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Trap for ultracold 8’Rb atoms



M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch, and I. Bloch, Nature 415, 39 (2002).



Boson Hubbard model

Degrees of freedom: Bosons, b', hopping between the

sites, J, of a lattice, with short-range repulsive interactions.

U
H = —t;bfbj-uz ] +EE n(n, -1+
J J J

M.PA. Fisher, P.B. Weichmann,
n. = bTb G. Grinstein, and D.S. Fisher
| Rl Phys. Rev. B 40, 546 (1989).
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For small % , superfluid
U i
For large % , Insulator



M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch, and I. Bloch, Nature 415, 39 (2002).



Velocity distribution of 8’Rb atoms
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Velocity distribution of 8’Rb atoms
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The insulator:
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Excitations of the insulator:
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Excitations of the insulator:
o o 8 ©

Particles ~ v’

o o L[ ®

Holes ~ Y

Density of particles = density of holes —
“relativistic” field theory for

S= [ drar |0l + ol - gl + 1o
Insulator «» (¢) =0 , Superfluid < () #0
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Conformal field theory:

Wilson-Fisher fixed point
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Non-zero temperature phase diagram

Dynamics of the classical
Gross-Pitaevski equation

Quantum -
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Depth of periodic potential
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Non-zero temperature phase diagram

No wave or quasiparticle
description

Quantum _ -
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Depth of periodic potential
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Quantum critical point

D. B. Haviland, Y. Liu, and A. M. Goldman, n:rzi{ N .
Phys. Rev. Lett. 62, 2180 (1989) gy

T (K)

M. P. A. FISheI’, Phys Rev. Lett. 65, 023 (1990) FIG. I_. Evolution ﬂfllht. temperature :Ii:plt:nd::ncc uflthc
sheet resistance R(T) with thickness for a Bi film deposited
onto Ge. Fewer than half of the traces actually acquired are
shown, Film thicknesses shown range from 4.36 to 74.27 A,
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Non-zero temperature phase diagram

Collisionless-to
hydrodynamic
crossover of a
conformal field -
theory (CFT)

Depth of periodic potential

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).



Collisionless-to-hydrodynamic crossover of a CFT in 2+1 dimensions

Consider the retarded density-density correlation function

C(k,w)

(p(k,w)p(—k, _w)>ret

The characteristic collision time for excitations of the CFT is h/kgT. So, for
lw — k| > T we have the collisionless conformal behavior

ImC(k,w)/k*

A

Clk,w) =K

k2

k2_w2

» W

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).



Collisionless-to-hydrodynamic crossover of a CFT in 2+1 dimensions

Consider the retarded density-density correlation function

C(kvw) — (p(k,w)p(—k, _w)>ret

The characteristic collision time for excitations of the CFT is h/kgT. So, for
lw — k| > T we have the collisionless conformal behavior

k2

k2_w2

Clk,w) =K

while for w, k < T', we have the hydrodynamic behavior

D_k?
—tw + D k2"

C(k,w) = x

So the high frequency conductivity o(w > T) = K, and the hydrodynamic
conductivity o(w < T) = D_x, and in general K # D_x.

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).



Hydrodynamics of a conformal field theory (CFT)

The scattering cross-section of the thermal
excitations Is universal and so transport co-
efficients are universally determined by kgT

C2

kT

. __4e?
Conductivity og = D.x = @T

Charge diffusion constant D, = ©

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).
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Exact solutions of CFTs in 1+1 dimensions

For all 1+1 dimensional CFTs, exact correlators of any conserved
current at 7' > 0 can be obtained for all w, k£, and T by the confor-
mal mapping of the plane to the cylinder. After analytic continu-
ation in frequency to the retarded correlator we have, in general

k2

Ck,w) = Kk2 —

where K is a pure number - the central charge of a Kac-Moody
algebra.



Exact solutions of CFTs in 1+1 dimensions

For all 1+1 dimensional CFTs, exact correlators of any conserved
current at 7' > 0 can be obtained for all w, k£, and T by the confor-
mal mapping of the plane to the cylinder. After analytic continu-
ation in frequency to the retarded correlator we have, in general

k2

Ck,w) = Kk2 —

where K is a pure number - the central charge of a Kac-Moody
algebra.

There is no collisionless-hydrodynamic crossover for CFT's
in 141 dimensions. Holomorphic factorization implies absence
of collisions between left and right movers.
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Hydrodynamics of a conformal field theory (CFT)

The AdS/CFT correspondence (Maldacena, Polyakov)
relates the hydrodynamics of CFTs to the quantum gravity
theory of the horizon of a black hole in Anti-de Sitter space.




Hydrodynamics of a conformal field theory (CFT)

The AdS/CFT correspondence (Maldacena, Polyakov)
relates the hydrodynamics of CFTs to the quantum gravity
theory of the horizon of a black hole in Anti-de Sitter space.

Holographic
representation of black
/ hole physics ina 2+1
dimensional CFT at a
temperature equal to the
Hawking temperature of
the black hole.

3+1 dimensional
AdS space

Black hole




Hydrodynamics of a conformal field theory (CFT)

e _"

Hydrodynamics
of a CFT

1l

Waves of gauge
fields In a curved
background




Hydrodynamics of a conformal field theory (CFT)

For the (unique) CFT with a SU(N) gauge field and
16 supercharges, we know the exact diffusion
constant associated with a global SO(8) symmetry:

e 3 c?
Spin diffusion constant D, =
47 kBT
N3/2
Spin conductivity oo =
? 327

P. Kovtun, C. Herzog, S. Sachdev, and D.T. Son, Phys. Rev. D 75, 085020 (2007)
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Collisionless-to-hydrodynamic crossover of solvable SYM,

For the retarded density-density correlation function

C(kvw) — (p(k,w)p(—k, _w)>ret .

for |w — k| > T we have the collisionless conformal behavior

while for w, k < T, we have the hydrodynamic behavior

D k?

Clk,w) = X iw £ Dk2

P. Kovtun, C. Herzog, S. Sachdev, and D.T. Son, Phys. Rev. D 75, 085020 (2007)



ImC/k? diffusion peak
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For experimental applications, we must move away from the ideal CFT
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For experimental applications, we must move away from the ideal CFT

A chemical potential u
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For experimental applications, we must move away from the ideal CFT
* A chemical potential u
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For experimental applications, we must move away from the ideal CFT

* A chemical potential u
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For experimental applications, we must move away from the ideal CFT

) N N

* A chemical potential u

Commensurate N € - - -

e A magnetic field B : <7

0- Mott insulator ~ "~ - - - — _

p=70

Supér/ﬂwd
-7 . p>0
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In the hydrodynamic regime, hw < kg1, we can use classical prin-
ciples involving relaxation to local equilibrium to understand these
perturbations.

The variables entering the hydrodynamic theory are

e the external magnetic field F'*¥,

0 0 O
F¥* =10 0 B |,
0 —B 0
e T'MY the stress energy tensor, e J¥, the current,
e p, the local number density, e ¢, the local energy
density,
e P, the local pressure, e u*, the local velocity, and

e 0(, a universal conductivity, which is the single transport
co-efficient.

The dependence of €, P, g on T and v follows from simple scaling
arguments



Lorentz invariance and positivity of entropy production lead to the
hydrodynamic equations of motion and constitutive relations:

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



Lorentz invariance and positivity of entropy production lead to the
hydrodynamic equations of motion and constitutive relations:

OJ* = 0 <—1 Conservation laws/equations of motion
8,uTw/ = FMVJV

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



Lorentz invariance and positivity of entropy production lead to the
hydrodynamic equations of motion and constitutive relations:

o, J¢ = 0
0,T*" = FHF],
™" = (e + P)utu” + Pg"”

T o=yt \

Constitutive relations which follow from Lorentz
transformation to moving frame

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



Lorentz invariance and positivity of entropy production lead to the
hydrodynamic equations of motion and constitutive relations:

(%J“ = 0
o,IT" = FHJ,
™" = (e + P)utu” + Pg"”
0. T
JH = puH+JQ(ng _|_U,MUV) [(—8yu+Fy>\u ) —I—MT

1

Single dissipative term allowed by requirement of
positive entropy production. There is only one
Independent transport co-efficient

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215
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For experimental applications, we must move away from the ideal CFT

* A chemical potential u
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Lorentz invariance and positivity of entropy production lead to the
hydrodynamic equations of motion and constitutive relations:

oJt" = 0
0,T"" = FMJ, + . (08 4+ vty ) T uny
imp
" = (e + P)utu” 4+ Pg"”
5 5 0, T
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S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



From these relations, we obtained results for the transport co-efficients,
expressed in terms of a “cyclotron” frequency and damping:
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Longitudinal conductivity
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Ozx = 0Q

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



From these relations, we obtained results for the transport co-efficients,
expressed in terms of a “cyclotron” frequency and damping:

s 2e B pv? . B?v?
T e+ P) 0 T2+ P)

Longitudinal conductivity

o [t/ Timp) (@ + by + g /Y 4/ Timp)
e (w4 1y + 1/ Timp)? — g
4 2 2 2 1
=0Q c as B — 0

(e —|— P) (—iw + 1/Timp)

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



From these relations, we obtained results for the transport co-efficients,
expressed in terms of a “cyclotron” frequency and damping:

s 2e B pv? . B?v?
T e+ P) 0 T2+ P)

Hall conductivity

2epc [72 + w? — 2iyw + 27/ Timp

Ozy = B (w4 iy + 1/ Timp )? — w?

4epv? 8e3 p3vt
B |og — + 5 —5
(e 4+ P)(1/Timp —w) (€ + P)?(1/Timp — w)

as B — 0

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



From these relations, we obtained results for the transport co-efficients,
expressed in terms of a “cyclotron” frequency and damping:

s 2e B pv? . B?v?
T e+ P) 0 T2+ P)

Thermal conductivity

o () () [Sapbsrtfmm]
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Kfa:a:

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



From these relations, we obtained results for the transport co-efficients,
expressed in terms of a “cyclotron” frequency and damping:

s 2e B pv? . B?v?
T e+ P) 0 T2+ P)

Thermal conductivity

2 2
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Rxx

4e2 kT p

g (4 P>>2 (R

0Q kpTB W2/ + 1/ Timp)? + w2
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From these relations, we obtained results for the transport co-efficients,
expressed in terms of a “cyclotron” frequency and damping:

2e B pv? B?v?
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Thermal conductivity

oo (B7) (p) [(aplessreifom

1 9 (cle+P) i
ngBT( P ) —lasp— 0

Rxx

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



From these relations, we obtained results for the transport co-efficients,
expressed in terms of a “cyclotron” frequency and damping:

s 2e B pv? . B?v?
T e+ P) 0 T2+ P)

Nernst signal

o — k?_B e+ P wC/Timp
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S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215
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Temperature-doping phase diagram of the cuprate
superconductors

Na-CCOC
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“Glassy” Valence Bond Solid (VBS) ?

Y. Kohsaka, C. Taylor, K. Fujita, A. Schmidt, C. Lupien, T. Hanaguri, M. Azuma,
M. Takano, H. Eisaki, H. Takagi, S. Uchida, and J. C. Davis, Science 315, 1380 (2007)



Temperature-doping phase diagram of the cuprate
superconductors
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LSCO Phase diagram
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For experimental applications, we must move away from the ideal CFT
* A chemical potential u
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LSCO - Theory|
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S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



LSCO - Experiments

LSCO-0. R LSCO-0.12

I 1 I 16 6.2
—u— 14T 6.0
- —o— 10T A 14 - 58
—v— 6T 5.5
I o 83T i 12 - 5.2
< 17 >0
N 10 - 4.9
S 4T 1 F 4.0
~ T &' 3
D N - ; 3.0
‘\~; 6 2.5
w | ] 2.0
O\- Al 1.5
n v\oil - :]g
/™ S - '
5 / / O\VNXI\ 2 02
0 .‘(LA A, .\l\?ﬁo—:s;}!__% ‘ 0.1

0 10 20 30 40 50 60 70 80 Oo 10 20 30 40 50 60

T (K) T (K)

Y. Wang, L. Li, and N. P. Ong, Phys. Rev. B 73, 024510 (2006).



Outline
Transport near strongly interacting guantum critical points

1. The superfluid-insulator transition in the boson Hubbard model:
Hydrodynamic-collisionless crossover of a CFT

2. Exact solutions of CFTs In 1+1 dimensions
No hydrodynamics

3. Exact solution of a CFT in 2+1 dimensions - Yang-Mills theory
with N=8 supersymmetry:
Black holes in AdS,

4. General hydrodynamic theory in the presence of a magnetic field,
chemical potential and impurities:
Nernst effect in the cuprate superconductors;
Dyonic black holes in AdS,
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To the solvable supersymmetric, Yang-Mills theory CFT, we add
* A chemical potential u

e A magnetic field B

After the AdS/CFT mapping, we obtain the Einstein-Maxwell
theory of a black hole with

* An electric charge

* A magnetic charge

The exact results are found to be in precise accord
with all hydrodynamic results presented earlier

S.A. Hartnoll, P.K. Kovtun, M. Muller, and S. Sachdev, arXiv:0706.3215



Conclusions

General theory of transport in a weakly disordered
“vortex liquid’’ state.

“Relativistic” magnetohydrodynamics offers an
efficient approach to disentangling momentum and
charge transport

Exact solutions via black hole mapping have yielded
first exact results for transport co-efficients in
Interacting many-body systems, and were valuable In
determining general structure of hydrodynamics.

Simplest model reproduces many trends of the Nernst
measurements in cuprates.



