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FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018 MATBG: Jaoui et al. 2021
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Properties of a strange metal:

• Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.

• Specific heat ⇠ T ln(1/T ) as T ! 0.

• Optical conductivity
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• Photoemission: nearly “marginal Fermi liquid” electron spectral density:
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(Tc ¼ 96K; H.E. et al., manuscript in preparation). In order to
facilitate comparison with earlier publications8–10 we also present 1/
t(q) for a number of temperatures, adopting qp=2pc¼
19;364cm21 for the plasma frequency (where c is the velocity of
light). The scattering rate 1/t(q) increases approximately linearly as
a function of frequency, and when the temperature T is increased,
the 1/t(q) curves are shifted vertically proportional toT. The notion
that 1=tðq;TÞ, qþT in the copper oxides forms one of the centre
pieces of the marginal Fermi liquid model1,11, and it has been shown
to be approximately correct in a large number of experimental
papers8–10. This phenomenology stresses the importance of tem-
perature as the (only) relevant energy scale near optimal doping,
which has motivated the idea that optimally doped copper oxides
are close to a quantum critical point1. As can be seen in Fig. 1, 1/t(q)
has a negative curvature in the entire infrared region for all
temperatures, and it saturates at around 5,000 cm21. Although
this departure from linearity may seem to be a minor detail, we
will see that it is a direct consequence of the quantum critical scaling
of the optical conductivity.
If a quantum phase transition indeed occurs at optimal doping

x ¼ xc , then threemajor frequency regimes of qualitatively different
behaviour are expected2: (1) q , T; (2) T , q , Q; (3) Q , q. As
we now report, we find direct indications of these regimes in our
optical conductivity data.
Region 1 (q , T) corresponds to measurement times long

compared to the compactification radius of the imaginary time,
LT ¼ !h=kBT (see Methods). Some ramifications have already been
discussed above. In addition, Sachdev2 showed that in this regime
the system exhibits a classical relaxational dynamics characterized
by a relaxation time tr ¼ ALT (A is a numerical prefactor of order 1),
reflecting that temperature is the only scale in the system. For
the low frequency regime we expect a Drude form j1ðqÞ ¼
ð4pÞ21q2

prtr=ð1þq2t2r Þ; where qpr is the plasma frequency. Then
Tj1(q,T) becomes a universal function of q/T, at least up to a
number of order one:

!h

kBTj1ðq;TÞ
¼ 4p

Aq2
pr
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kBT

! "2
 !

ð1Þ

In the inset of Fig. 2 we display !h=ðkBTj1Þ as a function of u¼

!hq=kBT: Clearly the data follow the expected universal behaviour
for u , 1.5, with A ¼ 0.77. The experimental data are in this regard
astonishingly consistent with Sachdev’s predictions, including
A < 1. From the fitted prefactor we obtain q pr /
2pc ¼ 9,597 cm21. Above we have already determined the total
spectral weight of the free carrier response, (q p/
2pc)2 ¼ 19,3642 cm22. Hence the classical relaxational response
contributes 25% of the free carrier spectral weight. These numbers
agree with the results and analysis of Quijada et al.8. This spectral
weight collapses into the condensate peak at q ¼ 0 when the
material becomes superconducting8. In Fig. 2 we also display the
scaling function proposed by Prelovsek12, j1ðqÞ ¼ Cð12
expð2!hq=kBTÞÞ=q: The linear frequency dependence of this for-
mula for !hq=kBT ,, 1 is clearly absent from the experimental data.
The universal dependence of Tj1(q,T) on q/T also contradicts the
“cold spot model”13, where Tj1(q,T) has a universal dependence on
q/T2.

In region 2 (T , q , Q) we can probe directly the scale invar-
iance of the quantum critical state. Let us now introduce the scaling
relation along the time axis, as follows from elementary considera-
tion. The euclidean (that is, imaginary time) correlator has to be
known in minute detail in order to enable the analytical continu-
ation to real (experimental) time. However, in the critical state
invariance under scale transformations fixes the functional form of
the correlation function completely: It has to be an algebraic
function of imaginary time. Hence, it is also an algebraic function
of Matsubara frequency qn ¼ 2pn/LT, and the analytical continu-
ation is unproblematic: (1) Scale invariance implies that j1(q) and
j2(q) have to be algebraic functions of q, (2) causality forces the
exponent to be the same for j1(q) and j2(q), and (3) time reversal

 

           

Figure 2 Temperature/frequency scaling behaviour of the real part of the optical
conductivity of Bi2Sr2Ca0.92Y0.08Cu2O8þd. The sample is the same as in Fig. 1. In a, the
data are plotted as ðq=q0Þ0:5j1ðq;T ÞÞ: The collapse of all curves on a single curve for
!hq/k BT . 3 demonstrates that in this q/T-region the conductivity obeys j1ðq;T Þ ¼
q20:5 gðq=T Þ ¼ T20:5hðq=T Þ: Note that g(u) ¼ u 0.5h(u). In b, the data are presented
as !h/(k BTj 1(q,T )), demonstrating that for !hq/k BT , 1.5 the conductivity obeys

j 1(q,T ) ¼ T 21f (q/T ).

 

Figure 3 Universal power law of the optical conductivity and the phase angle spectra of

optimally doped Bi2Sr2Ca0.92Y0.08Cu2O8þd. The sample is the same as in Fig. 1. In a, the
phase function of the optical conductivity, Arg(j(q)) is presented. In b, the absolute value
of the optical conductivity is plotted on a double logarithmic scale. The open symbols

correspond to the power law jj(q)j ¼ Cq 20.65.
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Quantum criticality is associated with a system composed of
a nearly infinite number of interacting quantum degrees of
freedom at zero temperature, and it implies that the system
looks on average the same regardless of the time- and length scale
on which it is observed. Electrons on the atomic scale do not
exhibit such symmetry, which can only be generated as a
collective phenomenon through the interactions between a

large number of electrons. In materials with strong electron
correlations a quantum phase transition at zero temperature can
occur, and a quantum critical state has been predicted1,2, which
manifests itself through universal power-law behaviours of
the response functions. Candidates have been found both in
heavy-fermion systems3 and in the high-transition temperature
(high-Tc) copper oxide superconductors

4, but the reality and the
physical nature of such a phase transition are still debated5–7.
Here we report a universal behaviour that is characteristic of the
quantum critical region.We demonstrate that the experimentally
measured phase angle agrees precisely with the exponent of the
optical conductivity. This points towards a quantum phase
transition of an unconventional kind in the high-Tc

superconductors.
In the quantum theory of collective fields one anticipates order at

small coupling constant, and for increasing coupling one expects at
some point a phase transition to a quantum-disordered state.
Quantum criticality in the copper oxides, if it exists, occurs as a
function of charge carrier doping x, at a particular doping level xc
close to where the superconducting phase transition temperature
reaches its maximum value. When this phase transition is continu-
ous, a critical state is realized right at the transition, which is
characterized by scale invariance resulting in the above-mentioned
power-law response up to some (non-universal) high-energy cut-
off Q.
The optical conductivity, jðqÞ ¼ j1ðqÞ þ ij2ðqÞ; is the absorptive

(j1) and reactive (j2) current response to a time-varying external
electrical field of frequency q, and is usually expressed as the
correlation function of the currents j(t1) and j(t2) at times t1
and t2, which is xjjðt1;t2Þ ¼ kjðt1Þ; jðt2Þl; by the Kubo formula. In
Fig. 1 we present the experimental optical conductivity function
j1(q) of an optimally doped Bi2Sr2Ca0.92Y0.08Cu2O8þd single crystal

 

 

 

Figure 1 Optical properties along the copper-oxygen planes of Bi2Sr2Ca0.92Y0.08Cu2O8þd

for a selected number of temperatures. a, Optical conductivity and b, the frequency
dependent scattering rate defined as 1=tðqÞ ¼ Re{q2

p=4pjðqÞ} (see Methods). The
relatively high transition temperature (T c ¼ 96 K) of this crystal compared to previous

reports on Bi-2212 is caused by the partial substitution of yttrium on the calcium sites.
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Planckian Behavior of Cuprate Superconductors: Reconciling the Scaling of Optical Conductivity
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Materials tuned to a quantum critical point display universal scaling properties as a function of temperature )
and frequency l. A long-standing puzzle in the quantum critical behavior of cuprate superconductors has been
the observed power-law dependence of optical conductivity with an exponent smaller than one, to be contrasted
with the )-linear dependence of the resistivity and the l-linear dependence of the optical scattering rate. Here,
we address this question by presenting and analyzing resistivity and optical spectroscopy measurements on
La2�GSrGCuO4 with G = 0.24. We show that the data display \l/:B) scaling over a wide range of frequency
and temperature, as well as )-linear resistivity and a ⇠ ln) enhancement of the optical e�ective mass. The latter
corroborates the logarithmic enhancement of the specific heat coe�cient previously reported for this compound.
We show that a simple ) ,l-linear scaling Ansatz for the inelastic scattering rate leads to an excellent theoretical
description of the experimental data. We provide a solution to the aforementioned puzzle by showing that the
optical spectra obey an apparent power-law behavior over an intermediate range of frequencies, with an e�ective
exponent depending continuously on the inelastic scattering rate. This theoretical framework yields a unified
description of the optical spectra, resistivity and specific heat, which provides new opportunities for understanding
the unique properties of quantum critical matter.

I. INTRODUCTION

The linear-in-temperature electrical resistivity is one of
the remarkable properties of the cuprate high temperature
superconductors [1–4]. By means of chemical doping it is
possible to tune these materials to a carrier concentration
where d()) = d0 + �) in a broad temperature range. For
Bi2+GSr2�HCuO6±X , it has been possible to demonstrate this
from 7 to 700 K [5] by virtue of the low )2 of this material. For
the underdoped cuprates the linear-in-) resistivity is ubiquitous
for temperatures ) > )

⇤, where )
⇤ is a doping-dependent

cross-over temperature that decreases as a function of doping
and vanishes at a critical doping ?

⇤. From one cuprate family
to another the exact value of ?⇤ varies widely within the range
0.19 < ?

⇤
< 0.40 [6–10]. For doping levels ? < ?

⇤, many of
the physical properties indicate the presence of a pseudogap that
vanishes at ?⇤ [11, 12]. When ? is tuned exactly to ?

⇤, the )-
linear resistivity persists down to ) = 0 K if superconductivity
is suppressed e.g. by applying a magnetic field [13–15]. The
conundrum of the )-linear resistivity has been associated to
the idea that dissipation can not exceed the “Planckian” limit
:B)/\ [16–19], for which there is now strong experimental
support [20, 21].

As expected for a system tuned to a quantum critical point
[22], \l/:B) scaling has been observed in the optical proper-
ties of high-)2 cuprates [23, 24] over some range of doping. The

optical scattering rate obtained from an extended Drude fit to
the data was found to obey a )-linear dependence 1/g ⇠ :B)/\
in the low-frequency regime (\l . 1.5:B)) as well as a lin-
ear dependence on energy over an extended frequency range
[24–29]. This observation is qualitatively consistent with the
)-linear dependence of the resistivity and ‘Planckian’ behavior.
In contrast, by analyzing the modulus and phase of the optical
conductivity itself, a power-law behavior f(l) = ⇠/(�8l)a⇤
with an exponent a⇤ < 1 was reported at higher frequencies
\l & 1.5:B) [23, 24, 28–31]. The exponent was found to
be in the range a

⇤ ⇡ 0.65 with some dependence on sample
and doping level [23, 26, 28, 29]. Hence, from these previous
analyses, it would appear that di�erent power laws are needed
to describe optical spectroscopy data: one at low frequency
consistent with \l/:B) scaling and Planckian behavior (a = 1)
and another one with a

⇤
< 1 at higher frequency, most apparent

on the optical conductivity itself in contrast to 1/g. Despite
a number of theoretical attempts to account for a power-law
dependence of the conductivity [32–41], this puzzle has not
been resolved to this day, to the best of our knowledge.

Here we present systematic measurements of the optical
spectra, as well as dc resistivity, of a La2�GSrGCuO4 (LSCO)
sample with G = ? = 0.24 close to the pseudogap critical point,
over a broad range of temperature and frequency. We demon-
strate that the data display Planckian quantum critical scaling
over an unprecedented range of \l/:B) . Furthermore, a direct
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Materials tuned to a quantum critical point display universal scaling properties as a function of temperature )
and frequency l. A long-standing puzzle in the quantum critical behavior of cuprate superconductors has been
the observed power-law dependence of optical conductivity with an exponent smaller than one, to be contrasted
with the )-linear dependence of the resistivity and the l-linear dependence of the optical scattering rate. Here,
we address this question by presenting and analyzing resistivity and optical spectroscopy measurements on
La2�GSrGCuO4 with G = 0.24. We show that the data display \l/:B) scaling over a wide range of frequency
and temperature, as well as )-linear resistivity and a ⇠ ln) enhancement of the optical e�ective mass. The latter
corroborates the logarithmic enhancement of the specific heat coe�cient previously reported for this compound.
We show that a simple ) ,l-linear scaling Ansatz for the inelastic scattering rate leads to an excellent theoretical
description of the experimental data. We provide a solution to the aforementioned puzzle by showing that the
optical spectra obey an apparent power-law behavior over an intermediate range of frequencies, with an e�ective
exponent depending continuously on the inelastic scattering rate. This theoretical framework yields a unified
description of the optical spectra, resistivity and specific heat, which provides new opportunities for understanding
the unique properties of quantum critical matter.

I. INTRODUCTION

The linear-in-temperature electrical resistivity is one of
the remarkable properties of the cuprate high temperature
superconductors [1–4]. By means of chemical doping it is
possible to tune these materials to a carrier concentration
where d()) = d0 + �) in a broad temperature range. For
Bi2+GSr2�HCuO6±X , it has been possible to demonstrate this
from 7 to 700 K [5] by virtue of the low )2 of this material. For
the underdoped cuprates the linear-in-) resistivity is ubiquitous
for temperatures ) > )

⇤, where )
⇤ is a doping-dependent

cross-over temperature that decreases as a function of doping
and vanishes at a critical doping ?

⇤. From one cuprate family
to another the exact value of ?⇤ varies widely within the range
0.19 < ?

⇤
< 0.40 [6–10]. For doping levels ? < ?

⇤, many of
the physical properties indicate the presence of a pseudogap that
vanishes at ?⇤ [11, 12]. When ? is tuned exactly to ?

⇤, the )-
linear resistivity persists down to ) = 0 K if superconductivity
is suppressed e.g. by applying a magnetic field [13–15]. The
conundrum of the )-linear resistivity has been associated to
the idea that dissipation can not exceed the “Planckian” limit
:B)/\ [16–19], for which there is now strong experimental
support [20, 21].

As expected for a system tuned to a quantum critical point
[22], \l/:B) scaling has been observed in the optical proper-
ties of high-)2 cuprates [23, 24] over some range of doping. The

optical scattering rate obtained from an extended Drude fit to
the data was found to obey a )-linear dependence 1/g ⇠ :B)/\
in the low-frequency regime (\l . 1.5:B)) as well as a lin-
ear dependence on energy over an extended frequency range
[24–29]. This observation is qualitatively consistent with the
)-linear dependence of the resistivity and ‘Planckian’ behavior.
In contrast, by analyzing the modulus and phase of the optical
conductivity itself, a power-law behavior f(l) = ⇠/(�8l)a⇤
with an exponent a⇤ < 1 was reported at higher frequencies
\l & 1.5:B) [23, 24, 28–31]. The exponent was found to
be in the range a

⇤ ⇡ 0.65 with some dependence on sample
and doping level [23, 26, 28, 29]. Hence, from these previous
analyses, it would appear that di�erent power laws are needed
to describe optical spectroscopy data: one at low frequency
consistent with \l/:B) scaling and Planckian behavior (a = 1)
and another one with a

⇤
< 1 at higher frequency, most apparent

on the optical conductivity itself in contrast to 1/g. Despite
a number of theoretical attempts to account for a power-law
dependence of the conductivity [32–41], this puzzle has not
been resolved to this day, to the best of our knowledge.

Here we present systematic measurements of the optical
spectra, as well as dc resistivity, of a La2�GSrGCuO4 (LSCO)
sample with G = ? = 0.24 close to the pseudogap critical point,
over a broad range of temperature and frequency. We demon-
strate that the data display Planckian quantum critical scaling
over an unprecedented range of \l/:B) . Furthermore, a direct
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Materials tuned to a quantum critical point display universal scaling properties as a function of temperature )
and frequency l. A long-standing puzzle in the quantum critical behavior of cuprate superconductors has been
the observed power-law dependence of optical conductivity with an exponent smaller than one, to be contrasted
with the )-linear dependence of the resistivity and the l-linear dependence of the optical scattering rate. Here,
we address this question by presenting and analyzing resistivity and optical spectroscopy measurements on
La2�GSrGCuO4 with G = 0.24. We show that the data display \l/:B) scaling over a wide range of frequency
and temperature, as well as )-linear resistivity and a ⇠ ln) enhancement of the optical e�ective mass. The latter
corroborates the logarithmic enhancement of the specific heat coe�cient previously reported for this compound.
We show that a simple ) ,l-linear scaling Ansatz for the inelastic scattering rate leads to an excellent theoretical
description of the experimental data. We provide a solution to the aforementioned puzzle by showing that the
optical spectra obey an apparent power-law behavior over an intermediate range of frequencies, with an e�ective
exponent depending continuously on the inelastic scattering rate. This theoretical framework yields a unified
description of the optical spectra, resistivity and specific heat, which provides new opportunities for understanding
the unique properties of quantum critical matter.

I. INTRODUCTION

The linear-in-temperature electrical resistivity is one of
the remarkable properties of the cuprate high temperature
superconductors [1–4]. By means of chemical doping it is
possible to tune these materials to a carrier concentration
where d()) = d0 + �) in a broad temperature range. For
Bi2+GSr2�HCuO6±X , it has been possible to demonstrate this
from 7 to 700 K [5] by virtue of the low )2 of this material. For
the underdoped cuprates the linear-in-) resistivity is ubiquitous
for temperatures ) > )

⇤, where )
⇤ is a doping-dependent

cross-over temperature that decreases as a function of doping
and vanishes at a critical doping ?

⇤. From one cuprate family
to another the exact value of ?⇤ varies widely within the range
0.19 < ?

⇤
< 0.40 [6–10]. For doping levels ? < ?

⇤, many of
the physical properties indicate the presence of a pseudogap that
vanishes at ?⇤ [11, 12]. When ? is tuned exactly to ?

⇤, the )-
linear resistivity persists down to ) = 0 K if superconductivity
is suppressed e.g. by applying a magnetic field [13–15]. The
conundrum of the )-linear resistivity has been associated to
the idea that dissipation can not exceed the “Planckian” limit
:B)/\ [16–19], for which there is now strong experimental
support [20, 21].

As expected for a system tuned to a quantum critical point
[22], \l/:B) scaling has been observed in the optical proper-
ties of high-)2 cuprates [23, 24] over some range of doping. The

optical scattering rate obtained from an extended Drude fit to
the data was found to obey a )-linear dependence 1/g ⇠ :B)/\
in the low-frequency regime (\l . 1.5:B)) as well as a lin-
ear dependence on energy over an extended frequency range
[24–29]. This observation is qualitatively consistent with the
)-linear dependence of the resistivity and ‘Planckian’ behavior.
In contrast, by analyzing the modulus and phase of the optical
conductivity itself, a power-law behavior f(l) = ⇠/(�8l)a⇤
with an exponent a⇤ < 1 was reported at higher frequencies
\l & 1.5:B) [23, 24, 28–31]. The exponent was found to
be in the range a

⇤ ⇡ 0.65 with some dependence on sample
and doping level [23, 26, 28, 29]. Hence, from these previous
analyses, it would appear that di�erent power laws are needed
to describe optical spectroscopy data: one at low frequency
consistent with \l/:B) scaling and Planckian behavior (a = 1)
and another one with a

⇤
< 1 at higher frequency, most apparent

on the optical conductivity itself in contrast to 1/g. Despite
a number of theoretical attempts to account for a power-law
dependence of the conductivity [32–41], this puzzle has not
been resolved to this day, to the best of our knowledge.

Here we present systematic measurements of the optical
spectra, as well as dc resistivity, of a La2�GSrGCuO4 (LSCO)
sample with G = ? = 0.24 close to the pseudogap critical point,
over a broad range of temperature and frequency. We demon-
strate that the data display Planckian quantum critical scaling
over an unprecedented range of \l/:B) . Furthermore, a direct
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FIG. 2. (a) Temperature-dependent resistivity measured in zero field
(black) and at 16 teslas (red). The inset emphasizes the linearity of the
16 T data at low temperature. The dashed line shows d0 + �) with
d0 = 12.2 `⌦ cm and � = 0.63 `⌦ cm/K. (b) Scattering rate divided
by temperature plotted versusl/) ; the collapse of the curves indicates
a behavior 1/g ⇠ ) 5g (l/)). (c) E�ective quasiparticle mass (in units
of the indicated band mass <) deduced from the low-temperature
electronic specific heat [42] [<⇤

Cp = (3/c) (\2
32/:2

B) (⇠/))] and
zero-frequency optical mass enhancement; the dashed lines indicate
ln) behavior. (d) Optical mass minus the zero-frequency mass shown
in (c) plotted versus l/) ; the collapse of the curves indicates a
behavior <⇤ (l) �<⇤ (0) ⇠ 5< (l/)). n1 = 2.76 was used here as in
Fig. 1.

<
⇤, we found that subtracting the dc value <⇤ (l = 0,)) is

crucial when attempting to collapse the data. Extrapolating
optical data to zero frequency is hampered by noise. Hence,
instead of attempting an extrapolation, we consider <⇤ (0,))
as adjustable values that we again tune such as to optimize the
collapse of the optical data. This analysis of <⇤/< confirms
that the best scaling collapse occurs for a ⇡ 1 but indicates a
larger n1 ⇡ 7 (Appendix A and Fig. 8). The determination of
n1 from the mass data depends sensitively on the frequency
range tested for scaling and drops to value below n1 = 3 when
focusing on lower frequencies. As a third step, we perform
a simultaneous optimization of the data collapse for 1/g and
<

⇤/<, which yields the values a = 1, n1 = 2.76 which we will
adopt throughout the following. Note that a determination of n1
by separation of the high-frequency modes in a Drude–Lorentz
representation of n (l) yields a larger value n1 = 4.5 ± 0.5, as
typically found in the cuprates [23, 31, 53]. Importantly, all
our conclusions hold if we use this latter value in the analysis,
however the quality of the scaling displayed in Figs. 2 and 5 is
slightly degraded.

2. Scaling of the optical scattering rate and connection to resistivity

The scaling properties of the scattering rate obtained from
our optical data according to the procedure described above
is illustrated on Fig. 2(b), which displays \/g divided by
:B) and plotted versus \l/:B) for temperatures above the
superconducting transition. The collapse of the curves at
di�erent temperatures reveals the behavior \/g / ) 5g (l/)).
The function 5g (G) reaches a constant 5g (0) > 0 at small
values of the argument, and behaves for large arguments as
5g (G � 1) / G. This is consistent with the typical quantum
critical behavior \/g ⇠ max() ,l). When inserted in thel = 0
limit of Eq. (2), the value 5g (0) ⇡ 5 indicated by Fig. 2(b)
yields 1/f(0) = �) with � = 0.55 `⌦ cm/K, in fairly good
agreement with the measured resistivity [Fig. 2(a)]. Hence the
resistivity and optical-spectroscopy data are fully consistent,
both of them supporting a Planckian dissipation scenario with
a = 1 for LSCO at ? = 0.24.

3. Spectral weight, e�ective mass and connection to specific heat

The dc mass enhancement values <⇤ (0,))/< resulting from
the procedure described above are displayed in Fig. 2(c) [54].
Remarkably, as seen on this figure, the scaling analysis delivers
an almost perfectly logarithmic temperature dependence of
<

⇤ (0,)), consistent with a Planckian behavior a = 1. As
mentioned above, this logarithmic behavior can actually be
identified in the unprocessed optical data, (see inset of Fig. 1). In
order to compare this behavior to the corresponding logarithmic
behavior reported for the specific heat, we note that the scaling
analysis provides <⇤ (0,)) up to a multiplicative constant
 <, where < is the band mass. In contrast, the electronic
specific heat yields the quasiparticle mass in units of the
bare electron mass <4. We expect that the logarithmic )-
variation of <⇤ (0,)) and <

⇤
qp / ⇠/) are both due to the

critical inelastic scattering and that the ln) term in each
quantity should therefore have identical prefactors. Imposing
this identity provides a relationship between  < and <4,
namely (</<4) = 583 meV.

Remarkably, we have found that this condition is obeyed
within less than a percent by a square-lattice tight-binding
model with parameters appropriate for LSCO at ? = 0.24
(Appendix D). This model has nearest and next-nearest neigh-
bor hopping amplitudes C = 0.3 eV and C 0/C = �0.17 [55],
respectively, and an electronic density = = 0.76/02. The Fermi-
level density of states is 1.646/(eV02), which corresponds to
a band mass </<4 = 2.76 using the LSCO lattice parameter
0 = 3.78 Å. The spectral weight is  = 211 meV, such that the
prediction of this tight-binding model is (</<4) = 582 meV,
in perfect agreement with the previously determined value. In
view of this agreement, we use the tight-binding model in order
to fix the remaining two system parameters: < = 2.76<4 and
 = 211 meV.

Figure 2(c) compares the mass enhancement inferred from
the low-temperature specific heat and from the scaling analysis
of the optical data. The tight-binding value of the product  <
insures that both data sets have the same slope on a semi-log plot.
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FIG. 2. (a) Temperature-dependent resistivity measured in zero field
(black) and at 16 teslas (red). The inset emphasizes the linearity of the
16 T data at low temperature. The dashed line shows d0 + �) with
d0 = 12.2 `⌦ cm and � = 0.63 `⌦ cm/K. (b) Scattering rate divided
by temperature plotted versusl/) ; the collapse of the curves indicates
a behavior 1/g ⇠ ) 5g (l/)). (c) E�ective quasiparticle mass (in units
of the indicated band mass <) deduced from the low-temperature
electronic specific heat [42] [<⇤

Cp = (3/c) (\2
32/:2

B) (⇠/))] and
zero-frequency optical mass enhancement; the dashed lines indicate
ln) behavior. (d) Optical mass minus the zero-frequency mass shown
in (c) plotted versus l/) ; the collapse of the curves indicates a
behavior <⇤ (l) �<⇤ (0) ⇠ 5< (l/)). n1 = 2.76 was used here as in
Fig. 1.
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⇤, we found that subtracting the dc value <⇤ (l = 0,)) is

crucial when attempting to collapse the data. Extrapolating
optical data to zero frequency is hampered by noise. Hence,
instead of attempting an extrapolation, we consider <⇤ (0,))
as adjustable values that we again tune such as to optimize the
collapse of the optical data. This analysis of <⇤/< confirms
that the best scaling collapse occurs for a ⇡ 1 but indicates a
larger n1 ⇡ 7 (Appendix A and Fig. 8). The determination of
n1 from the mass data depends sensitively on the frequency
range tested for scaling and drops to value below n1 = 3 when
focusing on lower frequencies. As a third step, we perform
a simultaneous optimization of the data collapse for 1/g and
<

⇤/<, which yields the values a = 1, n1 = 2.76 which we will
adopt throughout the following. Note that a determination of n1
by separation of the high-frequency modes in a Drude–Lorentz
representation of n (l) yields a larger value n1 = 4.5 ± 0.5, as
typically found in the cuprates [23, 31, 53]. Importantly, all
our conclusions hold if we use this latter value in the analysis,
however the quality of the scaling displayed in Figs. 2 and 5 is
slightly degraded.

2. Scaling of the optical scattering rate and connection to resistivity

The scaling properties of the scattering rate obtained from
our optical data according to the procedure described above
is illustrated on Fig. 2(b), which displays \/g divided by
:B) and plotted versus \l/:B) for temperatures above the
superconducting transition. The collapse of the curves at
di�erent temperatures reveals the behavior \/g / ) 5g (l/)).
The function 5g (G) reaches a constant 5g (0) > 0 at small
values of the argument, and behaves for large arguments as
5g (G � 1) / G. This is consistent with the typical quantum
critical behavior \/g ⇠ max() ,l). When inserted in thel = 0
limit of Eq. (2), the value 5g (0) ⇡ 5 indicated by Fig. 2(b)
yields 1/f(0) = �) with � = 0.55 `⌦ cm/K, in fairly good
agreement with the measured resistivity [Fig. 2(a)]. Hence the
resistivity and optical-spectroscopy data are fully consistent,
both of them supporting a Planckian dissipation scenario with
a = 1 for LSCO at ? = 0.24.

3. Spectral weight, e�ective mass and connection to specific heat

The dc mass enhancement values <⇤ (0,))/< resulting from
the procedure described above are displayed in Fig. 2(c) [54].
Remarkably, as seen on this figure, the scaling analysis delivers
an almost perfectly logarithmic temperature dependence of
<

⇤ (0,)), consistent with a Planckian behavior a = 1. As
mentioned above, this logarithmic behavior can actually be
identified in the unprocessed optical data, (see inset of Fig. 1). In
order to compare this behavior to the corresponding logarithmic
behavior reported for the specific heat, we note that the scaling
analysis provides <⇤ (0,)) up to a multiplicative constant
 <, where < is the band mass. In contrast, the electronic
specific heat yields the quasiparticle mass in units of the
bare electron mass <4. We expect that the logarithmic )-
variation of <⇤ (0,)) and <

⇤
qp / ⇠/) are both due to the

critical inelastic scattering and that the ln) term in each
quantity should therefore have identical prefactors. Imposing
this identity provides a relationship between  < and <4,
namely (</<4) = 583 meV.

Remarkably, we have found that this condition is obeyed
within less than a percent by a square-lattice tight-binding
model with parameters appropriate for LSCO at ? = 0.24
(Appendix D). This model has nearest and next-nearest neigh-
bor hopping amplitudes C = 0.3 eV and C 0/C = �0.17 [55],
respectively, and an electronic density = = 0.76/02. The Fermi-
level density of states is 1.646/(eV02), which corresponds to
a band mass </<4 = 2.76 using the LSCO lattice parameter
0 = 3.78 Å. The spectral weight is  = 211 meV, such that the
prediction of this tight-binding model is (</<4) = 582 meV,
in perfect agreement with the previously determined value. In
view of this agreement, we use the tight-binding model in order
to fix the remaining two system parameters: < = 2.76<4 and
 = 211 meV.

Figure 2(c) compares the mass enhancement inferred from
the low-temperature specific heat and from the scaling analysis
of the optical data. The tight-binding value of the product  <
insures that both data sets have the same slope on a semi-log plot.
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FIG. 2. (a) Temperature-dependent resistivity measured in zero field
(black) and at 16 teslas (red). The inset emphasizes the linearity of the
16 T data at low temperature. The dashed line shows d0 + �) with
d0 = 12.2 `⌦ cm and � = 0.63 `⌦ cm/K. (b) Scattering rate divided
by temperature plotted versusl/) ; the collapse of the curves indicates
a behavior 1/g ⇠ ) 5g (l/)). (c) E�ective quasiparticle mass (in units
of the indicated band mass <) deduced from the low-temperature
electronic specific heat [42] [<⇤

Cp = (3/c) (\2
32/:2

B) (⇠/))] and
zero-frequency optical mass enhancement; the dashed lines indicate
ln) behavior. (d) Optical mass minus the zero-frequency mass shown
in (c) plotted versus l/) ; the collapse of the curves indicates a
behavior <⇤ (l) �<⇤ (0) ⇠ 5< (l/)). n1 = 2.76 was used here as in
Fig. 1.
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The non-superconducting state of the cuprates is debatably
more intriguing and unusual than the high temperature
superconducting state itself. One of the most iconic

aspects, and a key to the electronic interactions out of which the
superconducting state is borne, is the non-Fermi liquid resistivity
above Tc1,2. This non-Fermi liquid behavior, often called the
strange metal state, is characterized by a linearly increasing
resistivity with temperature, counter to the quadratic behavior
expected for electron-electron scattering in Landau’s Fermi liquid
(FL) theory (see for example ref. 3). This linear-in-T strange metal
behavior is considered so unusual that it is believed by many to
signal a new state of matter, motivating many of the most
influential and exotic theoretical ideas of the cuprate problem
including Anderson’s resonating valence bond (RVB)4, the mar-
ginal Fermi liquid (MFL)5, many ideas about quantum critical
points6,7 as well as duals of string-theory models of quantum
gravity8. Linearity in the measured resistivity has also recently
been found in numerous other compounds, with connections
to the cuprate physics sought9. Further, the strength of the cou-
pling has often been described as the maximum possible, i.e.
“Planckian”10.

The strange metal state with linear-in-T scattering occurs near
the middle of the doping phase diagram, roughly above where the
optimal or maximum Tc exists. To the far right at high doping
levels a regular (quadratic in T) Fermi liquid exists, while to the
left at low doping levels is an unusual and poorly understood
pseudogap state in which there is an incomplete suppression of
low-energy spectral weight, especially at the antinodal regime of
the Brillouin zone. And while tremendous effort has been
invested to understand the pseudogap and strange metal
states11,12, a great amount of confusion still exists - for example,
a recent optical spectroscopy study has argued that the normal
state of the underdoped samples may obey a Fermi liquid
quadratic-in-ω and quadratic-in-T scaling of the scattering rates13
—a result that would seem at odds with the general indications
from the literature that the underdoped samples are more and
more strongly correlated/less consistent with conventional Fermi
Liquid physics.

Here we utilize angle resolved photoemission spectroscopy
(ARPES) to study the electronic scattering rates or self-energies of
the Bi2Sr2CaCu2O8 family of cuprate superconductors. The
unique momentum-selectivity of ARPES allows it to measure the
scattering rates in a simple and direct manner simply by looking
at peak widths. We took advantage of the special ability of ARPES
to measure the scattering rates as a function of both energy and
temperature, whereas previous ARPES studies have relied on
either the temperature or energy dependences alone. With this,
we find a scaling in energy and temperature that we term power
law liquid or PLL scaling, with the critical power law exponent
varying smoothly with doping. The exponent is qualitatively
consistent with expectations in the overdoped and optimally
doped regimes, but diverges from the result of optics experiments
in the underdoped regime 13—something we discuss in
detail. Further, we show that the coupling strength is effectively
constant (when framed in the appropriate way) yet extremely
strong throughout the entire doping range – a strength that is
consistent with discussions of “Plankian” dissipation10.

Results and discussion
Electronic interactions from ARPES. Figure 1a presents ARPES
data from an optimally doped Bi2Sr2CaCu2O8+δ sample taken in
the normal state at T= 100 K. The data were taken along the
nodal direction where the d-wave superconducting gap is zero.
We use low energy (7 eV) photons, which give enhanced energy
resolution, momentum resolution, and bulk sensitivity compared

to regular ARPES14. A slice through this spectrum at constant
energy, known as a momentum distribution curve (MDC) is
generally a Lorentzian whose width is ΔkMDC(ω), with this width
directly proportional (through the electron velocity dE/dk—see
Supplementary Note 2) to the single particle scattering rate, or
equivalently, the imaginary part of the electron self-energy Σ″(ω).
Through the Kramers–Kronig relation, its dispersion also directly
connects to the real part of the electron self-energy Σ’(ω).

Figure 1b presents a compilation of the energy and
temperature dependence of Σ″(ω) from five differently doped
samples. As a function of energy each spectrum shows an
approximately linear behavior at high energy with an upward
curvature of the scattering rates near EF that are reminiscent of
the Fermi liquid ω2 dependence, though as we will show this
should not be taken as evidence of Fermi liquid behavior. As the
temperature of any one sample is increased the curves shift up to
higher scattering rates. Such a full set of ARPES scattering rate
data as a function of energy and temperature (and doping) has
not, to our knowledge, been previously presented.

Form of electronic interactions. Taking inspiration from (a) the
success of the phenomenological Marginal Fermi Liquid form of
self-energy proposed by Varma 5, and (b) the non-integral power
laws in Anderson’s Hidden Fermi liquid15, we propose the fol-
lowing phenomenological Power Law Liquid or PLL form for the
electronic scattering rates:

Σ00
PLLðωÞ ¼ Γ0 þ λ

!hωð Þ2þ βkBTð Þ2
! "α

!hωNð Þ2α%1 ¼ Γ0 þ λ
ðkBTÞ

2 !hω
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# $2
þβ2

% &% &α

!hωNð Þ2α%1

ð1Þ

where Σ″(ω) is the imaginary part of the self-energy directly
measured in our experiment, Γ0 is an offset parameter accounting
for impurity or disorder scattering, λ is a coupling parameter
indicating the overall strength of the scattering, ωN is a normal-
ization frequency whose exponent maintains the proper dimen-
sionality of the self-energy, parameter β governs the comparative
strengths of temperature and energy, and α is the critical PLL
variable that takes the system from a FL to a MFL, and beyond.
Note that this formalism does not directly contain any low energy
scales that would be associated with superconductivity, the
pseudogap, phonons, or other bosonic modes. The only energy
scale is ωN that is not strictly necessary, but we include to
maintain constant units for coupling parameter λ as a function of
doping. Of all the energy scales in the system the one that closest
matches our ωN is the full conduction bandwidth relative to EF.
This form exhibits ω/T scaling only—a phenomenon commonly
encountered in quantum critical types of theories.

The black dotted lines of Fig. 1b show fits of the data to the
PLL self-energy, which reproduce the data extremely well up to
the rather large scale of 0.1 eV scale that is considered here. This
large energy range does cover the scale of potential bosonic
modes (phonons, magnetic resonance), and while these have a
noticeable effect on the spectra deep in the superconducting state
they appear to only exist (magnetic resonance) or couple strongly
(phonons) at low temperatures, i.e. in the superconducting or
pairing regime. For example, both the very weak 10 meV kink16
and the clear and very strong 50 meV kink that is dominant in the
antinodal regime are only present below the onset of pairing17.
The 70 meV-scale kink is also much weaker above Tc than below
Tc 16, with more of a rounded effect compared to the sharper (in
energy and k) kink effects below Tc, though the general energy
scales of the centroids remain similar. Because of this, we believe
it is likely that there are multiple contributions to the nodal kink
—(a) the boson effect that is observed below Tc, and which might
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be due to coupling to phonons or the magnetic resonance mode,
and (b) a smooth kink-like effect observed in the normal state due
to a Kramers–Kronig transformation of the PLL scattering rate, as
is shown in the Supplementary Fig. 2.

All curves for one sample have been fit simultaneously to Eq. 1,
greatly constraining the parameter set that can fit the data. The
extracted parameters as a function of doping are shown in Fig. 1c.
One set of parameters α,β,λ, and Γ0 is obtained per sample, with
these four parameters fitting all the ARPES data for all energies
and all normal state temperatures. We do not include the
normalization frequency ωN here because it has been fixed at the
high energy of 0.5 eV (approximately the bottom of the band) for
all samples, which is purposely far beyond the 0.1 eV energy scale
over which the data are fit, minimizing its impact on the obtained
physics. ωN is also fully mathematically irrelevant for the case that
the parameter α= 1/2 and almost irrelevant when α is near 1/2,
as is the case for most important doping values.

Figure 1c shows that λ, and β are essentially independent of
doping level (and also energy and temperature). The β values
(3.5 ± 0.5) are close to the theoretical expectation of π for a Fermi
liquid metal (blue dashed line in Fig. 1c), with this result based
upon the conversion of the Matsubara frequencies from the
imaginary to real axes18. The main experiments that have
addressed this issue in the literature are optics experiments, and
then even for the simple Fermi liquid case, these have not
successfully found the expected scaling between T and ω (see
ref. 13,19,20). Therefore, the β values uncovered here serve as a
combination of a classic theoretical prediction, constraints on
new theories, and a confirmation of the reasonableness of the PLL
form of interactions. The offset parameter Γ0 ranges from about
8–35 meV as a function of doping, as shown by the offset lines in
panel b and discussed more extensively in Supplementary Note 5.

Parameter λ is essentially constant as a function of doping,
pegged to the value 0.5, again confirming the simplicity and

universality of the form of interactions. This value is roughly
consistent with the recent notions of Planckian dissipation that
stated that the optimally doped cuprates had the maximum
possible scattering rate, determined by Planck’s constant10. The
fact that λ is constant across the phase diagram implies that all
doping levels may have this same maximum electronic coupling,
though the form of the coupling (controlled by α) varies strongly
as a function of doping.

The data are shown in Fig. 1b is from 5 samples, 27 individual
cuts of data, each of which contains on order of 50 energy points
and 100 k points, or over 105 data points total. For each sample,
characterizing all of its data with the 5 parameters of Eq. 1 is
impressive. That four of them essentially drop out leaving just the
one linearly varying parameter α is even more so.

Figure 2 shows the imaginary self-energy (with Γ0 subtracted
off) for different doped samples vs. ζ2= {(!hω)2+(βkBT)2}. Each
plot contains many individual temperature curves that all collapse
onto single lines, indicating the nearly ideal scaling behavior of
the data as a function of temperature and frequency. On this
log–log plot a power law function is perfectly linear, with the
slope of the lines giving the Power Law Liquid exponent α, as
shown by the linear dashed lines on each of the plots, with these α
values (slopes) gradually increasing from left to right.

The doping dependence of α is shown in more detail in Fig. 1c,
indicating that it takes on a roughly linear dependence and is very
close to 1/2 at optimal doping. In this case, Eq. 1 reduces to the
hyperbolic form:

Σ00
Opt ¼ Γ0 þ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!hωÞ2 þ βkBTð Þ2

q
ð2Þ

which is linear in both energy (for T= 0) and temperature (for
ω= 0), i.e. it is of the MFL type of interaction 5 (see the
theoretical plot of Fig. 3b) and the parameter ωN also becomes
irrelevant. If we extrapolate α to very high doping levels (HOD or
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Fig. 1 Experimental electronic self energy Σ” as a function of energy, temperature, and doping. a The self energy is extracted from an ARPES spectrum (top
left) located at the node (green cut, bottom right) by taking momentum cuts at constant energy (top right) to extract momentum widths ΔkMDC(ω)
(bottom left) which are directly proportional to Σ”(ω). b Measured temperature and energy dependence of Σ” for five different samples from underdoped
Tc= 52K (UD52K) through optimal doped Tc= 91K (OPT91K) to overdoped Tc= 75K (OD75K). c Fit results for the three main parameters in the model as
a function of doping. The superconducting dome is schematically illustrated by the inverted parabola. The most relevant parameter is the power α which is
seen to have a simple linear dependence on doping with value 0.5 very near optimal doping.
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Properties of a strange metal:

• Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.

• Specific heat ⇠ T ln(1/T ) as T ! 0.

• Optical conductivity
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Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:

Re [�(!)] = D�(!) + . . .
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and transforming them into heat. The nonlinearity
of the fluorescence reabsorption is of a some-
what unusual nature: It grows exponentially with
exciton density but to a first approximation does
not alter the exciton dynamics. We have shown
that such a nonlinear reabsorption affects the
fluorescence decay as well as the shape of the
fluorescence spectrum. One should be careful
not to confuse these effects with the possible
formation of polyexcitons or other excited species
in the crystals at high excitation levels. NFR
may be useful for experimental determination of
the absorption coefficients of electronically ex-
cited species.
The authors would like to thank Dr. Y. Zeiri for
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the focal plane. In the incident direction the n (x,y,z)
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Scaling Studies of Highly Disordered Spin- 2 Antiferromagnetic Systems
R. N. Bhatt and P. A. Lee

Bell Laboratories, Mm"ray Hill, Nem Jersey 07974
(Received 6 May 1981; revised manuscript received 16 November 1981)

A numerical method is developed to study the scaling of distribution of couplings of
highly random antiferromagnetic Ising and quantum Heisenberg spin-2 systems. The
method shows how freezing into inert local singlets prevents ordering down to tempera-
tures well below the median nearest-neighbor coupling or bare exchange percolation
threshold in positionally disordered systems with Heisenberg exchange varying exponen-
tially with distance (e.g., doped semiconductors, quasi one-dimensional salts). This is
contrasted with the Ising system.
PACS numbers: 75.10.Jm, 71.55.-i, 71.70.Gm

Considerable effort has gone into the search
for magnetic order, possibly of the spin-glass
type, ' in doped semiconductors (e.g. , Si:P, CdS
:In)" at donor concentrations (n) below the in-
sulator-metal transition (nM, ). However, no
anomaly is seen in the magnetic susceptibility'
or Faraday rotation, ' attributable to magnetic or-
dering caused by the antiferromagnetic (af) ex-
change coupling between donor electrons down to
temperatures well below the median nearest-
neighbor exchange or the coupling percolation
threshold. Because the radius a of the donor elec-
tron (much greater than the host lattice spacing)
sets the range of the exchange coupling, J, doped
semiconductors constitute a three-dimensional
(3D) system of spin —,

' distributed randomly in

space in essentially a continuum zvay, whose mag-
netic properties are characterized by the Heisen-
berg Hamiltonian

where J'(r) falls off exponentially' with r. (We
use J&0 for af exchange. )
The lack of ordering has been attributed in vary-

ing degrees to (i) the broad distribution of ex-
change couplings [typically varying by 10~-10',
Fig. 1(a)J; (ii) the short-range nature of J(~);
and (iii) the quantum character of spin —,', all of
which distinguish this system from conventional
spin-glasses. ' Because of (i), cluster calcula-
tions' ' have proved to be quite successful in pro-

344

VOLUME 48, NUMBER 5 PHYSICAL REVIEW LETTERS 1 FEBRUARY 1982

and transforming them into heat. The nonlinearity
of the fluorescence reabsorption is of a some-
what unusual nature: It grows exponentially with
exciton density but to a first approximation does
not alter the exciton dynamics. We have shown
that such a nonlinear reabsorption affects the
fluorescence decay as well as the shape of the
fluorescence spectrum. One should be careful
not to confuse these effects with the possible
formation of polyexcitons or other excited species
in the crystals at high excitation levels. NFR
may be useful for experimental determination of
the absorption coefficients of electronically ex-
cited species.
The authors would like to thank Dr. Y. Zeiri for

the assistance in carrying out the numerical cal-
culations. This work was partially supported by
US-Israel Binational Science Foundation Grant
Nos 1217,

~A. Bergman, M. Levine, and J. Jortner, Phys. Rev.
Lett. 18, 593 (1967); N. A. Tolstoy and A. P. Abramov,
Fiz. Tverd. Tela (Leningrad) 9, 340 (1967) tSov. Phys.
Solid State 9, 255 (1967)1.
~A. Benderskii, V. Kh. Brikenshtein, V. L. Broude,

L. I. Korshunov, A. G. Lavrushko, and I. I. Tartakov-
skii, Opt. Spektrosk. 39, 75 (1975) [Opt. Spectrosc.
USSR 39, 43 (1975)l, and references cited therein.
C. Mavroyannis, Phys. Rev. B 16, 2871 (1977);

D. Fox, Mol. Cryst. Liq. Cryst. 57, 39 (1980).
4V. Yakhot, M. D. Cohen, and Z. Ludmer, Adv.

Photochem. 11, 489 (1979).
5Z. Ludmer and L. Z. Zeiri, to be published.
6J. Covey and M. Malley, Opt. Commun. 18, 150

(1976).
~As follows from our direct measurements, the dye-

laser intensity distribution is uniform over - 90% of
the focal plane. In the incident direction the n (x,y,z)
distribution is uniform, to a good approximation, at
tail absorption excitation where the penetration depth
is of the order of magnitude of the crystal thickness.
M. F. M. Post, J. Langelaar, and J. D. W. Van-

Voorts, Chem. Phys. Lett. 10, 468 (1971).

Scaling Studies of Highly Disordered Spin- 2 Antiferromagnetic Systems
R. N. Bhatt and P. A. Lee

Bell Laboratories, Mm"ray Hill, Nem Jersey 07974
(Received 6 May 1981; revised manuscript received 16 November 1981)

A numerical method is developed to study the scaling of distribution of couplings of
highly random antiferromagnetic Ising and quantum Heisenberg spin-2 systems. The
method shows how freezing into inert local singlets prevents ordering down to tempera-
tures well below the median nearest-neighbor coupling or bare exchange percolation
threshold in positionally disordered systems with Heisenberg exchange varying exponen-
tially with distance (e.g., doped semiconductors, quasi one-dimensional salts). This is
contrasted with the Ising system.
PACS numbers: 75.10.Jm, 71.55.-i, 71.70.Gm

Considerable effort has gone into the search
for magnetic order, possibly of the spin-glass
type, ' in doped semiconductors (e.g. , Si:P, CdS
:In)" at donor concentrations (n) below the in-
sulator-metal transition (nM, ). However, no
anomaly is seen in the magnetic susceptibility'
or Faraday rotation, ' attributable to magnetic or-
dering caused by the antiferromagnetic (af) ex-
change coupling between donor electrons down to
temperatures well below the median nearest-
neighbor exchange or the coupling percolation
threshold. Because the radius a of the donor elec-
tron (much greater than the host lattice spacing)
sets the range of the exchange coupling, J, doped
semiconductors constitute a three-dimensional
(3D) system of spin —,

' distributed randomly in

space in essentially a continuum zvay, whose mag-
netic properties are characterized by the Heisen-
berg Hamiltonian

where J'(r) falls off exponentially' with r. (We
use J&0 for af exchange. )
The lack of ordering has been attributed in vary-

ing degrees to (i) the broad distribution of ex-
change couplings [typically varying by 10~-10',
Fig. 1(a)J; (ii) the short-range nature of J(~);
and (iii) the quantum character of spin —,', all of
which distinguish this system from conventional
spin-glasses. ' Because of (i), cluster calcula-
tions' ' have proved to be quite successful in pro-

344

VOLUME 48, NUMBER 5 PHYSICAL REVIEW LETTERS 1 I'EBRUARY 1982

(a) (c)
~(z
STATES

(e) teractions J„.[Fig. 1(b)]. If J»»~J;, ~
for all

(i, j)v (1,2), the energy spectrum splits into a
low-lying singlet-triplet manifold and twelve ex-
cited states separated from it by -J» [Fig. 1(c)].
The splitting of the low-lying singlet and triplet
is

5E =J~+(J',3—J23)(J24-J,4)/2J»+O(1/J»'). (3)

O.OOI O.OI O. I I IO 100
J(K)

SE

(b)
I

I

Jw/ QJa

4 "543

FIG. l. {a) The distribution of nearest-neighbor
couplings in Si:P at a typical concentration. Note the
logarithmic scale along the horizontal axis. {b) A four-
spin cluster with a neighbor, 5. (c) Eigenetates of the
Heisenberg four-spin cluster for J&2» ~ J;& ~ (i,j & 1,2).
(d) Equivalent Heisenberg pair (3', 4') (with renormal-
ized couplings to neighbor 5 in second scheme). {e) Ei-
genstatee of the Ising four-spin cluster (f) E. quivalent
Ising three-spin cluster.

viding agreement with experimental results over
a wide temperature range. However, limitations
imposed by finite cluster size' prevent these
methods from addressing the question of magnet-
ic ordering at lower temperatures (T).
In this Letter, we investigate this possibility by

studying the scaling properties of the spatially
random Heisenberg (H) spin- —, system with expo-
nential af interactions J(r) =J,exp(-2r/a) at low
densities na «1, prototype of the doped semi-
conductor system in 3D. Further, by comparing
with the corresponding Ising system,

(2)

we are able to determine the extent of the role of
(iii). The technique, similar to that used for the
1D random Heisenberg spin-& chain with nearest-
neighbor af exchange, ' ' takes advantage of the
broad distribution of exchange couplings to iter-
atively discard high-lying excitation levels of the
system (which are irrelevant at low T) and trans-
form it to a scaled version with the same low-ly-
ing states. Physical quantities (e.g. , magnetic
susceptibility) are extracted from the energy-lev-
el distributions at appropriate stages.
To understand the philosophy of the calculation,

consider a four-spin cluster (1,2, 3, 4) with H in-

Thus for T &cJy2 the thermodynamics of the four-
spin cluster is adequately represented by a spin
pair (3', 4') with an effective coupling J,4' = EE
[Fig. 1(d)], the renormalization being due to the
polarization of the essentially "frozen" spin pair
(1,2). Thus the simplest scaling procedure in-
volves deleting the strongest spin pairs (1,2) in
the system after renormalizing bonds between all
pairs (3,4) of (neighboring) spins connected to the
strongly coupled pair. ' This procedure reduces
the number of spins by two, and is iterated to
scale the system down as desired.
The next approximation in a cluster-perturba-

tive scheme is to replace four-spin clusters by
an equivalent spin pair. At each iteration, the
four-spin cluster (1,2, 3, 4) is formed from the
strongest af-coupled pair (1,2) and spins 3 and 4
coupled most strongly to (1,2). The coupling be-
tween the renormalized spins 3' and 4' [Fig. 1(d)]
is obtained as before. We calculate the renormal-
ized couplings J»' and J4, ' of the new pair (3', 4')
to each neighboring spin 5 originally coupled to
the four-spin cluster [Fig. 1(c)]by fitting the
eigenvalues" of the reduced Hamiltonian (H„

,Z;P, ~ 5,) within the subspace consisting
of the low-lying singlet-triplet set of (1,2, 3, 4)
and the doublet on 5, to those of a three-spin
cluster (3', 4', 5) [Fig. 1(d)]. The system is
scaled down by repeated application as before.
A similar scaling procedure when applied to

the Ising four-spin cluster removes only eight
states [Fig. 1(e)] corresponding to an antiferro-
magnetic configuration of spins 1 and 2. The re-
maining states are represented by replacing the
spin pair 1-2 with a single spin —, with magnetic
moment p, = 0, labeled 1 in Fig. 1(f), and coup-
lings J»=J»- J», J,4=J„-J,4. This procedure
generates arbitrary magnetic moments and signs
of couplings; decimation of a spin pair (ij) into
a spin k at an arbitrary stage would yield p.~= p, ,
—sgn( J) ii and J»=J;, —sgn(J, ,)J,, with a
neighboring spin 1. As the system is iterated,
the distributions of positive and negative J's ap-
proach each other; thus we exhibit results for
the distribution of 1n~Z~.
The scaling schemes outlined above have been
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Strong disorder fixed point ) Random singlet phase
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Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990;  T. C. Wu, Y. Liao, and M. S. Foster, arXiv:2206.01762 
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Figure 3: Doping dependence of the spatially resolved gap filling and gap magnitude. a Gap 
magnitude histogram for each doping concentration. b-d The spatial distributions of the gap 
magnitude for the OD23K, OD12K, and OD3K samples. The spectra that are omitted from the 
histograms (see main text and supplementary SII) are indicated by the white areas in figure 
b-d. e Gap filling histogram for each doping level. f-h Spatial distribution of the gap filling for 
the OD23K, OD12K, and OD3K samples respectively. 
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Our scanning tunneling spectroscopy measurements in the 
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puddled superconductivity, featuring nanoscale 
superconducting islands in a metallic matrix 
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�2 “mass” disorder J 0(r) is strongly relevant;
rescale � to move disorder to the Yukawa coupling;

can then be controlled in a SYK-like large N limit of ‘flavor’ indices,
leading to a G-⌃-D-⇧ bi-local field theory.
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Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02;
Transport insensitive to g; Marginal Fermi liquid self energy and T ln(1/T ) specific heat.
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A marginal Fermi liquid AND a strange metal
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