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Ubiquitous
“Strange”,

“Bad”,

“Incoherent”,

or “Ultra-quantum”
metal has a resistivity, ⇢, which obeys

⇢ ⇠ T ,

and

in some cases ⇢ � h/e2

(in two dimensions),
where h/e2 is the quantum unit of resistance.
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Ultra-quantum metals just got stranger…

I. M. Hayes et. al., Nat. Phys. 2016 

Ba-122

P. Giraldo-Gallo et. al., arXiv:1705.05806 

LSCO

B-linear magnetoresistance!?



Ultra-quantum metals just got stranger…
Scaling between B and T !?

Ba-122

I. M. Hayes et. al., Nat. Phys. 2016 
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The Sachdev-Ye-Kitaev (SYK) model

Pick a set of random positions
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Place electrons randomly on some sites
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Entangle electrons pairwise randomly
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This describes both a strange metal and a black hole!
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Feynman graph expansion in Uijk`, and graph-by-graph average,
yields exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

Low frequency analysis shows that the solutions must be gapless
and obey

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

where A = e�i⇡/4(⇡/U2)1/4 at half-filling. The ground state is a
non-Fermi liquid, with a continuously variable density Q.
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The SYK model
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Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E, which do not

admit a quasiparticle
decomposition. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state
has an entropy SGPS = Ns0

with

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

< ln 2

where G is Catalan’s constant,
for the half-filled case Q = 1/2.

The SYK model

GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)
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Many-body
level spacing ⇠
2�N = e�N ln 2
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Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E, which do not

admit a quasiparticle
decomposition. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state
has an entropy SGPS = Ns0

with

s0 =
G
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+

ln(2)

4
= 0.464848 . . .

< ln 2

where G is Catalan’s constant,
for the half-filled case Q = 1/2.

The SYK model

For SYK models with
N = 2 supersymmetry, GPS=BPS
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The SYK model

• The last property indicates ⌧eq ⇠ ~/(kBT ), and this
has been found in a recent numerical study.

• Low energy, many-body density of states
⇢(E) ⇠ eNs0 sinh(

p
2(E � E0)N�)

• Low temperature entropy S = Ns0 +N�T + . . ..

• T = 0 fermion Green’s function G(⌧) ⇠ ⌧�1/2 at
large ⌧ . (Fermi liquids with quasiparticles have G(⌧) ⇠
1/⌧)

• T > 0 Green’s function has conformal invariance
G ⇠ (T/ sin(⇡kBT ⌧/~))1/2 A. Georges and O. Parcollet PRB 59, 5341 (1999)

A. Eberlein, V. Kasper, S. Sachdev, and J. Steinberg, arXiv:1706.07803

D. Stanford and E. Witten, 1703.04612
A. M. Garica-Garcia, J.J.M. Verbaarschot, 1701.06593

D. Bagrets, A. Altland, and A. Kamenev, 1607.00694   



Black 
holes

• Black holes have an entropy
and a temperature, TH =
~c3/(8⇡GMkB).

• The entropy is proportional
to their surface area.

• They relax to thermal equi-
librium in a time⇠ ~/(kBTH).



LIGO
September 14, 2015

• The ring-down is predicted by General Relativity to happen in a

time
8⇡GM

c3
⇠ 8 milliseconds. Curiously this happens to equal

~
kBTH

: so the ring down can also be viewed as the approach of a

quantum system to thermal equilibrium at the fastest possible rate.!
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⇣ ~x

SYK and black holesBlack hole
horizon

Black holes with a near-horizon AdS2 geometry 
(described by quantum gravity in 1+1 spacetime 

dimensions) match the properties of 
the 0+1 dimensional SYK model in the previous 

slide: Ns0 is the Bekenstein-Hawking entropy
S. Sachdev, PRL 105, 151602 (2010); A. Kitaev (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857



Mobile electrons (c) interacting with SYK quantum dots (f) 
with exchange interactions.

This yields the first model agreeing with 
magnetotransport in strange metals ! 

f
c

Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, arXiv:1801.06178

Infecting a Fermi liquid and making it SYK
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Infecting a Fermi liquid and making it SYK

Aavishkar A. Patel, John McGreevy, Daniel P. Arovas, Subir Sachdev, arXiv:1712.05026



Mobile electrons (c) interacting with SYK quantum dots (f) 
with exchange interactions.

This yields the first model agreeing with 
magnetotransport in strange metals ! Large N solution (with or without microscopic disorder) yields a

‘marginal Fermi liquid’ metal, with conductivities of the form:

�xx(B, T ) =
1

T
�L

✓
B

T

◆

�xy(B, T ) =
B

T 2
�H

✓
B

T

◆

where the scaling functions interpolate as

�L,H(b ! 0) ⇠ constant ; �L,H(b ! 1) ⇠ 1/b2

This solution exhibits B/T scaling, but the magnetoresistance ⇢xx
saturates for B � T .
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Exact numerical solution of charge-transport equations in a random-resistor 
network. (M. M. Parish and P. Littlewood, Nature 426, 162 (2003))

• Current path length increases 
linearly with B at large B due 
to local Hall effect, which 
causes the global resistance 
to increase linearly with B at 
large B.

Need mesoscopic disorder to obtain linear-in-B magnetoresistance
Infecting a Fermi liquid and making it SYK



~ 50 T (a = 3.82 A)

nb/na = 0.8

�b/�a = 0.8

�a = 0.1kBT

(B = 0.0025)

(T = t/100)

t/100 

Infecting a Fermi liquid and making it SYK

Aavishkar A. Patel, John McGreevy, Daniel P. Arovas, Subir Sachdev, arXiv:1712.05026

Scaling between 
B and T



• This simple two-component model describes

a new state of matter which is realized by

electrons in the presence of strong interac-

tions and disorder.

• Can such a model be realized as a fixed-point

of a generic theory of strongly-interacting

electrons in the presence of disorder?

• Can we start from a single-band Hubbard

model with (or without) disorder, and end

up with such two-band fixed point, with emer-

gent local conservation laws?
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FIG. 2. Comparison of measured normalized susceptibilities

g/gc„, ;; (circles) of insulating Si:P and Si:P,B samples with
theoretical calculation (dashed lines) described in the text.

T(K)
F1G. 1. Temperature dependence of normalized susceptibili-

ty g/gp, „~; of three Si:P,B samples with diA'erent normalized
electron densities, n/n, =0.58, I. I, and 1.8. Solid lines through
data are a guide to the eye.

terms. The ground state is tested for stability against
one- and two-electron hops. The susceptibility is then
calculated in the manner of BL using the antiferromag-
netic spin- & Heisenberg exchange Hamiltonian:

H QJ(rj)S; S/,
In Fig. 1 we show the enhancement of the susceptiblity

g (relative to gp.„„~;=3npa/2kaTF) as a function of tem-
perature for all three compensated samples. These data
are qualitatively similar to the uncompensated Si:P data
[4], i.e., the susceptibility increases towards lower tem-
peratures approximately as a power law @~T '. As
shown in Fig. 2, this temperature dependence is observed
over our entire temperature range for insulating samples.
In this figure we have compared the normalized suscepti-
bilities g/gc„„, ec T' ' (gc«,„=npa/3kaT) of compen-
sated and uncompensated Si:P and find, using least-
squares fits, that the exponent a=0.75+ 0.05 for Si:P,B
is somewhat larger than the value of 0.62 ~0.03 for Si:P.
The dashed lines in Fig. 2 represent a quantitative
theoretical calculation of the susceptibility using no ad-
justable parameters as explained below.
The susceptibility of uncompensated Si:P for n &n,

was explained by Bhatt and Lee (BL) using a quantum
spin- —, random Heisenberg antiferromagnetic Hamiltoni-
an [23]. We have performed a similar computer calcula-
tion of the susceptibility of a model appropriate for a
compensated doped semiconductor deep in the insulating
phase. The model consists of distributing donor and ac-
ceptor sites at random in a 3D continuum. The negative-
ly charged acceptors provide a fixed random Coulomb po-
tential while the electrons are allowed to occupy the
donor sites with the lowest-self-consistent energies,
neglecting quantum-mechanical (hopping, exchange)

where the sum over i and j includes the electron occupied
donor sites. For the exchange constant we use the asymp-
totic hydrogenic result [24] J(r) =Jo(r/a) / exp( —2r/
a), where a 16 A (n, / a=0.25 for Si:P) and Jo=I40
K. The high-temperature curvature of the theoretical
lines in Fig. 2 is due to the asymptotic formula chosen for
J(r). This formula underestimates J at small r and these
are the values relevant at high temperatures. A theoreti-
cal estimate of the exponent a, obtained from the low-
temperature behavior of the dashed lines in Fig. 2, is
found to be slightly larger in the compensated case. This
is due to the rearrangement of the electron occupied
donor sites, which results for the compensated case in a
distribution differing from the Poisson distribution at
short distances. In summary, the theory with no adjust-
able parameters is in remarkable agreement with the ex-
perirnental results for the insulating phase.
The difference between Si:P and Si:P,B is more

dramatic on the metallic side of the MI transition —the
susceptibility enhancement is unexpectedly large in
Si:P,B at the lowest temperatures even for the very rnetal-
lic sample n/n, =1.8. As shown in Fig. 3, comparing Si:P
and Si:P,B samples with similar values of n/n, =1.1, th.e
compensated system shows a factor of 3 to 5 larger local
moment fraction than the uncompensated one for T & 0.1
K. This is in contrast to the theoretical results of Milo-
vanovic, Sachdev, and Bhatt [16) who find for the disor-
dered Hubbard model that the fraction of local moments

1419

• Electrons in doped silicon appear to sepa-
rate into two components: localized spin mo-
ments and itinerant electrons

M. J. Hirsch, D.F. Holcomb, R.N. Bhatt, and M.A. Paalanen
PRL 68, 1418 (1992)

M. Milovanovic, S. Sachdev and R.N. Bhatt, PRL 63, 82 (1989)
A.C. Potter, M. Barkeshli, J. McGreevy, T. Senthil, PRL 109, 077205 (2012)



M. Milovanovic, S. Sachdev and R.N. Bhatt, PRL 63, 82 (1989)

Magnetic excitations 
are localized

(eigenmodes of the 
spin susceptibility)

Charged fermionic 
excitations are 

extended
(eigenmodes of the 

electron 
Hamiltonian)



Many-body quantum chaos and transport

• Using holographic analogies, Shenker, Stanford, Mal-

dacena introduced the “Lyapunov time”, ⌧L, the time

over which a generic many-body quantum system

loses memory of its initial state (defined via an “out-

of-time-order” (OTOC) correlator), and established

a shortest-possible time to reach quantum chaos

⌧L � ~
2⇡kBT

A related bound was proposed earlier (Sachdev, 1999).

The SYK model, and black holes in Einstein gravity,

saturate this bound.
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Many-body quantum chaos and transport

A. A. Patel and S. Sachdev, PNAS 114, 1844 (2017)
M. Blake, R. A. Davison, and S. Sachdev, PRD 96, 106008 (2017)

• Much theoretical work has examined connections be-
tween this chaos bound, and measurable transport
co-e�cients. The most robust connection is to the
thermal di↵usivity , DT

DT ⇠ v2B⌧L

where vB is the “butterfly velocity” at which chaos
propagates.
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Many-body quantum chaos and transport
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A quantum hydrodynamical description for scrambling and

many-body chaos

Mike Blake, Hyunseok Lee, and Hong Liu

Center for Theoretical Physics,

Massachusetts Institute of Technology,

Cambridge, MA 02139

Abstract

Recent studies of out-of-time ordered thermal correlation functions (OTOC) in holographic systems

and in solvable models such as the Sachdev-Ye-Kitaev (SYK) model have yielded new insights into

manifestations of many-body chaos. So far the chaotic behavior has been obtained through explicit

calculations in specific models. In this paper we propose a unified description of the exponential

growth and ballistic butterfly spreading of OTOCs across di↵erent systems using a newly formulated

“quantum hydrodynamics,” which is valid at finite ~ and to all orders in derivatives. The scrambling

of a generic few-body operator in a chaotic system is described as building up a “hydrodynamic

cloud,” and the exponential growth of the cloud arises from a shift symmetry of the hydrodynamic

action. The shift symmetry also shields correlation functions of the energy density and flux, and

time ordered correlation functions of generic operators from exponential growth, while leads to

chaotic behavior in OTOCs. The theory also predicts an interesting phenomenon of the skipping

of a pole at special values of complex frequency and momentum in two-point functions of energy

density and flux. This pole-skipping phenomenon may be considered as a “smoking gun” for the

hydrodynamic origin of the chaotic mode.
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• A direct connection was established between the en-

ergy di↵usion mode and the OTOCs measuring chaos.

This assumes ‘dominance’ of the energy di↵usion mode

up to energies of order kBT , which is beyond the

hydrodynamic regime. Such a dominance holds in

SYK models and holographic theories, and can be ex-

pected more generally in ultra-quantum metals with-

out quasiparticle excitations.
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Non-zero density of fermions 
strongly coupled to gauge fields,
(in the presence of disorder)



Non-zero density of fermions 
strongly coupled to gauge fields,
(in the presence of disorder)

(Son)

• Half-filled Landau level

• Surfaces of (correlated) topological insula-

tors

• Strange metal state of high temperature

superconductors

• Pseudogap state of hole-doped cuprates
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Deconfinement 
transition of a 
gauge theory ?



Non-zero density of fermions 
strongly coupled to gauge fields,
(in the presence of disorder)

• Half-filled Landau level

• Surfaces of (correlated) topological insula-

tors

• Strange metal state of high temperature

superconductors

• Pseudogap state of hole-doped cuprates
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Non-zero density of fermions 
strongly coupled to gauge fields,
(in the presence of disorder)

• Distinct phases of the gauge theory

can be distinguished even in the

presence of disorder

• Is the usual confinement/Higgs/deconfinement

criterion general enough in the

presence of disorder?

• Novel critical points or phases?
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A solvable model
Fractionalize the electron (ci↵, i = 1 . . . N , ↵ = 1 . . .M) into an
“orthogonal fermion” fi↵ and an Ising spin �

z
i = ±1:

ci↵ = �
z
i fi↵

This introduces a Z2 gauge invariance

�
z
i ! ⌘i�

z
i , fi↵ ! ⌘ifi↵

The solvable model is (closely related to) the N ! 1, M ! 1 limit of

H =
X

i

⇣
�µf

†
i↵fi↵ � g�

x
i

⌘

+
1p
NM

X

i,j

tij�
z
i �

z
j f

†
i↵fj↵ +

1p
NM

X

i,j

Jijf
†
i↵fi�f

†
j�fj↵

where tij and Jij are random numbers.
What is the fate of the Z2 gauge theory as a function of the coupling g?

(Senthil, Metlitski, Vishwanath, Sachdev…)
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A solvable model

gc

(Wenbo Fu, Yingfei Gu, SS, G. Tarnopolsky)

There is no confining/Higgs phase, but there is a phase transi-

tion between a deconfined phase and a “critical-Higgs” phase.
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Critical-Higgs phase.

f gapless and critical.

�z
gapless and critical.
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Deconfined phase:
a ‘critical orthogonal metal’.

f gapless and critical.
�z gapped.
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f gapless and critical.
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gapless and critical.
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Critical-Higgs point.

f gapless and critical.
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gapless and critical.

Distinct exponents



Thoughts on field theories of ultra-quantum metals

• Breakdown of quasiparticles requires strong coupling

to a low energy collective mode

• In all known cases, we can write down the singular

processes in terms of a continuum field theory of the

fermions near the Fermi surface coupled to the col-

lective mode.

• In all known cases, the continuum critical theory has

a conserved total (pseudo-) momentum, ~P , which

commutes with the Hamiltonian. This momentum

may not be equal to the crystal momentum of the

underlying lattice model.
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Thoughts on field theories of ultra-quantum metals

• As long as � ~J,~P 6= 0 (where ~J is the electrical cur-
rent) the d.c. resistivity of the critical theory is
exactly zero. This is the case even though the elec-
tron self energy can be highly singular and there are
no fermionic quasiparticles (many well-known papers
on non-Fermi liquid transport ignore this point.)

• We need to include additional (dangerously) irrele-
vant umklapp corrections to obtain a non-zero resis-
tivity. Because these additional corrections are ir-
relevant, it is di�cult to see how they can induce a
linear-in-T resistivity.
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Theories of metallic states without quasiparticles
in the presence of disorder

• Well-known perturbative theory of disordered met-
als has 2 classes of known fixed points, the insulator
at strong disorder, and the metal at weak disorder.
The latter state has long-lived, extended quasiparti-
cle excitations (which are not plane waves).

• Needed: a metallic fixed point at intermedi-
ate disorder and strong interactions without
quasiparticle excitations. Although disorder is
present, it largely self-averages at long scales.

• SYK models

Thoughts on field theories of ultra-quantum metals


