicates a strongly 
correlated metallic state, and it was recognized early on that under-
standing T-linear resistivity may be the key to unravelling the mystery 
of high-temperature superconductivity itself11. Since then, T-linear 
resistivity has become a widespread phenomenon in strongly corre-
lated metals, occurring in systems as diverse as organic and iron-based 
superconductors3 and magic-angle twisted bilayer graphene12. The fact 
that T-linear resistivity is often found in proximity to unconventional 
superconductivity is highly suggestive of a common underlying origin, 
but T-linear resistivity at low temperatures lies outside the standard 
Fermi-liquid description of metals and thus remains a central unsolved 
problem in quantum materials research.

The difficulty in developing a controlled, microscopic theory 
of T-linear resistivity has led to the creation of new theoretical 
approaches that draw on techniques developed for the study of 
quantum gravity, including holography and the Sachdev–Ye–Kitaev 
model13–17. Although these theories are not microscopically moti-
vated, they explicitly account for strong quasiparticle interactions 
in a controlled way and suggest that T-linear resistivity might emerge 

as a universal principle—independent of microscopic details. The 
transport scattering rate 1/τ in these models obeys the so-called  
Planckian limit:

ħ
τ

αk T= , (1)B

where kB and ħ are the Boltzmann and Planck constants, respectively, 
and α is a constant of order unity. Simple estimates of α, based on the 
Drude model, from a wide variety of metals with T-linear resistivity 
are consistent with Planckian-limit scattering4,5,18. The Planckian limit 
even applies to conventional metals such as gold and copper, where 
T-linear resistivity at high temperatures is caused by electron–phonon 
scattering. Phonons, however, cannot explain T-linear resistivity in 
the T → 0 limit, suggesting that the Planckian limit is independent of 
microscopic origin. Estimates based on the Drude model provide no 
information about how the scattering rate varies in momentum space. 
Angle-resolved photoemission spectroscopy (ARPES) does provide the 
momentum dependence19, but only for the single-particle scattering 
rate and not for the transport scattering rate that determines the resis-
tivity. What has been missing is a full momentum-space description of 
the transport scattering rate.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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Fig. 2 | ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24.  
a, Left: the ADMR of Nd-LSCO at p = 0.24 as a function of θ for four different 
temperatures, T = 25 K, T = 20 K, T = 12 K and 6 K, and at B = 45 T. The grey area 
near θ = 90° for T = 6 K and T = 12 K indicates the region where the sample 
becomes superconducting (SC). Right: simulations obtained from the 
Chambers formula using the tight-binding parameters of Extended Data Table 1 
and the scattering-rate model of equation (7). b, Log-scale polar plot of the 
scattering rate at T = 25 K. Note the large scattering rate near the anti-nodes 
where the Fermi surface passes close to the van Hove point. The isotropic part 
of the scattering rate, 1/τiso, is shown as a dashed red line. The anisotropic part, 

1/τaniso is shown in violet. The total scattering rate, 1/τaniso + 1/τiso is the entire 
solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
the scattering rate. A linear fit to 1/τiso using 1/τ = A + αkBT/ħ, yields α = 1.2 ± 0.4, a 
value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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electron-like (that is, it is centred on the Γ point in the first Brillouin 
zone), both the measured and calculated RH are hole-like due to the 
Fermi surface curvature26 (Fig. 3b). An anisotropic scattering rate, 
highly enhanced near the anti-nodal regions of the Fermi surface 
(Figs. 2b, 3), is therefore not only required to correctly model the ADMR 
but also required to obtain the correct sign and magnitude of the Hall 
coefficient. To ensure that our fits are not fine-tuned for B = 45 T, we 
fit a second dataset taken at B = 35 T (Extended Data Fig. 5). We fix the 
tight-binding parameters to those obtained from the 45-T fits and we 
find that the same scattering-rate parameters emerge at 35 T, demon-
strating the consistency of the model.

Discussion
We have measured the momentum dependence of the scattering 
rate responsible for the T-linear resistivity of Nd-LSCO at p = 0.24. We 
can write the total scattering rate as a sum of an elastic (temperature 
independent) component plus an inelastic (temperature dependent) 
component:

τ φ T τ τ T1/ ( , ) = 1/ + 1/ ( ). (2)elastic inelastic

We use the working definitions of ‘elastic scattering’ to mean 
temperature-independent scattering and ‘inelastic scattering’ to 
mean temperature-dependent scattering. There are exceptions to 
these definitions but they hold under most cases, particularly in the 
low-temperature limit. We find that 1/τelastic = 1/τaniso(φ) + 1/τiso(T = 0), 
that is, the elastic scattering contains all of the anisotropic scattering, 

plus the T = 0 offset from the isotropic scattering. The elastic term is, by 
definition, temperature independent, and its angle dependence resem-
bles the strongly φ-dependent density of states at p = 0.24 (Fig. 4c, e). It 
was previously suggested that similar anisotropy in the single-particle 
scattering rate (that is, the scattering rate measured by ARPES) may 
arise due to the proximity of the anti-nodal Fermi surface to the van 
Hove singularity27. Our data suggest that similar anisotropy extends 
to the two-particle, transport scattering rate. Indeed, the momentum 
dependence of the elastic scattering rate we measure is reminiscent 
of the elastic scattering rate extracted by ARPES in LSCO at p = 0.23  
(ref. 28), as shown in Supplementary Fig. 2.

We find that the inelastic term in equation (2) has a pure T-linear 
dependence whose strength is consistent with Planckian dissipation, 
that is, τ T α1/ ( ) =

k T
ħinelastic
B , with α close to 1 (Fig. 4f). This unambiguo-

usly demonstrates that T-linear resistivity is caused by a T-linear scat-
tering rate and not, for example, by a T-dependent carrier density29. 
Remarkably, we discover that this Planckian scattering is isotropic—the 
same for all directions of electron motion. Isotropic, T-linear scattering 
has been hypothesized in the context of a marginal Fermi liquid descrip-
tion of the normal state of cuprates11. The marginal Fermi liquid also 
hypothesizes an ω-linear scattering rate (where ω is the angular fre-
quency), and this was observed by ARPES in LSCO19. The absence of 
momentum-space structure to the scattering rate implies that the 
microscopic mechanism of T-linear resistivity is length-scale invariant, 
that is, it does not depend on scattering from a particular wavevector, 
such as the fluctuations of a finite-q order parameter (where q is the 
ordering wavevector). The fact that the inelastic scattering rate appears 
to reach a limit dictated by Planck’s constant suggests that a 
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value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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solid line, shaded red or violet depending on whether it is dominated by 1/τaniso 
or 1/τiso, respectively. c, Temperature dependence of the two components of 
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value consistent with the Planckian limit (α ≈ 1). The error bar on α accounts for 
the uncertainty in the fit as well as a ±10% uncertainty in the distance between 
the electrical contacts on the ADMR sample. By contrast, 1/τaniso is seen to be 
temperature independent, showing that it comes entirely from elastic 
scattering off defects and impurities.
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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is
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determines the state of the 
other electron very far away

Spooky action at a distance !



I cannot seriously believe in it because the theory cannot be reconciled with the idea that 
physics should represent a reality in time and space, free from spooky actions at distance

Albert Einstein to Max Born, 3 March 1947Acknowledgement: Ahmed Almheiri
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inspiration for the structure of
benzene.

is single half the time and double half the time. A firmer theoretical basis for a similar idea was
later proposed in 1928 by Linus Pauling, who replaced Kekulé's oscillation by the concept of
resonance between quantum-mechanical structures.[14]

The new understanding of benzene, and hence of all aromatic
compounds, proved to be so important for both pure and applied
chemistry after 1865 that in 1890 the German Chemical Society
organized an elaborate appreciation in Kekulé's honor,
celebrating the twenty-fifth anniversary of his first benzene
paper. Here Kekulé spoke of the creation of the theory. He said
that he had discovered the ring shape of the benzene molecule
after having a reverie or day-dream of a snake seizing its own tail
(this is an ancient symbol known as the ouroboros).[15] This is
likely an example of the exercise of a particular imaginative state,
involving homospatial and janusian processes, followed by
stepwise logical thinking.[16]

A similar humorous depiction of benzene had appeared in 1886 in
the Berichte der Durstigen Chemischen Gesellschaft (Journal of
the Thirsty Chemical Society), a parody of the Berichte der Deutschen Chemischen Gesellschaft,
only the parody had six monkeys seizing each other in a circle, rather than a single snake as in
Kekulé's anecdote.[17] Some historians have suggested that the parody was a lampoon of the snake
anecdote, possibly already well-known through oral transmission even if it had not yet appeared in
print.[18] Others have speculated that Kekulé's story in 1890 was a re-parody of the monkey spoof,
and was a mere invention rather than a recollection of an event in his life.

Kekulé's 1890 speech,[19] in which these anecdotes appeared, has been translated into English.[20]

If one takes the anecdote as reflecting an accurate memory of a real event, circumstances
mentioned in the story suggest that it must have happened early in 1862.[21]

He told another autobiographical anecdote in the same 1890 speech, of an earlier vision of dancing
atoms and molecules that led to his theory of structure, published in May 1858. This happened, he
claimed, while he was riding on the upper deck of a horse-drawn omnibus in London. Once again,
if one takes the anecdote as reflecting an accurate memory of a real event, circumstances related in
the anecdote suggest that it must have occurred in the late summer of 1855.[22]

Lehrbuch der Organischen Chemie (https://gutenberg.beic.it/webclient/DeliveryManager?pi
d=6594362) (in German). 1. Erlangen: Enke. 1859–1861.
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Although now popular in its modern, westernized form as a kids’ game, did you know

that Snakes & Ladders traces its roots to a traditional Indian board game based on

religious philosophies? In the original, it served as a lesson in morality. Playing this

game wasn’t just about winning or losing, but finding out how close you were, to

heaven or hell.

It is believed to have been invented by Jain monks to promote the concept of
liberation

The history of Snakes & Ladders goes back around 1000 years to 10th century CE where

it is believed to have been invented by Jain monks to promote the concept of

liberation from the bondage of passions. The game was symbolic of a man’s journey in

life and the design had a few similarities with the ancient Jain mandalas in which

various squares were illustrated with the notions of karma and moksha.

Jain mandala, 16th century CE | www.mfa.org

As the monks travelled with the game, it acquired many regional names like Gyan
Chaupar in northern India and Mokshapat around Maharashtra, along with Leela and

Parampada Sopanapata. Meanwhile, there also developed other ‘philosophical’

variations – a Hindu and a very rare, Sufi Muslim version.

The ladders represented virtues while the snakes represented vices

In the game, the ladders represented virtues such as faith, generosity, humility and

asceticism while the snakes represented vices such as anger, theft, lust and greed. The

last square represented either a God or heaven meaning you have attained liberation.

The ladders conveyed that good deeds lead you to heaven and evil to a cycle of re-

births. The number of ladders was less than the number of snakes, a reminder that the

path of good is much more difficult to tread, than a path of sins.
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it will only take a minute. We thank you for pitching in.

DONATE

*Terms And Conditions

In a nut-shell the game was meant to inspire players to introspect rather than

compete with each other.

Jain version, painting on cloth, 19th century

Interestingly, the reason the game pivoted around pure luck was because it was in

keeping with the Jain philosophical notion – emphasizing the ideas of fate and destiny.

This was in contrast to other ancient games such as Chaturanga which needed skill or

Pachisi, which focused on a mixture of both.

The Pahari style of the game could run up to 360 squares

Also, it is to be noted that unlike the 100 squares game that is ubiquitous with the

Snakes & Ladder board game today, there wasn’t any standardization then. The most

common types were 84-square Jain board, 101-square Sufi board and the 72 square

Hindu (predominantly Vaishnav) board, followed by their expanded variants, which in

Pahari style can run up to 360-squares.

Often made simply of painted cloth and sometimes on paper, few boards have

survived from any earlier than the mid-18th century. The iconography on it depicts

cosmological elements, with upper regions depicting divine beings and the heavens.

The rest of the board was covered with pictures of animals, flowers and people.

Gyan Chaupar - 19th century CE | Rajasthan Oriental Research Institute, Jodhpur

The appeal of this game not only transcended religious boundaries but also

geographical ones. When it was first brought to Victorian England in 1892 for instance,

it was a big hit. Here it was customised to suit Christian sensibilities. The squares of

fulfilment, grace and success were accessible by ladders of thrift and penitence and

snakes of indulgence, disobedience and indolence caused one to end up in illness,

disgrace and poverty. While the Indian version of the game had snakes outnumbering

ladders, the English counterpart was more forgiving, as it contained each in the same

amount. This concept of equality signifies the cultural ideal that for every sin one

commits, there exists another chance at redemption.

Chutes and Ladders which taught kids about good and bad deeds | www.indoindians.com

In 1943, it was rebranded as Chutes and Ladders in the United States by game pioneer

Milton Bradley. Over time, the game was simplified, stripped of moral lessons

altogether and in its recent avatar, it came to be known as Snakes and Ladders.

This game serves as a perfect example of how even a simple game can evolve over

time and space. In this case, also how a profound lesson in morality, became a game

children play.
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A solvable model of multi-particle 
entanglement which accounts for quantum 
interference between successive collisions:

leading to a metal with no  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Place electrons randomly on some sites

The SYK model
Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19



The SYK model
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Entangle electrons pairwise randomly

The SYK model
Sachdev, Ye (1993); Kitaev (2015)
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The SYK model
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The SYK model
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)

1
2

3

4

5

6 7
8

9

10
11

12
13 14

15
16

17
18

19

<latexit sha1_base64="Utq9HnZ9cYobM/K6ortiIQYaw9k="></latexit>

U9,18;5,15



The SYK model
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The SYK model
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The SYK model
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

The SYK model
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Conformal ‘Planckian’ dynamics
with peak width ⇠ kBT/~
and independent of U
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A CFT in d spatial dimensions has an entropy density S ⇠ T d. The SYK
model is a 0+1 dimensional CFT, and we obtain a T -independent entropy:

lim
T!0

lim
N!1

S

N
= s0 ) D(E)

?
= eNs0�(E � E0)

The constant s0 is a known universal number. At Q = 1/2, we have

s0 =
Catalan

⇡
+

ln 2

4
= 0.464847699170805107492692486833 . . . .

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)
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Conformal perturbations of saddle-point theory:

S = N(s0 + �T ) ) D(E) ⇠ exp
⇣
Ns0 +

p
2N�E

⌘
for E ⇠ NU

� = #/U is non-universal.

Exact path integral over time reparameterizations:

S = N(s0+�T )�3
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Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states
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S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E
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S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E
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Energy level
spacing ⇠ e�Ns0 !



The Sachdev-Ye-Kitaev (SYK) model
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The disorder-averaged partition is exactly this G-⌃ theory:

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NI)

I = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

Saddle-point equations for G(⌧1 � ⌧2) and ⌃(⌧1 � ⌧2):

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �J2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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G-⌃
path

integral

A. Georges and O. Parcollet
PRB 59, 5341 (1999) 

A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)
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At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4
e�i�(�1)+i�(�2) eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4
e�i�(�1)+i�(�2) e⌃(�1,�2)

where f(�) and �(�) are arbitrary functions.



A. Kitaev (2015); J. Maldacena and D. Stanford, arXiv:1604.07818; 
R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, arXiv.1612.00849; 

S. Sachdev, PRX 5, 041025 (2015)
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Time reparametrization and phase soft modes

The dominant fluctuations of the bilocal Green’s function G(⌧1, ⌧2) involve a
deformation of the conformal Green’s function by a time reparameterization
and a gauge transformation.

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4G⇤(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+Ns0�NIeff [f,�] ,

where E0 / N is the ground state energy.
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R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, arXiv.1612.00849; 

S. Sachdev, PRX 5, 041025 (2015)
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Low temperature thermodynamics: for kBT ⌧ U

Z = Tr exp
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where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ]. The conformal group is

d spatial dimensions is SO(d+2, 1), and PSL(2,R)⇠=SO(2,1), and the Schwarzian

{g, ⌧} ⌘
g000

g0
�

3

2

✓
g00

g0

◆2

,

vanishes for g(⌧) = (a⌧ + b)/(c⌧ + d) a SL(2,R) transformation (ad � bc = 1).

The couplings K, �, and E can be related to thermodynamic derivatives.
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Conformal perturbations of saddle-point theory:

S = N(s0 + �T ) ) D(E) ⇠ exp
⇣
Ns0 +

p
2N�E

⌘
for E ⇠ NU

� = #/U is non-universal.

Exact path integral over time reparameterizations:

S = N(s0+�T )�3
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Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

<latexit sha1_base64="WJdjerlaFTe16/GOJDPYfghpB3c="></latexit>

D(E) ⇠ N�1 eNs0 sinh(
p

2N�E)

<latexit sha1_base64="ouAG60NlfqzseY2E1CSHdl8eWNo="></latexit>

D(E) ⇠

eNs0
p

2�E/N



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="XP60xpQNA2hO3jXaTD1t+YJ/nTE="></latexit>

No exponentially large
degeneracy, but exponentially
small level spacing!
No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.
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Quantum  
black holes 



Objects so dense that light is 
gravitationally bound to them.

Black Holes

Horizon radius R =
2GM

c2
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G Newton’s constant, c velocity of light, M mass of black hole
For M = earth’s mass, R ⇡ 9mm!
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Quantum Entanglement across a black hole horizon



Black hole 
horizon

Quantum Entanglement across a black hole horizon

Hawking (1975) used other arguments to show 
that black hole horizons have a temperature
(The entanglement reasoning: to an outside 

observer, the state of the electron inside the black 
hole cannot be known, and so the outside 

electron is in a random state. )



Quantum black holes

J. D. Bekenstein, PRD 7, 2333 (1973)
S. W. Hawking, Nature 248, 30 (1974)
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• Black holes have an entropy and a temperature,
TH = ~c3/(8⇡GMkB).

• The entropy is proportional to their surface area.
S = AkBc3/(4G~).

• They relax to thermal equilibrium in a time
⇠ 8⇡GM/c3 = ~/(kBTH) which is Planckian!



Quantum black holes

J. D. Bekenstein, PRD 7, 2333 (1973)
S. W. Hawking, Nature 248, 30 (1974)

C.V.  Vishveshwara, Nature 227, 936 (1970)  
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Obtained from the saddle-point of the

gravity path integral in the imaginary time

spacetime outside the black hole.
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
The isometry group of AdS2 is the 0+1 dimensional conformal group SL(2,R).
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Can we find a quantum simulation of the inside of a black hole whose D(E)
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where A0 is the horizon area at T = 0. There is

no degeneracy, but an exponentially small level

spacing down to the ground state.
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Can we find a quantum simulation of the inside of a black hole whose D(E)

matches the Bekenstein-Hawking entropy computed outside the black hole?

Yes, for charged black holes:

• For generic black holes in 3+1 dimensions, the SYK model yields:
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where A0 is the horizon area at T = 0. There is

no degeneracy, but an exponentially small level

spacing down to the ground state.
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where A0 is the horizon area at T = 0. There is

no degeneracy, but an exponentially small level

spacing down to the ground state.

Saad, Shenker, Stanford (2019)
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• ‘Wormhole’ contributions to this quan-
tum simulation have led to an under-
standing of the Page curve of entangle-
ment entropy of evaporating black holes.
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Properties of a strange metal:

1. Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.

2. Specific heat ⇠ T ln(1/T ) as T ! 0.
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Yukawa-SYK models
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with gij` independent random numbers with zero mean.
Leads to fully self-consistent Migdal-Eliashberg equations
⌃ ⇠ g2G G�, ⌃� ⇠ g2G G in a SYK-like large N limit.
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gij` independent random numbers with zero mean. Large N limit leads to
Migdal-Eliashberg equations ⌃ ⇠ g2G G�, ⌃� ⇠ g2G G .
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Quantum criticality of Ising-nematic ordering in a metal
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Pomeranchuk instability as a function of coupling J
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Quantum criticality of Ising-nematic ordering in a metal
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Our results also apply
to the transition from a

fractionalized Fermi liquid (FL*)
to a Fermi liquid (FL)

in a single-band Hubbard model,
or in a Kondo lattice model;

a Higgs field (“slave boson”)
takes the place of �.
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Fermi surface coupled to a critical boson
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a critical boson �
e.g. Ising-nematic order
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Solve in a large N limit with Yukawa coupling
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i (r, ⌧) j(r, ⌧)�l(r, ⌧) , gijl = 0 , |gijl|2 = g2

to obtain Eliashberg solution for electron (G) and boson (D) Green’s functions at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
1

i! � "(k)� ⌃(k̂, i!)
, D(q, i⌦) =

1

⌦2 + q2 + �|⌦|/q
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Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:

Re [�(!)] = D�(!) + . . .
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Figure 3: Doping dependence of the spatially resolved gap filling and gap magnitude. a Gap 
magnitude histogram for each doping concentration. b-d The spatial distributions of the gap 
magnitude for the OD23K, OD12K, and OD3K samples. The spectra that are omitted from the 
histograms (see main text and supplementary SII) are indicated by the white areas in figure 
b-d. e Gap filling histogram for each doping level. f-h Spatial distribution of the gap filling for 
the OD23K, OD12K, and OD3K samples respectively. 
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• SYK: a solvable toy model without particle-like excitations, exhibit-

ing thermalization and many-body chaos in a time of order ~/(kBT ),
independent of microscopic energy scales.

• Toy SYK model captures the correct universal low energy quantum

theory of charged black holes, and provides a Hamiltonian realization

of black hole microstates.

• Linear-T resistivity, T ln(1/T ) specific heat, ⇠ 1/! optical conductiv-

ity, and marginal Fermi liquid electron spectrum all arise from a SYK-

like model with spatially random interactions in a two-dimensional

quantum-critical metal.
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ity, and marginal Fermi liquid electron spectrum all arise from a SYK-

like model with spatially random interactions in a two-dimensional

quantum-critical metal.
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