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Ordinary metals and quasiparticles

( What are quasiparticles ?]

e (Quasiparticles are additive excitations:
The low-lying excitations of the many-body system
can be identified as a set {n,} of quasiparticles with
energy £,

E =) nuq —I—Zaﬁ Fopnang + ...

In a lattice system of [V sites, this parameterizes the energy
of ~ e*V states in terms of poly(/N) numbers.



Ordinary metals and quasiparticles

e (Quasiparticles eventually collide with each other. Such collisions even-
tually leads to thermal equilibration in a chaotic quantum state, but the
equilibration takes a long time. In a Fermi liquid, this time diverges as

hES

Teq ™ UQ(kBT)Q , as 1" — O,

where U is the strength of interactions, and Eg is the Fermi energy.
e Similarly, a quasiparticle model implies a resistivity

m* 1

p = 2_NU2T2 with 7 ~ 7¢q
nes T

e These times are much longer than the ‘Planckian time’ A/(kgT), which
we will find in systems without quasiparticle excitations.

h
TNTeq>>:ZCB—T , as 1" — 0.



Remarkable recent observation of

‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, p, is

m* 1

with a universal scattering rate

1 kpT

T h '

independent of the strength of interactions!



Material n m* Arld | h/(2e* Tr)
107 m3) | (mo) Q/K) | @/K)
Bi12212 p=0.23 6.8 84+1.6 8009 74x14
Bi2201 | p~04 3.5 7415 g +2 g +2
LSCO p=0.26 7.8 98=+1.7 82x1.0 89+1.8
Nd-LSCO| p=0.24 7.9 12 +4 74+£08 [ 106374 0.7+x04
PCCO x=0.17 8.8 24 +0.1 1.7+0.3 2.1+0.1
LCCO x=0.15 9.0 3003 [ 30045 | 26+0.3
TMTSF | P =11 kbar 14 1.15+£02 | 28+0.3 2804

Slope of T-linear resistivity vs Planckian limit in seven materials.

1 kgl
T —

T h

A. Legros, S. Benhabib, W.Tabis, F. Laliberte, M. Dion, M. Lizaire, B.Vignolle, D.Vignolles, H. Raffy,
Z. Z.Li, P.Auban-Senzier, N. Doiron-Leyraud, P. Fournier, D. Colson, L. Taillefer, and C. Proust,
Nature Physics 15, 142 (2019)



Hidden magnetism at the pseudogap critical point of a high

temperature superconductor
Nature Physics doi: 10.1038/s41567-020-0950-5

Mehdi Frachet!t, Igor Vinograd!t, Rui Zhou!4, Siham Benhabib!, Shangfei Wul, Hadrien
Mayaffrel, Steffen Kramer!, Sanath K. Ramakrishna3, Arneil P. Reyes3, Jéerome Debray#,
Tohru Kurosawa>, Naoki Momono®, Migaku Oda>, Seiki Komiya?, Shimpei Ono?,
Masafumi Horio8, Johan Chang®, Cyril Proust!, David LeBoeuf!*, Marc-Henri Julien!®

Quasi-static magnetism in the pseudogap
pseudogap state of La2-xSrxCuQ4. Temperature —
doping phase diagram representing Tmin, the

temperature of the minimum in the sound
velocity, at different fields. Since
superconductivity precludes the observation
of Tmin 1n zero-field, the dashed line (brown

area) represents the extrapolated T min(B=0).

While not exactly equal to the freezing
temperature 7t (see Fig. 2), Tmin 1s closely
tied to 7T and so is expected to have the same
doping dependence, including a peak around
p =0.12 1n zero/low fields (ref. 2). Onset
temperatures of charge order are from ref. 33
(squares) and 35 (hexagons).




Will describe a

series of
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(partly) solvable
random models of
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A simple model of a metal with quasiparticles

N
1
_ E( o ET
H—( )1/2 tijC,Cj — [ C, C;

i j=1 i

T T,
] _I_Cjc’i — 5@'

%Zczci =X0,

cic; +cjci =0 , coc

t;; are independent random variables with ¢;; = 0 and |¢;,]? = ¢

Fermions occupying the eigenstates of a
N x N random matrix



A simple model of a metal with quasiparticles

Feynman graph expansion in t;; , and graph-by-graph average,
yields exact equations in the large /N limit:

G(r) = =T (e(7)cl(0))
Gli) = ——— o - S0 =6

Gir=0")=0.

G(w) can be determined by solving a quadratic equation:

yields G(7) ~ 1/7.

4 (For details:
plw) = see
— %Im G(w) whiteboard
. _J

—Qt—_,u 0 Qt;u u;



A simple model of a metal with quasiparticles

Let ¢, be the eigenvalues of the matrix ¢;;/ V' N.
The fermions will occupy the lowest N O eigen-
values, upto the Fermi energy Er. The single-
particle density of states is

p(w) — (/N) Za 5((,0 — 504)7 and pg = p(w — O)

2 ~ )

plw) = Ea level
ing ~1/N
spacing / )




A simple model of a metal with quasiparticles

" Many-body |
level spacing

—\_ ~27Y

g (Quasiparticle h
excitations with

> ing ~
_ spacing 1/N y

There are 2"V many
body levels with energy

N
E = E NaCas
a=1

where n, = 0,1. Shown

are all values of F for a
single cluster of size

N = 12. The ¢, have a

level spacing ~ 1/N.



A simple model of a metal with quasiparticles

Now add weak interactions

_ T T T
_ 1/2 thczcﬂ “ZCGZ 2N)3/2 Z Uijske ¢5€ 7CkCe

7.7 1 ,j,k,e 1

U;;.xe are independent random variables with U;;.xe = 0 and |U;;..¢|2 = U?. We
compute the lifetime of a quasiparticle, 7, in an exact eigenstate (%) of the
free particle Hamitonian with energy ¢,. By Fermi’s Golden rule, for ¢, at the
Fermi energy

Ti - wU2p8/d55d57d55f(55)(1 — f(ey))(1 = f(gs))0(ea + 25 — €y — &5)
WSUQPSTQ
B 4

where pg is the density of states at the Fermi energy, and f(e) = 1/(e¥/T +1) is
the Fermi function.

Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ~ T2 at the Fermi level.
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The complex SYK model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, ). Flores, |.B. French, PA. Mello, A. Pandey, and S.S.M.Wong, Rev. Mod. Phys. 53, 385 (1981))

N
1
H = PINEE Z Uag:vs CZ;CTBC,YC(S — MZCLCQ

O‘aﬁaf%é:l &
CaCg +cgco =0 cacg + cgca = 0ap
1
Q= N clc,
87

Uap.~s are independent random variables with Uy g.~s
N — oo yields critical strange metal.

S.Sachdev and |.Ye, PRL 70, 3339 (1993)
A. Kitaey, unpublished; S. Sachdev, PRX 5,041025 (2015)



The complex SYK model

Feynman graph expansion in U,g.~s, and graph-by-graph average, yields
exact equations in the large IV limit:

D S.Sachdev and .Ye,
PRL 70, 3339 (1993)




The complex SYK model

The large NV limit is given by the
sum of “melon” Feynman graphs

For long times 7 > 0 " For details: |
A see
<Ca (T)CL (O)> = —F= whiteboard
ﬁ and Sarosi,
4.4
g A L Sec )

(ch(T)eal0)) = e

\/F

The parameter £ = C (¢/U) determines

the partic.

e-hole asymmetry,

and has a universa.
In a

(ca(T)ci(0))

- “Luttinger” relation to O.
Fermi liquid,

= (cl(T)ca(0)) = A/T



The complex SYK model

S.Sachdev and ).Ye, Phys. Rev. Lett. 70, 3339 (1993)



The complex SYK model

At frequencies < U, the w

1 can be dropped,

and without it equations are invariant under the
reparametrization and gauge transtormations.
The singular part of the self-energy and the Green’s

function obey

B
/ 07> Saine (71, 72) G (72, 73) = —3(71 — 73)
0

Zsing (7-17 7-2) — _U2G2 (7-17 72)G<7-27 7-1)

A. Kitaey, 2015
S.Sachdev, PRX 5, 041025 (2015)



The complex SYK model
5
/o dry X1, T2)G (T2, T3) = —0(T1 — T3)
Z(Tl,TQ) — —U2G2(7‘1,7’2)G(TQ,7’1)

These equations are invariant under

r = f(o)

T.70) = [f' (o) f (o ~1/4 9(01) Yo o
G( 1 2) [f( 1)f( 2)] 9(0_2) G( 1, 2)
T.70) = [f (o) f (o _3/4g(01)N0 o
Y(71,7m2) = [f(01)f (02)] o(02) Yi(o1,02)

where f(o) and g(o) are arbitrary functions.
By using f(o) = tan(nTo)/(7nT) and
g(0) = 72719 we can now obtain

the T > 0 solution from the 7' = 0 solution.
A. Kitaey, 2015

S. Sachdev, PRX 5, 041025 (2015)



The complex SYK model

" Many-body
level spacing ~

g&—]\f _ €—N1n2J

rNom—(tluadsipadlrti(:lg

excitations with

—NSQ

- Aspacing ~ €

_J

There are 2"V many body levels
with energy E. Shown are all
values of E for a single cluster of
size N = 12. The 1" — 0 state has
an entropy Sqgps = Nsg, where
So < In2 is determined by
integrating

@:27#;.

dQ
At Q=1/2,

G

T

In(2
(2) _ 464848 .

S0

where G 1s Catalan’s constant.

GPS: A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)

W. Fu and S. Sachdev, PRB 94, 035135 (2016)



SYK criticality

(Key properties}

1. There is a quantum critical state, without quasiparticle exci-
tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as 1" — 0

lim lim Ed = 50(Q) # 0

T—0 N—o0

This entropy is not due to an exponentially large ground de-
generacy. Instead, it reflects an exponentially small many-
body level spacing ~ e~ V0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ~ A/(kpT)



SYK criticality

(Key properties}

4. The leading low temperature behavior of many observables is
controlled by a time reparameterization soft mode. A Schwarzian
action for this soft mode is implied by an emergent SL(2,R)
symmetry. Specifically, the entropy is S(T')/N = Sp(Q)+~T,
where v propotional to the co-efficient of the Schwarzian.

5. Maximal quantum Lyapunov exponent for the out-of-time-
order correlator (OTOC):

<cl(t)cb(0)ca(t)c;£(())> = Cy + C (%) + ...

with A\ = 2nkgT/h.

6. For spinful fermions, spin correlations decay as

(S(r)-S()) ~1/I7




A lattice SYK model

(2N 3/2 Z Z UOéB ;Y0 Czacjﬁcfwcw - tL L Cia joz

i «a,B,v,0=1 (1j) ©

25
35
G

ooco
oo’o

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017);
Pengfei Zhang, PRB 96, 205138 (2017); Debanjan Chowdhury, Yochai Werman,
Erez Berg, T. Senthil, PRX 8, 031024 (2018); Aavishkar A. Patel, John McGreevy,

Daniel P.Arovas, Subir Sachdev, PRX 8,021049 (2018)

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999)



A lattice SYK model

The large N limit is still given by the sum of “melon” diagrams.

1

Gk, iw) = iw — € — 2(k, iw) 2. =

At energy scales T' < t?/U, the contribution from Y only modifies
the dispersion, and we obtain a solution is similar to the
disordered metal with quasiparticles.



A lattice SYK model

The large N limit is still given by the sum of “melon” diagrams.

1

Gk, iw) = iw — € — 2(k, iw) 2. =

For t° /U < kT < U we obtain an ‘incoherent metal’ with no
Fermi surface or quasiparticles with

G(k, w) — GSYK(E, hw/(kBT))

independent of k. In this regime, there is a linear-in-1" resistivity
but only with bad metal behavior with p > h/e?, and co-efficient
dependent upon U':

h kgT
e? t2 /U

ION
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Random | model (insulator)




Random] model (insulator)

0.4

Spin-glass order parameter:

g = lim <§z(t)§z(0)>

t— 00

Exact diagonalization results for xi.(w)
Analytic continuation of

Xtoc (fwn) = /O : dTei“”T<§@-(T)§i(O)>

0.0 T —
0.0 0.5 1.0 1.5
®

L.Arrachea and M. J. Rozenberg, PRB 65, 224430 (2002)

2.0

2.5



Random | model (insulator)

N
1 —> —>
H = E Jii S; S
VNz'<j:1 : :

—

1
_ L T = | E T e
o) —\,\|,, S@ — fz Jaf 725, /z fin = 1

Jij random, Jij — O, J_ZQJ — J2



Random | model (insulator)

1 N
— J
v 2

—

_ A _
8 _Ta\lfa Sz — 2[]@@0-046[]@67 Z b za =1

Jij random, Jij — O, J_ZQJ — J2



Random | model (insulator)
z / DS(1)5(52 — 1)e=S5—S

s /du/dfs (@%)
ou

drdr'Q(r — 7)S(7) - S(').

Sy =

S.Sachdev and J.Ye, PRL 70, 3339 (1993)



Random | model (insulator)
z / DS(1)5(52 — 1)e=S5—S

s /du/w (6’_58_5)
ou

drdr'Q(r — 7)S(7) - S(7').

Sy

From this action we compute

_ 1 /.

Qr—7) = 2 (S(r)-8())

3 Z

and then impose the self-consistency condition

Q) =Q(r).

S.Sachdev and |.Ye, PRL 70, 3339 (1993)




Random | model (insulator): large M

Express the spin operator in terms of fermions S = (1/2) fi, 3f3,
and let o =1... M. The fermions obey the constraint

M
M
O;fifa — 7

In the large M limit we obtain for the fermion Green’s func-
tion G and self energy > (same as the SYK equations)

1
iw — 2(iw)

Giw) = N(1) = —J*G?*(1)G(—7)

The solution is

G(7) ~ ng(;) | <§(T) - §(0)> L

S.Sachdev and |.Ye, PRL 70, 3339 (1993)



Random | model (insulator):RG

We assume a power-law decay

2

Qr) ~ T

7|

Ignore the self-consistency condition tor now. We decouple
the S(7)-5(0) interaction by introducing a bosonic (¢q, a =
..3) bath. Then the problem reduces to the Hamiltonian

Hup = 75264(0)+ 5 [ d% [x2 + (0,60

where m, 1s canonically conjugate to the field ¢,, and
0a(0) = ¢q(x = 0). We identify Q(7) with temporal cor-
relator of ¢,(0), and then we need o = d — 1.

M.Vojta, C. Buragohain, and S. Sachdev, PRB 61, 15152 (2000)
S. Sachdeyv, Physica C 357,78 (2001)



Random | model (insulator):RG

e The [S-function of v can by computed order-by-order in € = 2 — «

y [ For details: |
v 3
— == — . see
at 2 whiteboard
and Whitsitt,
e There is an attractive fixed point at v = ~v* = O( /). . Sec.Ill

e Because of the quantized Berry phase (Wess-Zumino-Witten) term,
the renormalization of the coupling ~ is given only by the wavefunc-
tion renormalization. We can then prove that at this fixed point

Q(7) ~ 1/|7]*>7% to all orders in e.

RG flow

R e
~

M.Vojta, C. Buragohain, and S. Sachdev, PRB 61, 15152 (2000)
S. Sachdeyv, Physica C 357,78 (2001)



Random | model (insulator):RG

The [-function of v can by computed order-by-order in € = 2 — «

A [ For details: |
i see
al 2 whiteboard
and Whitsitt,
There is an attractive fixed point at v = v* = O( /). | Sec.II

Because of the quantized Berry phase (Wess-Zumino-Witten) term,
the renormalization of the coupling ~ is given only by the wavefunc-
tion renormalization. We can then prove that at this fixed point

Q(7) ~ 1/|7]*>7% to all orders in e.

The self-consistency condition therefore yields

to all orders in e.
M.Vojta, C. Buragohain, and S. Sachdev, PRB 61, 15152 (2000)
S. Sachdeyv, Physica C 357,78 (2001)
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Random t—j UH mode|

Jz'j random, Jij — O, J_ZQJ — J2

t;; random, t;; = 0, % —= t°

Uy > 0 non-random



Random t—j UH model
H = \ﬁ Z tij zaC]Oé | \/7 Z J ‘I'UHanan

1,7=1 1<g=1 1=1

-
&,

o ! -0-»1 4
$‘ .




Random t—j UH mode|

th CinCio \/7 Z J —I—UHZTLZan

1,7=1 1<g=1 1=1

/Uy

niT—I—nQ =1

doping p = (1 — ng — n4y)



Random t;l UH model

Z tij zaC]a | \/7 Z J _I_UHZnZan

i,j=1 <=l =
A
: 1
Disordered <Cio‘(7)cio‘(0)> T
Fermi liquid <§7;(T) : §¢(0)> ~ 7—12

I/UH

ni+ +ni =1




/Uy

Random t—j UH mode|

Z t”&J zozC]Oé | Z JZ] _I_ UHZn@TnN

1,)=1 ’L<] 1 i=1

A

<c- (7)c! (O)> L

P Disordered \ *¢‘\ /i -

Fermi quuid <§z(7') , §2(0)> N 7__12

O Metal-insulator transition
U Z0 -+ n;| — 1
>

0

doping p = (1 — ng — n4y)



Random t-/-Uy model

< Disordered <Ci0‘(7)c
- 53(0)

Fermi liquid <§i(7)

NG

\/

Metal-insulator transition

L.Arrachea and M. ). Rozenberg, PRB 65, 224430 (2002)

Spin glass

N, n:, =1
it i Insulator

<§z(7') : §Z(O)> ~ constant

doping p = (1 — ng — n4y)



Random t--Uy model

R R
H = Z tr,;j C,jacja | Z Jij
\/Nz',jzl mi<j:1
(cia(T)ela(0)) ~

€ Disordered

—

Fermi liquid <§i(f) - 5;(0)

\/

/Uy

Peter Cha, N.Wentzell,
O. Parcollet,A. Georges,
Eun-Ah Kim, PNAS (2020)

Metal-insulator transition

with SYK criticality

SYK

criticality <§7;(7') : §i(o)> oL

7|

Spin glass
Insulator

nZ-T—I—nu =1

<§i(7)

—

- 5;(0)

> ~ constant

doping p = (1 — ng — n4y)



Li

log[Q(T)/Q(B/2)]

near resistivity and Sachdev-Ye-Kitaev (SYK) spin liguid behavior in a
quantum critical metal with spin-1/2 fermions
3.0 1 0.8
. _t/U/=1.000 (c)
— < =t/U = 0.357
N -t/U=0.323
Q 2.0 1 K ~t/U=0.312 0.6
o
E 1.5 - 5
§ 1.0 - t/U =0.357 Q
N RS 20.4
- RS 2
0.0 .
/=05  *0.1 +0.02 0.2
—log[sin(rt/B)]
. . 0.0 - -
0.0 0.2 0.4 0.6 0.8 1.0 0.00 0.05 0.10
/B T/t
Critical spin correlations: Resisitivity p ~ 1" to the lowest T
., ., 1 ., :
<S(T) | S(O)> N = at the critical point

Onset of insulating gap and spin glass order co-incide.

Peter Cha, N.Wentzell, O. Parcollet,A. Georges, Eun-Ah Kim, PNAS (2020)



/Uy

Spin glass
Insulator

A

-7

C Ciay
€ Disordered <

Random t—j—UH mode|

Z Lij zaCJOé | Z Jw

7.] 1 ’L<] 1

Fermi quuid <§z(7') , g;(O)

Metal-insulator transition
with SYK criticality

0

doping p = (1 — ng — n4y)



Random t—j—UH mode|

Z t”&J zozCJOé | Z JZ] _I_ UHZn@TnN

1,7=1 z<jl 1=1

A

C Ciay

P Dlsord.ere.d <H ’
Fermi liquid <Sq;(7) , SZ-(O)> N

-

Metal-insulator transition
with SYK criticality

/Uy

-7

Spin glass .
Insulator 0

doping p = (1 — ng — n4y)



Random t—j—UH mode|

/Uy

=7
Spin glass

Z Lij cjac]a | Z Jij + Ug annw

z<31 1=1

C Ciay

P Dlsord.ere.d <H ’
Fermi liquid <Sq;(7) , SZ-(O)> N

-

~—~
\]
~—
)
S -
Q
~—~
-
~—
~_
¢

1

-
1

2

Metallic
Spin glass

Metal-insulator transition
with SYK criticality

Insulator 0

doping p = (1 — ng — n4y)



Random t—j—UH mode|

Z tZJ zaCJOé | Z JZ] _I_ UHZn@TnN

1,7=1 z<]1 1=1

A

C Ciay
P Dlsord.ere.d <H ’
Fermi liquid <Sq;(7) , SZ-(O)> N

Metal-insulator transition
with SYK criticality

1/Un
Metallic
Spin glass
t-J model
=7
Spin glass .

Insulator 0

doping p = (1 — ng — n4y)



Random t-/ model (Up — o0)

R R
H — tiicl cio - J.:i S, S
\/N Z J TraJ N Z J J

i,j=1 1<g=1

We consider the hole-doped case, with no double occupancy.

4 :Tv \L? {Ciom C;rﬁ} — 5@]50457 {Ciow CJB} =0
Si = —c! Gage lcia <1, — I Cia=1—
202040- 5057 Czac — ) N . Czac p
(8% (48
T .0 12 _— 712
Ji; random, J;; = 0, ij = J
H’j

— 0. 12, = ¢2

t;; random, , 13

— = &
0 oy o)



Random t-] model (Ung — oo)

- I
H = ti'C]-L Cioy ngzg
\/N Z J Troe) N Z J J

i,j=1 1<g=1

We consider the hole-doped case, with no double occupancy.




e Random t-] model =22
0.35; — Incoherent Contribution —— Incoherent Contribution (Analytic)
—— Remaining Weight o —— Remaining Weight
0.30 I Numerical Results I Numerical Results
0.20-
0.251 : .
Local dynamic spin
0.20' . e o // 0.15'
3 susceptibility x"(w) <
x =
0.15-
0.10-
0.10
0.05-
0.05-
0.00- 0.00/\\W’y
0-0 0-5 L0 13 |H. Shackleton, A.Wietek et al, preliminary; 15 2.0 2.5
p=3/12 Exact diagonalization of clusters p=4/12
0.20- —— Incoherent Contribution (Analytic) e — Incoherent Contribution (Analytic)
B Numerical Results 0.1501 B Numerical Results
0.15- 0.1251
0.100
30.10 3
3 = 0.075
0.050
0.05
0.025
0.0 05 10 15 >0 55 0.0 0.5 1.0 1.5 2.0 2.5
w



— Random t-] model =212
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|. Quantum matter with quasiparticles:
random matrix model

2. Quantum matter without quasiparticles:
the complex SYK model
5\10 “Mottness”]
3. Random | model (insulator)

RG analysis and exact exponent

4. Random Hubbard and t-| models
Numerical results

,
5. Random t-/ model (metals): exact exponents '




Random tj model (metal)

Each site has 3 states which we map to the ‘superspin’ space of a
boson b (the holon) and a fermion f, (the spinon):

N 1 ——

.'.
bt v) fTT v) Iy v)
Ca — fosz
. 1,
S = Sfaoasfs
fifa+op = 1
U(1) gauge invariance, b— be'?,  f,— f,e?

—~ )
The physical electron (¢, ) and spin (S) operators are rotations in

_ this SU(1]2) superspin space.

J




Random tj model (metal)

Each site has 3 states which we map to the ‘superspin’ space of a
fermion § (the holon) and a boson b, (the spinon):

_ - ——

T
' o) bl o) by
Coy = bafT
= 1 ;
S — ibagaﬁbﬁ
blb, +f§ = 1
U(1) gauge invariance, f— fe'® . b, — bae'®

The physical electron (¢, ) and spin (§ ) operators are rotations in
_ this SU(2|1) superspin space.

N

J




Random t-| model (metal)

1 1 3 &
H = \/NZ tijCl-LaCja | N Z Jij Si - 5

i j=1 i<j=1

Each site has 3 states which we map to the ‘superspin’ space of a
fermion § (the holon) and a boson b, (the spinon):

_ 1 ——

i Jv) o o) BlIv)
. — o (SU(1]2) = SU2[)]
— 1
S = iblgagbﬁ
blbo +§1f = 1
U(1) gauge invariance, f— fe'® . b, — bae'®

a — )
The physical electron (c.) and spin (S) operators are rotations in

_ this SU(2|1) superspin space.

J




Random t-] model (metal)
Z = /DP(T)e_SB_‘S“

Sp = i /O 1du / dr Tr (PO, PO, P)
S = [ drdr T (P(Q(r - )P()

+ / drTr (so P(7)) .

Path integral over a superspin P(7) with a
self-consistent self-interaction O(7)
and a ‘Zeeman superfield’ sg.

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10,021033 (2020)



Random t-] model (metal)
/ D fo(T)Db(T)DA(1)e B 5

Sp = /dT _fj;(T) ((%Jrz’)\) ful7) + bt (7) ((%HA) b(r )—M:

S;; = /dT Sof;:(T)fa(T) + t? / drdr R(T — T’)C&(T)CQ(T’)
J2

N
|

drdr'Q(r — )S(7) - S(').

From this action we determined the correlators

(SU(HZ) theory)
R(ir—71") = —{c, (7

)eu (7)) 2
Qlr—7) = §<s<> 5(r))

and finally impose the self-consistency conditions

D. Joshi, Chenyuan Li,
G.Tarnopolsky,

( R(t)=R(t) , Q(r)= @(7‘)) A. Georges, S. Sachdev,

PRX 10, 021033 (2020)




Random t-] model (metal)
zZ = / Db (r)Df(r) DA(r)e S5~ 5

Sp = / dr :bg(T) (%wx) bo(7) + 7 (7) <%+i)\> f(T)—z’)\:

S;; = /dT SQbL(T)ba(T) —|-t2/d7'd7'/R(T—T/)CL(T)CQ(T/)
J2

drdr' Q(t — )S(7) - S(1').

(SU(Q\ 1) theory)

From this action we determined the correlators

R(r—1) = —{co(r)cl (7))

— —

Qr—7) = 5 (8mn)-5))

and finally impose the self-consistency conditions

D. Joshi, Chenyuan Li,
G.Tarnopolsky,

( R(t)=R(t) , Q(r)= @(7)) A. Georges, S. Sachdev,

PRX 10, 021033 (2020)




Random t-] model (metal):RG

e The RG analysis is very similar to that for the J model, except that the
SU(2) spin is replaced by a SU(1|2) = SU(2|1) superspin.

D. Joshi, Chenyuan Li, G.Tarnopolsky, A. Georges, S. Sachdev, PRX 10,021033 (2020)



Random t-] model (metal):RG

e The RG analysis is very similar to that for the J model, except that the
SU(2) spin is replaced by a SU(1|2) = SU(2|1) superspin.

e One crucial difference is that there is now a ‘Zeeman’ field sy in superspin
space which breaks the degeneracy between spinon and holon states. This
becomes the single relevant perturbation at a critical fixed point where
so = 0 at leading order i.e. the 3 states on each site are nearly degenerate
at the critical point.

t, J couplings

D. Joshi, Chenyuan Li, G.Tarnopolsky, A. Georges, S. Sachdev, PRX 10,021033 (2020)



Random t-] model (metal):RG

e The RG analysis is very similar to that for the J model, except that the
SU(2) spin is replaced by a SU(1|2) = SU(2|1) superspin.

e One crucial difference is that there is now a ‘Zeeman’ field sy in superspin
space which breaks the degeneracy between spinon and holon states. This
becomes the single relevant perturbation at a critical fixed point where
so = 0 at leading order i.e. the 3 states on each site are nearly degenerate
at the critical point.

e The Wess-Zumino-Witten term in superspace now ensures the exact ex-
ponents at the fixed point

(5(r)-50)) ~ = {ealm)h () ~
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Random t-] model (metal):RG

e The RG analysis is very similar to that for the J model, except that the
SU(2) spin is replaced by a SU(1|2) = SU(2|1) superspin.

e One crucial difference is that there is now a ‘Zeeman’ field sy in superspin
space which breaks the degeneracy between spinon and holon states. This
becomes the single relevant perturbation at a critical fixed point where
so = 0 at leading order i.e. the 3 states on each site are nearly degenerate
at the critical point.

e The Wess-Zumino-Witten term in superspace now ensures the exact ex-
ponents at the fixed point

I al al 1 1« roduct of spinon
Square of spinon /,y<S(7_) . S(O)> ~— <Ca(T)CT (O)> ~ = Product of sp

correlator ’7-‘ o - and holon correlators

e These exponents do not have a quasiparticle interpretation. However,
they can be understood (in a large M limit of a model with SU(M)

symmetry) by fractionalization of the electron into a spinon and holon,
each of which decay as 1/4/7.

D. Joshi, Chenyuan Li, G.Tarnopolsky, A. Georges, S. Sachdev, PRX 10,021033 (2020)



t-J phase diagram: RG using either SU(2|1) or SU(1|2)
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point /phase

‘ RG flow
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D. Joshi, Chenyuan Li, G.Tarnopolsky, A. Georges, S. Sachdev, PRX 10,021033 (2020)
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t-J phase diagram: RG using either SU(2|1) or SU(1|2)

Deconfined
quantum
critical
point /phase

Zeroth order, p. =1 / 3 RG flow

Pc p
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t-J phase diagram: RG using either SU(2|1) or SU(1|2)
(SU(12) theory]

Deconfined Disordered
quantum Fermi liquid.
il e] Con(?lense ho.lon b,
point /phase fo carrier density 1+ p

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10,021033 (2020)



t-J phase diagram: RG using either SU(2|1) or SU(1|2)

(SU(2/1) theory]

Metallic
spin glass.
Condense spinon b,
f carrier density p

i [v)

i\ |
TI 1}
b¢‘”> b¢‘v>

—

<§Z(7') : SZ-(O)> ~ constant

o)~

Deconfined
quantum
critical
point /phase

Pc

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10,021033 (2020)

(SU(12) theory]
Disordered
Fermi liquid.

Condense holon b,
fo carrier density 1 4 p




Random t—j—UH mode|

Metal-insulator transition

7]

N
1
H = TN Z Ui cjac]a | Z Jij + Ug annw
2,J=1 z<] 1 i=1
Sicordered (fia(Ma0)) ~ -
p. isordere T
Fermi liquid <§i(7) , §¢(0)> -~ iQ
with SYK criticalit
1/Ug !
SYK criticality Si(1) - 5;(0)) ~ =
Metallic <« | < >
Spin glass \
7
Spin glass
Insulator | y p~1/3

doping p = (1 — ng — n4y)



At the critical point/phase of the ¢t-J model, the Fermi
liquid-like behavior of the electron Green’s function

<Cioz (T)Cja (O)> ~ =
leads to a non-zero residual resitivity, p(0) # 0.

However, the critical state is not a Fermi liquid, as
indicated by the slow decay of the spin correlations

(5.(r) - 50)) ~ =

7|

Moreover, in a Fermi liquid, we expect p(T') — p(0) ~ T
which also does not hold here.



Time reparameterization soft mode

The dominant corrections to the SL(2,R) invariant
critical Green’s function can arise from the time
reparameterization soft mode, and these take the form

(M) (0 > ™ (4 Lo T
<Czoz(7_)cza( ) SiIl(T('TT)( + G 7 non—conformal( 7_)

where ®on_conformal (1'7) is a computable (in the large M
limit) scaling function, and a¢ is universally proportional
to the co-efficient avg of the Schwarizan action for the
time reparameterization mode.

J. Maldacena and D. Stanford, PRD 94, 106002 (2016)
A. Kitaev and J. Suh, JHEP 183 (2018)
Haoyu Guo,Yingfei Guo, S. Sachdev, Annals of Physics 418, 168202 (2020)



Time reparameterization soft mode

Computing the resistivity from this Green’s function via
the Kubo formula, we find

T

o(T) = p(0) (1 +8ag =+ .. >

Haoyu Guo,Yingfei Guo, S. Sachdev, Annals of Physics 418, 168202 (2020)
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(partly) solvable random models of correlated metals

1. Electrons hopping on a random matrix: single-particle
chaos with well-defined quasiparticles. Local electron
Green’s function G(7) ~ 1/7.



Summary: Presented a series of increasingly realistic
(partly) solvable random models of correlated metals

1. Electrons hopping on a random matrix: single-particle
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2. SYK island of interacting electrons: many-particle
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cal spin correlation x(7) = (S(7) - S(0)) ~ 1/|7/.
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chaos with well-defined quasiparticles. Local electron
Green’s function G(7) ~ 1/7.

2. SYK island of interacting electrons: many-particle
chaos, no quasiparticles, and G(7) ~ sgn(7)/+/7. Lo-
cal spin correlation x(7) = (S(7) - S(0)) ~ 1/|7/.

3. Coupled SYK islands: yield a “bad metal” with linear-

in-1' resistivity in the intermediate temperature regime
t*/U < T < U, where U is the random SYK interac-
tion strength.



L.

Summary: Presented a series of increasingly realistic
(partly) solvable random models of correlated metals

Electrons hopping on a random matrix: single-particle
chaos with well-defined quasiparticles. Local electron
Green’s function G(7) ~ 1/7.

. OYK island of interacting electrons: many-particle

chaos, no quasiparticles, and G(7) ~ sgn(7)/+/7. Lo-
cal spin correlation y(7) = (S(7) - S(0)) ~ 1/|7].

. Coupled SYK islands: yield a “bad metal” with linear-

in-1' resistivity in the intermediate temperature regime
t*/U < T < U, where U is the random SYK interac-
tion strength.

. No ‘Mottness’ in SY K-island models.
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Summary: Presented a series of increasingly realistic
(partly) solvable random models of correlated metals

. Random SU(M) magnets: spin glass ground state for small
M, spin liquid ground state for large M with x(7) ~ 1/|7].

. Random ¢-J model: transition at a doping density p with
many attractive features:

e Critical correlations G(7) ~ 1/7 and x(7) ~ 1/|7|.

e Can be interpreted in terms of fractionalization with
spinon and holon correlators ~ 1/4/7 (deconfined criti-
cality).

e Linear-in-1' resistivity down to 1I' = 0 at the critical
point from the time reparameterization soft mode.

e Carrier density p for p < p., and 1 + p for p > p..



