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What are quasiparticles ?

• Quasiparticles are additive excitations:
The low-lying excitations of the many-body system
can be identified as a set {n↵} of quasiparticles with
energy "↵

E =
P

↵ n↵"↵ +
P

↵,� F↵�n↵n� + . . .

In a lattice system ofN sites, this parameterizes the energy
of ⇠ e↵N states in terms of poly(N) numbers.

Ordinary metals and quasiparticles



Ordinary metals and quasiparticles

• Quasiparticles eventually collide with each other. Such collisions even-
tually leads to thermal equilibration in a chaotic quantum state, but the
equilibration takes a long time. In a Fermi liquid, this time diverges as

⌧eq ⇠ ~E3
F

U2(kBT )2
, as T ! 0,

where U is the strength of interactions, and EF is the Fermi energy.

• Similarly, a quasiparticle model implies a resistivity

⇢ =
m⇤

ne2
1

⌧
⇠ U2T 2 with ⌧ ⇠ ⌧eq

• These times are much longer than the ‘Planckian time’ ~/(kBT ), which
we will find in systems without quasiparticle excitations.

⌧ ⇠ ⌧eq � ~
kBT

, as T ! 0.
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Remarkable recent observation of
‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, ⇢, is

⇢ =
m⇤

ne2
1

⌧

with a universal scattering rate

1

⌧
⇡ kBT

~ ,

independent of the strength of interactions!
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Table 1  |  Slope of T-linear resistivity and Planckian limit in seven materials.

Material n 
(1027 m-3)

 m*
(m0)

A1 / d  
(! / K)

h / (2e2 TF)
(! / K)

⍺

Bi2212 p = 0.23 6.8 8.4 ± 1.6 8.0 ± 0.9 7.4 ± 1.4 1.1 ± 0.3

Bi2201 p ~ 0.4 3.5 7 ± 1.5 8 ± 2 8 ± 2 1.0 ± 0.4

LSCO p = 0.26 7.8 9.8 ± 1.7 8.2 ± 1.0 8.9 ± 1.8 0.9 ± 0.3

Nd-LSCO p = 0.24 7.9 12 ± 4 7.4 ± 0.8 10.6 ± 3.7 0.7 ± 0.4

PCCO x = 0.17 8.8 2.4 ± 0.1 1.7 ± 0.3 2.1 ± 0.1 0.8 ± 0.2

LCCO x = 0.15 9.0 3.0 ± 0.3 3.0 ± 0.45 2.6 ± 0.3 1.2 ± 0.3

TMTSF P = 11 kbar 1.4 1.15 ± 0.2 2.8 ± 0.3 2.8 ± 0.4 1.0 ± 0.3
 

 

Table 1 | Slope of T-linear resistivity vs Planckian limit in seven materials.  

Comparison of the measured slope of the T-linear resistivity in the T = 0 limit,  

A1 , with the value predicted by the Planckian limit (Eq. 1; penultimate column), 

for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two 

electron-doped cuprates (PCCO and LCCO) and the organic conductor 

(TMTSF)2PF6 , as discussed in the text (and Supplementary Information).     

The ratio α of the experimental value, A1
☐ = A1 / d, over the predicted value,       

is given in the last column. Although A1
☐ varies by a factor 5, the ratio m* / n  

(~1/TF) is seen to vary by the same amount, so that α = 1.0 in all cases,        

within error bars. 
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Hidden�magnetism�at�the�pseudogap�critical�point�of�a�high�
temperature�superconductor�
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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Quasi-static magnetism in the pseudogap 
state of La2-xSrxCuO4. Temperature – 
doping phase diagram representing Tmin, the 
temperature of the minimum in the sound 
velocity, at different fields. Since 
superconductivity precludes the observation 
of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). 
While not exactly equal to the freezing 
temperature Tf (see Fig. 2), Tmin is closely 
tied to Tf and so is expected to have the same 
doping dependence, including a peak around 
p = 0.12 in zero/low fields (ref. 2). Onset 
temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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Will describe a 
series of  

increasingly realistic  
(partly) solvable 

random models of 
correlated metals



1.  Quantum matter with quasiparticles: 
           random matrix model
 
2.  Quantum matter without quasiparticles: 
           the complex SYK model
 
3.  Random J model (insulator) 
         RG analysis and exact exponent
 
4.  Random Hubbard and t-J models 
          Numerical results 

5.  Random t-J model (metals): exact exponents
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No “Mottness”
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Fermions occupying the eigenstates of a 
N x N random matrix

tij are independent random variables with tij = 0 and |tij |2 = t2

A simple model of a metal with quasiparticles

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

1

N

X

i

c
†
i ci = Q
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A simple model of a metal with quasiparticles

⇢(!) =
� 1

⇡ ImG(!)
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For details: 
see  

whiteboard

Feynman graph expansion in tij.., and graph-by-graph average,
yields exact equations in the large N limit:

G(⌧) ⌘ �T⌧

D
ci(⌧)c

†
i (0)

E

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = t2G(⌧)

G(⌧ = 0�) = Q.

G(!) can be determined by solving a quadratic equation:
yields G(⌧) ⇠ 1/⌧ .
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A simple model of a metal with quasiparticles

"↵ level
spacing ⇠ 1/N

⇢(!) =
� 1

⇡ ImG(!)
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Let "↵ be the eigenvalues of the matrix tij/
p
N .

The fermions will occupy the lowest NQ eigen-
values, upto the Fermi energy EF . The single-
particle density of states is
⇢(!) = (1/N)

P
↵ �(! � "↵), and ⇢0 ⌘ ⇢(! = 0).
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A simple model of a metal with quasiparticles

Quasiparticle
excitations with
spacing ⇠ 1/N

There are 2N many
body levels with energy

E =
NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a
single cluster of size

N = 12. The "↵ have a
level spacing ⇠ 1/N .

Many-body
level spacing

⇠ 2�N⇠ Nt
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Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ⇠ T�2 at the Fermi level.

A simple model of a metal with quasiparticles
Now add weak interactions

H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj � µ

X

i

c
†
i ci +

1

(2N)3/2

NX

i,j,k,`=1

Uij;k` c
†
i c

†
jckc`

Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U
2
. We

compute the lifetime of a quasiparticle, ⌧↵, in an exact eigenstate  ↵(i) of the

free particle Hamitonian with energy "↵. By Fermi’s Golden rule, for "↵ at the

Fermi energy

1

⌧↵
= ⇡U

2
⇢
3
0

Z
d"�d"�d"�f("�)(1� f("�))(1� f("�))�("↵ + "� � "� � "�)

=
⇡
3
U

2
⇢
3
0

4
T

2

where ⇢0 is the density of states at the Fermi energy, and f(✏) = 1/(e
✏/T

+1) is

the Fermi function.
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1.  Quantum matter with quasiparticles: 
           random matrix model
 
2.  Quantum matter without quasiparticles: 
           the complex SYK model
 
3.  Random J model (insulator) 
         RG analysis and exact exponent
 
4.  Random Hubbard and t-J models 
          Numerical results 

5.  Random t-J model (metals): exact exponents

No “Mottness”



A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The complex SYK model

H =
1

(2N)3/2

NX

↵,�,�,�=1

U↵�;�� c
†
↵c

†
�c�c� � µ

X

↵

c
†
↵c↵

c↵c� + c�c↵ = 0 , c↵c
†
� + c

†
�c↵ = �↵�

Q =
1

N

X

↵

c
†
↵c↵
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The complex SYK model

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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The large N limit is given by the
sum of “melon” Feynman graphs
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The complex SYK model

For long times ⌧ > 0
⌦
c↵(⌧)c

†
↵(0)

↵
=

Ap
⌧

⌦
c†↵(⌧)c↵(0)

↵
= e�2⇡E Ap

⌧
The parameter E = (✏/U) determines

the particle-hole asymmetry,
and has a universal “Luttinger” relation to Q.

In a Fermi liquid,⌦
c↵(⌧)c

†
↵(0)

↵
=

⌦
c†↵(⌧)c↵(0)

↵
= eA/⌧
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S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

The complex SYK model



A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)

X X
X

At frequencies ⌧ U , the i! + µ can be dropped,
and without it equations are invariant under the
reparametrization and gauge transformations.
The singular part of the self-energy and the Green’s
function obey

Z �

0
d⌧2 ⌃sing(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃sing(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

The complex SYK model



A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)

The complex SYK model
Z �

0
d⌧2 ⌃(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

These equations are invariant under

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
e⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
By using f(�) = tan(⇡T�)/(⇡T ) and
g(�) = e�2⇡ET�, we can now obtain
the T > 0 solution from the T = 0 solution.
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GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state has
an entropy SGPS = Ns0, where

s0 < ln 2 is determined by
integrating

ds0
dQ = 2⇡E .

At Q = 1/2,

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

where G is Catalan’s constant.
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The complex SYK model



SYK criticality
Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables

is controlled by a time reparameterization soft mode. The

action for this soft mode is controlled by an emergent SL(2,R)

symmetry.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):

D
c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
e�t

N

◆
+ . . .

with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as

D
~S(⌧) · ~S(0)

E
⇠ 1

|⌧ |
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~S(⌧) · ~S(0)

E
⇠ 1/|⌧ |
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Key properties

1. There is a quantum critical state, without quasiparticle exci-

tations, for a range of charge densities around Q = 1/2.

2. There is a non-zero extensive entropy as T ! 0

lim
T!0

lim
N!1

S

N
= S0(Q) 6= 0

This entropy is not due to an exponentially large ground de-

generacy. Instead, it reflects an exponentially small many-

body level spacing ⇠ e�NS0 down to the ground state.

3. Thermal equilibration in a ‘Planckian time’ ⇠ ~/(kBT )

4. The leading low temperature behavior of many observables is

controlled by a time reparameterization soft mode. A Schwarzian

action for this soft mode is implied by an emergent SL(2,R)

symmetry. Specifically, the entropy is S(T )/N = S0(Q)+�T ,
where � propotional to the co-e�cient of the Schwarzian.

5. Maximal quantum Lyapunov exponent for the out-of-time-

order correlator (OTOC):

D
c†a(t)cb(0)ca(t)c

†
b(0)

E
= C0 + C1

✓
e�t

N

◆
+ . . .

with � = 2⇡kBT/~.

6. For spinful fermions, spin correlations decay as
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SYK criticality



A lattice SYK model

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999)

H =
1

(2N)3/2

X

i

NX

↵,�,�,�=1

U↵�;�� c
†
i↵c

†
i�ci�ci� � t

X

hiji

X

↵

c
†
i↵cj↵
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U↵�;��(ka) is a random function of ↵��� (as before)
✏k has a range of values of width W .

The large N limit is still given by the sum of “melon” diagrams.

For many generic models in this class, ~!/(kBT ) scaling
of SYK holds for W 2/U ⌧ kBT ⌧ U , and

Fermi liquid theory is recovered for kBT ⌧ W 2/U .
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G(k, i!) =
1

i! � ✏k � ⌃(k, i!)
<latexit sha1_base64="3o35BdDt2nFmOmk0qMEZA/B9x7c="></latexit>

A lattice SYK model

At energy scales T ⌧ t2/U , the contribution from ⌃ only modifies
the dispersion, and we obtain a solution is similar to the

disordered metal with quasiparticles.

For t2/U ⌧ kBT ⌧ U we obtain an ‘incoherent metal’ with no
Fermi surface or quasiparticles with

G(k,!) = GSYK(✏, ~!/(kBT ))

independent of k. In this regime, there is a linear-in-T resistivity
but only with bad metal behavior with ⇢ > h/e2, and co-e�cient

dependent upon U :

⇢ ⇠ h

e2
kBT

t2/U

<latexit sha1_base64="9nFCpvoLI0+aZainr113tGPnPIE="></latexit>



U↵�;��(ka) is a random function of ↵��� (as before)
✏k has a range of values of width W .

The large N limit is still given by the sum of “melon” diagrams.

For many generic models in this class, ~!/(kBT ) scaling
of SYK holds for W 2/U ⌧ kBT ⌧ U , and

Fermi liquid theory is recovered for kBT ⌧ W 2/U .
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G(k, i!) =
1

i! � ✏k � ⌃(k, i!)
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A lattice SYK model

At energy scales T ⌧ t2/U , the contribution from ⌃ only modifies
the dispersion, and we obtain a solution is similar to the

disordered metal with quasiparticles.

For t2/U ⌧ kBT ⌧ U we obtain an ‘incoherent metal’ with no
Fermi surface or quasiparticles with

G(k,!) = GSYK(✏, ~!/(kBT ))

independent of k. In this regime, there is a linear-in-T resistivity
but only with bad metal behavior with ⇢ > h/e2, and co-e�cient

dependent upon U :

⇢ ⇠ h

e2
kBT

t2/U
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H =
1p
N

NX

i<j=1

Jij
~Si · ~Sj

Numerical studies for SU(2) spin-1/2 show spin-glass order!
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Random J model (insulator)

J
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H =
1p
N

NX

i<j=1

Jij
~Si · ~Sj

Numerical studies for SU(2) spin-1/2 show spin-glass order!
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Random J model (insulator)

guished four different contributions which we shall describe
in detail throughout this section:

! loc! "#$!K%"#$"! low! "#$"!high! "#$"! inc! "#$, "6$

where ! low! (#) corresponds to the low frequency hump,
!high! (#) indicates a feature at high frequency O(J) carrying
a small spectral weight, while ! inc! (#) denotes the contribu-
tion of excitations of incoherent nature which conform a
quantum disordered paramagnetic background.
We will discuss the physical nature of all these contribu-

tions next. We begin with the latter that is due to incoherent
excitations. We found that it can be described with the fol-
lowing simple expression:

! inc! "#$!Cexp!#
#2

2J2S"S"1 $
" , "7$

with S!1/2 and C a constant. This function is plotted in
thick line in Fig. 3 along with our results for ! loc! (#).
We now show that this contribution can be Heuristically

described as independent spins in the presence of effective
randomly fluctuating magnetic fields h. We stress that we
were not able to derive any proper demonstration of the va-
lidity of this procedure and we include it here with the sole
hope of motivating the reader and perhaps providing new
insights. The fields are the molecular fields at each site due to
the action of all other spins

h!
1

!N &
i , j

J i jSj . "8$

Following standard arguments,1 we assume that the magni-
tudes h!#h# are distributed with a normal probability

P"h $'exp!#
h2

2(2
")"h $, "9$

where the variance ( can be taken to be (2!*h•h+
,J2S(S"1).
We now recall that a spin under a magnetic field has a

dynamical response given by

!0!"# ,h $!
1
3 !14 %"#$"

1
2 %"##h $" , "10$

where the finite frequency transverse part depends only on
the magnitude of the field h.
Finally, we may combine Eqs. "9$ and "10$ to obtain the

incoherent background part of the dynamical spin response
function within this Heuristic picture

! inc! "#$'$
0

"-

dhP"h $!0!"# ,h $, "11$

that leads to Eq. "7$, where the constant C!0.175 is set to fit
the numerical data. We carefully examined systems of sev-
eral sizes and found that C varies negligible with N. A point
we would like to make is that the averaging "11$ involves the
integral on h rather than the integral on h. The reason is that
we are describing the quantum disordered regular contribu-
tion, therefore these fields cannot be assumed to have a fixed
direction in space. Another interesting observation is that this
contribution to the response function, is very similar to one
found in the spin-liquid phase of the SU"M$ generalization of
the model at large M and in the quantum disordered regime
"small S).14–16
In order to study the remaining three pieces of ! loc! (#) in

more detail, we substract ! inc! (#) from this quantity and de-
fine

%! loc! "#$!! loc! "#$#! inc! "#$. "12$

This quantity exhibits a strong dependence on the system
size N and a careful finite size analysis is necessary in order
to extract reliable conclusions.
The K%(#) part is a direct consequence of the SU"2$

rotational invariance of the Hamiltonian. To demonstrate this
we sorted out the contributions to %! loc! (#) coming from the
different S sectors. In Fig. 4 we show results for the S
!0, S!1 and S!2 sectors. A remarkable observation is
that the .%(#) part is absent in the S!0 case, while present
in the remaining S/0 sectors. Moreover, the systematic
analysis of histograms of S 0see Fig. 5"a$1 for increasing N,
reveals that *S+'!N as shown in Fig. 5"b$. Therefore, al-
though the mean total spin *S+/0 in the thermodynamic
limit "in fact diverges$, the local magnetization, i.e., the mag-
netization per site *S+/N→0. We have thus traced the origin
of this .%(#) feature to a ‘‘soft mode’’ connecting the
(2S"1)-fold degenerate ground state that persists in the N
→- limit.
The low-frequency hump ! low! (#) evolves towards a nar-

rowing feature at #!0 that becomes a % function in the
thermodynamic limit. In fact, the spectral weight of this part
contributes together with K to the Edwards-Anderson order
parameter q. To elucidate the origin of this hump, we looked
carefully to the structure of the ground state wave function
for realizations of disorder that yielded spectral weight in the

FIG. 3. The spectral function ! loc! (#) for systems of 8, 10, 12,
14, and 16 spins "bottom to top$. The thick line indicates the re-
sponse due to incoherent excitations given in Eq. "7$, with S!1/2.
The constant C!0.175 is set to fit the numerical data.
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Spin-glass order parameter:

q = lim
t!1

D
~Si(t)~Si(0)

E
.

Exact diagonalization results for �00
loc(!)

Analytic continuation of

�loc(i!n) =

Z �

0
d⌧ei!n⌧

D
~Si(⌧)~Si(0)

E
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H =
1p
N

NX

i<j=1

Jij
~Si · ~Sj

Numerical studies show spin-glass order!
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Random J model (insulator)

↵ =", #, ~Si =
1

2
f†
i↵~�↵�fi� ,

X

↵

f†
i↵fi↵ = 1

Jij random, Jij = 0, J2
ij = J2
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↵ =", #, ~Si =
1

2
b†i↵~�↵�bi� ,

X

↵

b†i↵bi↵ = 1

Jij random, Jij = 0, J2
ij = J2
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Random J model (insulator)



Z =

Z
D~S(⌧)�(~S2 � 1)e�SB�SJ

SB =
i

2

Z 1

0
du

Z
d⌧ ~S ·

 
@~S

@⌧
⇥ @~S

@u

!

SJ = �J2

2

Z
d⌧d⌧ 0Q(⌧ � ⌧ 0)~S(⌧) · ~S(⌧ 0) .

From this action we compute

Q(⌧ � ⌧ 0) =
1

3

D
~S(⌧) · ~S(⌧ 0)

E

Z

and then impose the self-consistency condition

Q(⌧) = Q(⌧).
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⌧
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Random J model (insulator)



Z =

Z
D~S(⌧)�(~S2 � 1)e�SB�SJ

SB =
i

2

Z 1

0
du

Z
d⌧ ~S ·

 
@~S

@⌧
⇥ @~S

@u

!

SJ = �J2

2

Z
d⌧d⌧ 0Q(⌧ � ⌧ 0)~S(⌧) · ~S(⌧ 0) .

From this action we compute

Q(⌧ � ⌧ 0) =
1

3

D
~S(⌧) · ~S(⌧ 0)

E

Z

and then impose the self-consistency condition

Q(⌧) = Q(⌧).
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Random J model (insulator)



Express the spin operator in terms of fermions ~S = (1/2)f†
↵~�↵�f� ,

and let ↵ = 1 . . .M . The fermions obey the constraint

MX

↵=1

f†
↵f↵ =

M

2

In the large M limit we obtain for the fermion Green’s func-
tion G and self energy ⌃ (same as the SYK equations)
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G(i!) =
1

i! � ⌃(i!)
, ⌃(⌧) = �J2G2(⌧)G(�⌧)
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Random J model (insulator):RG
We assume a power-law decay

Q(⌧) ⇠ �
2

|⌧ |↵ .

Ignore the self-consistency condition for now. We decouple

the ~S(⌧)·~S(0) interaction by introducing a bosonic (�a, a =

1 . . . 3) bath. Then the problem reduces to the Hamiltonian

Himp = �Sa �a(0) +
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a + (@x�a)
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where ⇡a is canonically conjugate to the field �a, and

�a(0) ⌘ �a(x = 0). We identify Q(⌧) with temporal cor-

relator of �a(0), and then we need ↵ = d� 1.
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For details: 
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and Whitsitt,  

Sec. III 

RG flow
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• The �-function of � can by computed order-by-order in ✏ = 2� ↵
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• There is an attractive fixed point at � = �⇤ = O(
p
✏).

• Because of the quantized Berry phase (Wess-Zumino-Witten) term,
the renormalization of the coupling � is given only by the wavefunc-
tion renormalization. We can then prove that at this fixed point
Q(⌧) ⇠ 1/|⌧ |2�↵ to all orders in ✏.

• The self-consistency condition therefore yields
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.

to all orders in ✏.
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Random t-J-UH model
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†
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†
i↵ci↵, tij , Jij random, U > 0

Solve as N ! 1: numerical, large M (SU(2)!SU(M)), ✏ expansions.
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The local action (2) still presents a strongly correlated
problem. SY [23] made further progress on the random
Heisenberg model by extending the spin symmetry to
SU(M) and taking the M ! 1 limit, which allows for
an analytical calculation of the spin-spin correlator of (2)
and reduces the self-consistent problem to a non-linear in-
tegral equation. This was extended to itinerant fermions
within the t-Jij model by Parcollet and Georges (PG)
[24], who obtained a FL regime of the doped model at
low-T , and a quantum critical regime associated with the
proximity of the spin-liquid Mott insulator characterized
by a

p
!,

p
T self-energy but, remarkably, ‘bad metal’ be-

haviour with linear resistivity. Recently, fermionic ver-
sions of the random coupling problem, the so-called SYK
models [36, 37], garnered much interest with again a solv-
able limit for a large number of flavors M ! 1. Recent
works [38–42] extended the mechanism of PG [24] for
linear-T resistivity to a lattice of SYK ‘quantum dots’
with hopping. Interestingly, when SYK dots are coupled
to another band of otherwise free and translationally in-
variant (uniform hopping) fermions, not only does the
T -linear resistivity extend down to zero temperature but
the mechanism switches to that driven by the MFL T -
linear scattering rate [43, 44].

For the physical limit of a single flavor of spin-1/2
fermions that is of our interest, the self-consistency equa-
tions above require computing two- and four-point cor-
relators in the local model with SU(2) symmetry. We
use an implementation [45] of Rubtsov’s continuous-
time interaction-expansion quantum Monte Carlo (CT-
INT) [46] algorithm which is based on the TRIQS li-
brary [47]. The algorithm works in imaginary time, so
we will discuss most of our results directly on the imag-
inary axis without analytic continuation, except in the
discussion of transport. Our implementation determines
the local spin-spin correlator from the impurity three-
point vertex function rather than through an operator
insertion measurement. This algorithmic improvement
allows for a drastic speed-up of the calculations [45].

Let us first consider the long time spin dynamics. In
Fig. 2, we display the local spin-spin correlation func-
tion Q(⌧) at a fixed low temperature T/t = 0.01, for
various t/U approaching the QCP at (t/U)c ⇡ 0.31
from the FL limit cutting the phase diagram Fig. 1
along the horizontal axis. In the inset, we also dis-
play how Q(⌧) varies upon raising temperatures for fixed
t/U = 0.357 making a vertical cut in the phase diagram
slightly away from the QCP. Since we work in the Mat-
subara formalism, a zero temperature long time asymp-
totic form Q(t) ⇠ 1/t↵ transforms into a scaling function
Q(⌧) ⇠ (1/� sin(⇡⌧/�))↵ and the data should be exam-
ined near ⌧ = �/2. Away from the critical point, for
t/U = 1.0, we obtain the FL behaviour at long time
Q(t) ⇠ 1/t2 (↵ = 2). The closer one gets to the critical
point, the longer it takes to reach this asymptotic regime,
reflecting the decrease of the FL coherence scale close to

FIG. 2. Main: Spin susceptibility log[Q(⌧)/Q(�/2)] vs ⌧/�
for J/t = 0.5 and T/t = 0.01, across several t/U . Grey curves
show (1/ sin⇡⌧/�)↵ with ↵ = 1 (solid) and ↵ = 2 (dashed).
Color scheme follows the blue (FL) and red (QSL) gradi-
ent of Fig. 1. Inset: Spin susceptibility log[Q(⌧)/Q(�/2)]
vs � log[sin(⇡⌧/�)], for J/t = 0.5 and t/U = 0.357, across
a range of T , demonstrating scaling behavior of Q(⌧) near
⌧ = �/2. Grey curves show ↵ = 1, 2 (solid, dashed).

the critical point. Once in the quantum critical regime,
for t/U = (t/U)c ⇡ 0.31, the long time spin dynamics
crosses over to Q(t) ⇠ 1/t (↵ = 1), which is the same
power law as in the SY M = 1 model. The QSL to
FL crossover is also visible in the temperature cut shown
in the inset, where we observe the crossover from 1/t
within the quantum critical fan above the Fermi liquid
coherence temperature to 1/t2 at low-temperatures. The
phase classification at each point in Fig. 1 follows the
above criterion to identify the FL regime and the QSL
regime.
These results establish that our SU(2) t-U -J model

has, in the quantum critical regime, the same QSL lo-
cal spin dynamics (↵ = 1) as the SY model in the
M = 1 limit. Renormalisation group (RG) methods
should prove useful in establishing analytically our nu-
merical findings for SU(2). For simplified versions of
the e↵ective action (2), e.g. involving only localized
spins [48], RG methods have indeed established [48–58],
that the Q(t) ⇠ 1/t spin liquid behaviour is the only one
consistent with the self-consistency condition (3). This
was recently extended to the QCP obtained by doping
the U = 1 model [59].
Let us now consider the one particle properties, en-

coded by the self-energy ⌃. In the FL regime for
(t/U)c ⌧ (t/U), the self-energy has the low energy
expansion[60] :

Im⌃(i!n, T ) ⇡

✓
1�

1

Z

◆
!n+

!2
n � (⇡T )2

E
+O(!3

n) (5)

In the small hopping limit (t/U) ⌧ (t/U)c, ⌃ diverges at
low frequencies as 1/!n, indicating a transition into an

4

FIG. 3. (a) Imaginary part of the self-energy at the first
Matsubara point �Im⌃(i!0 = i⇡T ) vs temperature T , for a
range of t/U . Solid grey lines stand for the FL prediction of
Im⌃(i!0) / T from the lowest temperature. Arrows indicate
the Fermi-liquid coherence temperature T ⇤ for each value of
t/U . The solution at t/U = 1.0 remains in the Fermi-liquid
regime over the entire range of temperature considered. (b)
Quasi-particle residue Z and coherence scale E as obtained
by fitting (5) to the self-energy data, ordering criterion for
the SG phase 1 � J�, and the energy scale determined from
scaling plot (!⇤)2, vs t/U . Inset : logE vs logZ2 illustrating
a dependency E / Z2 close to the QCP. Grey line with slope
1 is plotted to guide the eye.

insulating phase (see Supporting Information C). We ex-
amine the crossover from the FL to the quantum critical
regime in several ways. First, a direct consequence of (5)
is that the self-energy at the first Matsubara frequency
is linear in temperature with vanishing quadratic correc-
tions [61]: Im⌃(i!0 = i⇡T ) = (1 � 1/Z)⇡T + O(T 3).
Deviation from linearity in T at a temperature T ⇤ sig-
nals the FL coherence scale, and hence the crossover to
the quantum critical regime. This is illustrated on Fig.
3a : when t/U approaches (t/U)c, the self-energy in-
creases and T ⇤ (indicated by arrows on the figure) de-
creases. More precisely, we extract the quasi-particle
residue Z and the coherence scale E by fitting the func-
tional form (5) to the low-energy data using weighted
least squares. Fig. 3b shows that Z and E vanishes at the
QCP. The susceptibility to SG order is given by [34, 35]

FIG. 4. (a) Imaginary part of self-energy with the scat-
tering rate subtracted � (Im⌃(i!n)� Im⌃(0)) vs the scaled
frequency !/!⇤ for various values of U near the QCP at
T/t = 0.01, demonstrating the collapse onto the universal
scaling function f(!/!⇤) (grey solid curve). Color scheme
follows the legend of (b). Inset: Imaginary part of self-energy
�Im⌃(i!n) vs Matsubara frequencies !n at the QCP t/U =
0.312 and lowest accessible temperature T/t = 0.01. Also
shown are low-frequency fits of self-energy to the MFL form
c+ a!n log!n/b (orange) and the SYK form c+ a

p
!n + b!n

(green). (b) Scattering rate �Im⌃(0) vs temperature T/t at
various values of t/U near the QCP. At the QCP (t/U =
0.312, green), the scattering rate is T -linear (linear fit in
grey), in contrast to the quadratic behavior in the FL regime
(blue). (c) Resistivity ⇢DC/⇢0 vs temperature T/t at the
QCP, computed with the analytically continued Green’s func-
tion. The unit of resistivity is the MIR value ⇢0 = ~/e2�(0),
where � is the transport function. (d) Imaginary part of
self-energy at fixed, interpolated values of Matsubara fre-
quency �Im⌃(i! = fixed, T ) vs temperature T/t at the QCP
t/U = 0.312, for various fixed values of frequency.

�sg / �2/(1 � J2�2) with � the local susceptibility. As
shown in Fig. 3, we find that 1 � J� also vanishes close
to the QCP, indicating the boundary of the SG phase.
Within our numerical accuracy, we cannot however ex-
clude that 1�J� vanishes at a slightly larger value of t/U
than E, possibly indicating a small intervening region of
metallic SG [59].
In order to analyse the quantum critical point, we at-

tempt to scale the self-energy for t/U close to (t/U)c, for
our lowest temperature T/t = 0.01, with an ansatz of the
form

Im⌃(i!n) ⇡ Im⌃(0) + f
⇣!n

!⇤

⌘
(6)

which applies for !n and !⇤ smaller than the high-energy
cuto↵ J , but !n/!⇤ otherwise arbitrary. We determine
numerically Im⌃(0), !⇤ and the scaling function f by
requesting that optimal data collapse is obtained, using
a minimisation procedure. We obtain a remarkable col-
lapse of the data, presented in Fig. 4a, with !⇤ presented
in Fig. 3b.
For ! < !⇤, the ansatz (6) has to reproduce (5), which

Resisitivity ⇢ ⇠ T to the lowest T
at the critical point

in a large-dimension model
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We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):
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The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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and finally impose the self-consistency conditions

R(⌧) = R(⌧) , Q(⌧) = Q(⌧).

<latexit sha1_base64="NRMrtai9/4QZiwEE2kSje8Xw7Wk="></latexit>

Random t-J model (metal)

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  
A. Georges, S. Sachdev, 
PRX 10, 021033 (2020)



SU(2|1) theory
<latexit sha1_base64="w9dUb6nQ8Lr+9a1+t+J8DfkPyNE=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwbm3C+dQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKWSaw==</latexit>

Z =

Z
Db↵(⌧)Df(⌧)D�(⌧)e�SB�StJ

SB =

Z
d⌧


b†↵(⌧)

✓
@

@⌧
+ i�

◆
b↵(⌧) + f†(⌧)

✓
@

@⌧
+ i�

◆
f(⌧)� i�

�

StJ =

Z
d⌧ s0b

†
↵(⌧)b↵(⌧) + t2

Z
d⌧d⌧ 0R(⌧ � ⌧ 0)c†↵(⌧)c↵(⌧

0)

� J2

2

Z
d⌧d⌧ 0Q(⌧ � ⌧ 0)~S(⌧) · ~S(⌧ 0) .

From this action we determined the correlators

R(⌧ � ⌧ 0) = �
⌦
c↵(⌧)c

†
↵(⌧

0)
↵
Z

Q(⌧ � ⌧ 0) =
1

3

D
~S(⌧) · ~S(⌧ 0)

E

Z

and finally impose the self-consistency conditions

R(⌧) = R(⌧) , Q(⌧) = Q(⌧).

<latexit sha1_base64="8SBPMWU8Vy5lD+JlEB6SVG/O/kg="></latexit>

Random t-J model (metal)

D. Joshi, Chenyuan Li,  
G. Tarnopolsky,  
A. Georges, S. Sachdev, 
PRX 10, 021033 (2020)



Random t-J model (metal):RG

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)

• The RG analysis is very similar to that for the J model, except that the
SU(2) spin is replaced by a SU(1|2) ⇠= SU(2|1) superspin.

• One crucial di↵erence is that there is now a ‘Zeeman’ field s0 in superspin
space which breaks the degeneracy between spinon and holon states. This
becomes the single relevant perturbation at a critical fixed point where
s0 = 0 at leading order i.e. the 3 states on each site are nearly degenerate
at the critical point.

• The Wess-Zumino-Witten term in superspace now ensures the exact ex-
ponents at the fixed point

D
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E
⇠ 1

|⌧ | ,
⌦
c↵(⌧)c

†
↵(0)

↵
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⌧
.

• These exponents do not have a quasiparticle interpretation. However,
they can be understood (in a large M limit of a model with SU(M)
symmetry) by fractionalization of the electron into a spinon and holon,
each of which decay as 1/

p
⌧ .
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t, J couplings



Random t-J model (metal):RG

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)

• The RG analysis is very similar to that for the J model, except that the
SU(2) spin is replaced by a SU(1|2) ⇠= SU(2|1) superspin.

• One crucial di↵erence is that there is now a ‘Zeeman’ field s0 in superspin
space which breaks the degeneracy between spinon and holon states. This
becomes the single relevant perturbation at a critical fixed point where
s0 = 0 at leading order i.e. the 3 states on each site are nearly degenerate
at the critical point.

• The Wess-Zumino-Witten term in superspace now ensures the exact ex-
ponents at the fixed point
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• These exponents do not have a quasiparticle interpretation. However,
they can be understood (in a large M limit of a model with SU(M)
symmetry) by fractionalization of the electron into a spinon and holon,
each of which decay as 1/

p
⌧ .
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t-J phase diagram: RG using either SU(2|1) or SU(1|2)
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Summary: Presented a series of increasingly realistic  
(partly) solvable random models of correlated metals

1. Electrons hopping on a randommatrix: single-particle
chaos with well-defined quasiparticles. Local electron
Green’s function G(⌧) ⇠ 1/⌧ .

2. SYK island of interacting electrons: many-particle
chaos, no quasiparticles, and G(⌧) ⇠ sgn(⌧)/

p
⌧ . Lo-

cal spin correlation �(⌧) = h~S(⌧) · ~S(0)i ⇠ 1/|⌧ |.

3. Coupled SYK islands: yield a “bad metal” with linear-
in-T resistivity in the intermediate temperature regime
t2/U < T < U , where U is the random SYK interac-
tion strength.

4. No ‘Mottness’ in SYK-island models.
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1. Electrons hopping on a random matrix: single-particle chaos
with well-defined quasiparticles. Local electron Green’s func-
tion G(⌧) ⇠ 1/⌧ .

2. SYK island of interacting electrons: many-particle chaos, no
quasiparticles, and G(⌧) ⇠ sgn(⌧)/

p
⌧ . Local spin correlation

�(⌧) = h~S(⌧) · ~S(0)i ⇠ 1/|⌧ |.

3. Coupling SYK islands: yield a “bad metal” with linear-in-
T resistivity in the intermediate temperature regime t2/U <
T < U , where U is the random SYK interaction strength.

4. No ‘Mottness’ in SYK-island models.

5. Random SU(M) magnets: spin glass ground state for small
M , spin liquid ground state for large M with �(⌧) ⇠ 1/|⌧ |.

6. Random t-J model: transition at a doping density p with
many attractive features:

• Critical correlations G(⌧) ⇠ 1/⌧ and �(⌧) ⇠ 1/|⌧ |.
• Can be interpreted in terms of fractionalization with

spinon and holon correlators ⇠ 1/
p
⌧ (deconfined criti-

cality).

• Linear-in-T resistivity down to T = 0 at the critical
point from the time reparameterization soft mode.

• Carrier density p for p < pc, and 1 + p for p > pc.
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⌧ (deconfined criti-

cality).

• Linear-in-T resistivity down to T = 0 at the critical
point from the time reparameterization soft mode.

• Carrier density p for p < pc, and 1 + p for p > pc.
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Summary: Presented a series of increasingly realistic  
(partly) solvable random models of correlated metals


