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Vycor 7930 glass used in this experiment is manu-
factured by Corning Glass and was provided for us by
Dr. J. H. P. watson, Corning Research Laboratory,
Corning, New York. Porous Vycor glass is obtained at
an intermediate step in manufacture. A sodium borosil-
icate glass is induced by heat treatment to separate in-
to boron-rich and silica-rich phases. The boron phase
constitutes 30% of the total volume and forms a highly
interconnecting capillary structure. The surface ten-
sion between the two phases and length of heat treat-
ment control the minimum radius of the boron struc-
ture. After heat treatment, the boron-rich phase is re-
moved by leaching, leaving behind the silica-rich phase.
See J.W. Cahn and R. J. Charles, Phys. Chem. Glasses
6, 1S7 (1965).
A measure of the surface area of the Vycor is ob-

tained from nitrogen-adsorption isotherm measure-
ments by the method due to S. Brunauer, P. H. Emmett,
and E. Teller, J.Amer. Chem. Soc. 60, 309 (1938).

'0The minimum pore radius in the porous Vycor is de-
duced froxn nitrogen-desorption isotherm and mercury-
intrusion measurements. For a discussion of these
methods, see S. J. Gregg and K. S. %. Sing, AdsorP-
tion, Su/ace Area and Porosify (Academic, New York,
1967).
A. J. Symonds, Ph.D. thesis, University of Sussex

(to be published); also D. F. Brewer, A. J. Symonds,
and A. L. Thomson, Phys. Rev. Lett. 15, 182 (1965).
R. H. Tait and J. D. Reppy, to be published. For a

preliminary report, see R. H. Tait, R. O. Pohl, and
J. D. Reppy, in Lou~ Temperature Physics —LT 13',
edited by %.J. O' Sullivan, K. D. Timmerhaus, and
E. F. Hammel (Plenum, New York, 1973).
3For a discussion of the role of substrate variation

and the influence of surface heterogeneity on superfluid
onset see E. S. Sabisky and C. H. Anderson, Phys. Rev.
Lett. 30, 1122 (1973); J. G. Dash and J.A. Herb, Phys.
Rev. A 7, 1427 (1973).
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A scaling theory is introduced for bicmtica/ points, such as antiferromagnetic spin-
flop points (with analogies to the upper X point in He), ~here two distinct critical lines
meet. Experimentally testable predictions follow from renormalization-group calcula-
tions which indicate that the bicritical exponents should be Heisenberg like for systems
with n —3 components; the crossover exponent Q (~1.25 for n =3) is directly observable.
For n &3 an intermediate ("supersolid") low-temperature phase may appear, the bicriti-
cal point then becoming tetracritical.

The Hamiltonian of a uniaxially anisotropic antiferromagnet of n-component spins S(R) =(S,(R) =—S~~(R);
S,(R)f at the sites R of a d-dimensional lattice may be written

X. = -Q [Z(R —R' )S(R) S(R')+D(R —R')Sp(R)S~|(R )j
R, R'

-Q[H S (R)+H 5 (R)j-Q exp(sk. R)H'S(R),
where Z(R) is the isotropic exchange coupling
which leads to antiferrornagnetic ordering on
two interpenetrating but equivalent sublattices A
and 8 (with superlattice reciprocal vector k, ),
while D(R) (which might well vanish for Rc0) rep-
resents the anisotropy energy aligning the spins
along the "easy" or "parallel" axis. The stag-
gered, ordering field H ~ = (H~, , H,~) is physically
inaccessible, so that H~=-O, although its response
may be studied by neutron diffraction. (In a real
biaxial Heisenberg system, with one perpendic-
ular "hard" axis, we may, ' in the critical region,
neglect the corresponding spin components and
so take n= 2 in place of n =3.)

In zero uniform external field (H = 0) the spins
align parallel and antiparallel to the easy axis,
and the critical point, at T~, should have Ising-
like (n = 1) character with corresponding Ising ex-
ponents visible for T very close to T,o." If the
uniform field H~~ is now imposed (with H =—0,
which in practice demands careful crystal align-
ment), one expects, as first pointed out by NOel, '
that for H,~=H, (T)-DS the spin system should
"flop" over, via a first-order transition, into an
alignment that is predominantly perpendicular
to the easy axis (see Fig. 1). The corresponding
pha, se boundary in the (H~~, T) plane ends at what
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FIG. 2. Schematic phase diagram of an anisotropic
ferromagnet exhibiting a tet~acntical point and an
intermediate phase with both parallel and perpendicu-
lar order.
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FIG. 1. {aj Schexnatic phase diagram of an aniso-
tropic antiferromagnet in a uniform parallel field dis-
playing a bicmtica/ point. The bold line represents
the locus of first-order spin-Qop transitions. {b) Cor-
responding magnetization versus temperature diagram
showing the jump 4»& II in magnetization {ruled lines) .

may be called the "spin-flop point" (H„T,) (see
Fig. I). For 8 &H, the line of critical points
T, '(Ht~) should be expected to remain of Ising (n
= I) character. However, for H&H, the relevant
order parameter becomes 8, and hence the anal-
ogous line 'T( ~H) should rather be expected
to display distinct, X7-like critical behavior
(for n = 3) or, more generally, (n —I)-isotropic
character. Both these expectations (which we
believe have not appeared explictly in the l.itera-
ture before) have been confirmed by explicit cal-
culations' which will be summarized below.
Evidently the spin-flop point (H„T,) lies at the

join of two lines of critical points with distinct
order parameters (and hence, in general, with
distinct exponents, although, for example, both
order parameters could be Ising like). Following
the lead of Griffiths' we propose to name such
points bicxitical points. ' At a bicritical point

two distinctly ordered phases both become iden-
tical with the totally disordered phase. Liu and
Fisher' have presented a Landau-type phenom-
enological discussion of the competition between
two order parameters which leads to such a bi-
critical point. However, they also discovered
that for a certain range of phenomenological con-
stants, a new "intermediate" phase could appear
which simultaneously displayed both If and &

types of ordering. The bicritical point then be-
came a tetracritical point' (see Fig. 2}. In the
context of pseudospin models for "He (where n = 3
is appropriate) the spin-flop point corresponds
to the upper & point. " An intermediate phase
would then correspond to a "supersolid" phase in
which both diagonal, crystalline, or "parallel"
ordering and off-diagonal, superfluid, or "per-
pendicular" ordering simultaneously occur. ' How-
ever, the renormalization-group analysis by
Nelson, Kosterlitz, and Fisher' shows that such
a tetracritical point with an intermediate phase
can occur only if n &n" (d), where n "(3}probably
exceeds 3 [although n" (3) &4J. Since n = 3 for he-
lium and for real antiferromagnets, this result
provides theoretical justification for the apparent
absence of a supersolid phase near the upper A

point in helium, and possibly for the nonexistence,
to our knowledge, of magnetic tetracritical points.
A scaling theory of a bicritical point (and, sim-

ilarly, of a tetracritical point) may be formulated
by introducing the reduced temperature and or-
dering fields,

(2)
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Large-distance and long-time properties of a randomly stirred fluid
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Dynamic renormalization-group methods are used to study the large-distance, long-time behavior of
velocity correlations generated by the Navier-Stokes equations for a randomly stirred, incompressible fluid.
Different models are defined, corresponding to a variety of Gaussian random forces, One of the models
describes a fluid near thermal equilibrium, and gives rise to the usual long-time tail phenomena. Apart from
simplifying the derivation of the latter, our methods clearly establish their universality, their connection with

/

Galilean invariance, and their analytic form in two dimensions, -(log t) '"/t. Nontrivial behavior results
when the model is formally continued below two dimensions. Although the physical interpretation of the
Navier-Stokes equations below d = 2 is unclear, the results apply to a forced Burger's equation in one
dimension. A large class of models produces 'a spectral function E(k) which behaves as k' in three
dimensions, as expected on the basis of equipartition. However, nonlinear effects (which become significant
below four dimensions) control the infrared properties of models which force the Navier-Stokes equations at
zero wave number.

I. INTRODUCTION

Renormalization group methods have enjoyed
success in fields as disparate as high-energy phy-
sics, ' critical phenomena, ' and solid-state phy-
sics. ' In particular there has been considerable
progress in the application of renormalization
group theory to study dynamic critical phenomena. 4

The Navier-Stokes equation for an incompressible
fluid with a random forcing function bears a super-
ficial resemblance to various models used in
studies of nonlinear spin dynamics. "' Here we
exploit this similarity to give an analysis of the
large-distance, long-time behavior of velocity cor-
relations generated by the Navier-Stokes equations
with a variety of different forcing functions. Al-
though our analysis does not pertain to the prop-
erties of a fluid near its critical point, renormal-
ization group methods useful in the study of criti-
cal dynamics can be taken over directly.
In Sec. II we will discuss different possibilities

for the behavior of.the force-force correlations
at small wave number. One of the models (model
A), with the force regarded as a noise field simu-
lating the effects of the molecular degrees of free-
dom, describes a fluid near thermal equilibrium.
This model generates the familiar long-time tails
in the renormalized viscosity, and produces new
singularities at small wave numbers as well. Re-
normalization group theory leads naturally to a
unified treatment of these anomalies and provides

a scaling description of the breakdown of hydro-
dynamics which occurs for d~ 2.
Other models are also described in Sec. II. A

kind of universality applies: large classes of mod-
els exhibit similar infrared, 'long-time properties.
In particular, the more "realistic" models all ex-
hibit a spectral density function E(k) which goes
as k" ' at small wave number. This agrees with a
result obtained by Saffman' for homogeneous iso-
tropic turbulence. We should note, of course, that
our considerations refer to the region of effective-
ly small Reynolds' number, and E(k)™k~ ' is sim-
ply a consequence of equipartition and phase-space
considerations. It is all the more noteworthy,
therefore, that one model (model 8), which forces
the Navier-Stokes equation even at k = 0, leads to
rather different results at small k. Here nonlin-
earities dominate the infrared behavior of E(k)
below four dimensions, and lead to logarithmic
anomalies in d=4.
We have supplemented our analysis of the Nav-

ier-Stokes equation with a brief discussion of two
additional equations appropriate to fluid behavior:
A forced version of Burger's equation in one di-
mension, and a model of the diffusion of a passive
scalar. The results for Burger's equation appear
to be new, and it would be interesting to test them
in a numerical simulation.
In Sec. II we define and discuss the model sys-

tems considered in this paper. We discuss the
relationship of our analysis to previous work on

j.6
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A model is proposed for the evolutior. of the profile of a growing interface. The deterministic
growth is solved exactly, and exhibits nontrivial relaxation patterns. The stochastic version is stud-
ied by dynamic renormalization-group techniques and by mappings to Burgers's equation and to a
random directed-polymer problem. The exact dynamic scaling form obtained for a one-dimensional
interface is in excellent agreement with previous numerical simulations. Predictions are made for
more dimensions.

PACS numbers: 05.70.Ln, 64.60.Ht, 68.35.Fx, 81.15.Jj

Many challenging problems are associated with
growth patterns in clusters' and solidification fronts. '
Several models have been proposed recently to
describe the growth of smoke and colloid aggregates,
flame fronts, tumors, etc. ' It is generally recognized
that the growth process occurs mainly at an "active"
zone on the surface of the cluster, with interesting
scaling properties. ' However, a systematic analytic
treatment of the static and dynamic fluctuations of the
growing interface has been lacking so far.
In this paper we propose a model for the time evolu-

tion of the profile of a growing interface, and examine
its properties. Guided by the ideas of universality we
write down the simplest nonlinear, local differential
equation governing the growth of the profile applicable
to such processes as vapor deposition4 or the Eden
model. ' The analysis of this equation is considerably
simplified by mappings to two different, albeit more
familiar, forms. One is the hydrodynamic problem of
the Burgers's equation, and the other is a directed
polymer in a random environment. The deterministic
growth of the profile can in fact be obtained exactly,
and its long-time relaxation behavior exhibits very in-
teresting patterns related to the shock waves in
Burgers's equation. 6 The stochastic growth is treated
by dynamic renormalization-group techniques. For a
one-dimensional interface a fluctuation-dissipation
theorem9 exists, leading to an exact dynamic exponent
z =—,'. This result is in excellent agreement with pre-
vious numerical simulations of ballistic aggregation'
and Eden clusters. " For two-dimensional interfaces,
the mapping to the random directed-polymer problem
is used to make an efficient indirect numerical simula-
tion with the result z —1.5. A nontrivial behavior is
also predicted for the static fluctuations in this case.

The interface profile, suitably coarse-grained, is
described by a height h(x, t). As usual, it is con-
venient to ignore overhangs so that h is a single-valued
function of x. The simplest nonlinear Langevin equa-
tion for a local growth of the profile is given by'2

The first term on the right-hand side describes relaxa-
tion of the interface by a surface tension v. The
second term is the lowest-order nonlinear term that
can appear in the interface growth equation, and is
justified later on with the Eden model as an example.
Edwards and Wilkinson'3 have studied Eq. (1) without
the nonlinear term, but we demonstrate that such a
term is necessary, and responsible for the unusual
properties of the growing interface. Higher-order
terms can also be present, but they are irrelevant, and
will not modify the universal scaling properties. The
noise q(x, t) has a Gaussian distribution with
(7l(x, t)) =0, and
(q(x, t )q(x', t') ) = 2D5~(x —x') 6(t —t'),

although the actual form of the distribution is ir-
relevant. In principle there is also a velocity term,
which is removed by choice of an appropriate moving
coordinate system. Note that Eq. (I) is invariant
under translations h lt +const, and obeys the infini-
tesimal reparametrization

h+a X, X X+Xat,
which describes the tilting of the interface by a small
angle.
To justify the nonlinear term in Eq. (1), consider

the growth of an Eden cluster5 taking place by addition
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We develop the dynamic renormalization group (RNG) method for 
hydrodynamic turbulence. This procedure, which uses dynamic scaling and 
invariance together with iterated perturbation methods, allows us to evaluate 
transport coefficients and transport equations for the large-scale (slow) modes. 
The RNG theory, which does not include any experimentally adjustable 
parameters, gives the following numerical values for important constants of tur- 
bulent flows: Kolmogorov constant for the inertial-range spectrum C K -  1.617; 
turbulent Prandt! number for high-Reynolds-number heat transfer Pt = 0.7179; 
Batchelor constant Ba= 1.161; and skewness factor $3 =0.4878. A differential 
K g model is derived, which, in the high-Reynolds-number regions of the flow, 
gives the algebraic relation v=0.0837KZ/g, decay of isotropic turbulence as 
K= O(t-J33~ and the von Karman constant K = 0.372. A differential transport 
model, based on differential relations between K, g, and v, is derived that is not 
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A model is proposed for the evolutior. of the profile of a growing interface. The deterministic
growth is solved exactly, and exhibits nontrivial relaxation patterns. The stochastic version is stud-
ied by dynamic renormalization-group techniques and by mappings to Burgers's equation and to a
random directed-polymer problem. The exact dynamic scaling form obtained for a one-dimensional
interface is in excellent agreement with previous numerical simulations. Predictions are made for
more dimensions.

PACS numbers: 05.70.Ln, 64.60.Ht, 68.35.Fx, 81.15.Jj

Many challenging problems are associated with
growth patterns in clusters' and solidification fronts. '
Several models have been proposed recently to
describe the growth of smoke and colloid aggregates,
flame fronts, tumors, etc. ' It is generally recognized
that the growth process occurs mainly at an "active"
zone on the surface of the cluster, with interesting
scaling properties. ' However, a systematic analytic
treatment of the static and dynamic fluctuations of the
growing interface has been lacking so far.
In this paper we propose a model for the time evolu-

tion of the profile of a growing interface, and examine
its properties. Guided by the ideas of universality we
write down the simplest nonlinear, local differential
equation governing the growth of the profile applicable
to such processes as vapor deposition4 or the Eden
model. ' The analysis of this equation is considerably
simplified by mappings to two different, albeit more
familiar, forms. One is the hydrodynamic problem of
the Burgers's equation, and the other is a directed
polymer in a random environment. The deterministic
growth of the profile can in fact be obtained exactly,
and its long-time relaxation behavior exhibits very in-
teresting patterns related to the shock waves in
Burgers's equation. 6 The stochastic growth is treated
by dynamic renormalization-group techniques. For a
one-dimensional interface a fluctuation-dissipation
theorem9 exists, leading to an exact dynamic exponent
z =—,'. This result is in excellent agreement with pre-
vious numerical simulations of ballistic aggregation'
and Eden clusters. " For two-dimensional interfaces,
the mapping to the random directed-polymer problem
is used to make an efficient indirect numerical simula-
tion with the result z —1.5. A nontrivial behavior is
also predicted for the static fluctuations in this case.

The interface profile, suitably coarse-grained, is
described by a height h(x, t). As usual, it is con-
venient to ignore overhangs so that h is a single-valued
function of x. The simplest nonlinear Langevin equa-
tion for a local growth of the profile is given by'2

The first term on the right-hand side describes relaxa-
tion of the interface by a surface tension v. The
second term is the lowest-order nonlinear term that
can appear in the interface growth equation, and is
justified later on with the Eden model as an example.
Edwards and Wilkinson'3 have studied Eq. (1) without
the nonlinear term, but we demonstrate that such a
term is necessary, and responsible for the unusual
properties of the growing interface. Higher-order
terms can also be present, but they are irrelevant, and
will not modify the universal scaling properties. The
noise q(x, t) has a Gaussian distribution with
(7l(x, t)) =0, and
(q(x, t )q(x', t') ) = 2D5~(x —x') 6(t —t'),

although the actual form of the distribution is ir-
relevant. In principle there is also a velocity term,
which is removed by choice of an appropriate moving
coordinate system. Note that Eq. (I) is invariant
under translations h lt +const, and obeys the infini-
tesimal reparametrization

h+a X, X X+Xat,
which describes the tilting of the interface by a small
angle.
To justify the nonlinear term in Eq. (1), consider

the growth of an Eden cluster5 taking place by addition
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Renorma»~~tion, vortices, and symmetry-breaking pertnrbations in the
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The classical planar Heisenberg model is studied at low temperatures by means of renormalization theory
and a series of exact transformations. A numerical study of the Migdal recursion relation suggests that
models with short-range isotropic interactions rapidly become equivalent to a simplified model system
proposed by Villain. A series of exact transformations then allows us to treat the Villain model analytically
at low temperatures. To lowest order in a parameter which becomes exponentially small with decreasing
temperature, we reproduce results obtained previously by Kosterlitz. We also examine the eA'ect of
symmetry-breaking crystalline fields on the isotropic planar model. A numerical study of the Migdal
recursion scheme suggests that these fields (which must occur in real quasi-two-dimensional crystals) are
strongly relevant variables, leading to critical behavior distinct from that found for the planar model.
However, a more exact low-temperature treatment of the Villain model shows that hexagonal crystalline
fields eventually become irrelevant at temperatures below the T, of the isotropic model. Isotropic planar
critical behavior should be experimentally accessible in this case. Nonuniversal behavior may result if cubic
crystalline fields dominate the symmetry breaking. Interesting duality transformations, which aid in the
analysis of symmetry-breaking fields are also discussed.

I. INTRODUCTION

A. Planar model

We wish to examine the low-temperature prop-
erties gf the classical planar Heisenberg model
of ferromagnetism in two dimensions. Thus, we
consider a reduced Hamiltonian or "action" of
the form

A[8] —= = —g K(1—cos[8(r) —8(r') ]j
& ver'&

+ g P k~cos[p8(r}],

where the sums over r index the sites of a two-
dimensional lattice, the symbol (r, r') indicates
a sum over nearest-neighbor lattice sites only,
and

K= JjksT.
The quantity J is an exchange coupling entering a
nearest-neighbor interaction between fixed length
spine on the lattice of the form ZS(r} S(r'}, and
8(r) is the angle the spin S(r) makes with some
arbitrary axis. The second term in (1.1} involves
a sum over possible symmetry-breaking fields h~

indexed by a positive integer p.
With all symmetry-breaking fields h~ set to

zero, the Hamiltonian (1.1) has been studied quite
extensively. Although evidence from high-temp-
erature series expansions' ' suggests that the
susceptibility of the planar model diverges at
some finite T„ the lack of long-range order at
any temperature has been proven rigorously. ' '
Wegner' and Berezinskii, ' and later Zittartz, '

have produced "spin wave" theories for the planar
model which should be accurate at sufficiently low
temperatures. This class of theories leads to a
power-law decay of correlation functions at all
temperatures, suggesting that the model has a line of
critical points with continuously variable critical ex-
ponents. Taken literally, the spin-wave results
suggest that this line extends out to infinite tem-
perature.
Kosterlitz and Thouless" and Berezinskii" sug-

gested that the spin-wave theories should be mod-
ified in an important way by the presence of vor-
tex excitations in the model. Below a certain cri-
tical temperature, bound vortex-antivortex pairs
should populate an "ordered phase, " coexisting
with the spin-wave excitations. Above T„ these
pairs are expected to dissociate. Kosterlitz"
subsequently produced a quantitative analysis
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suits of A~„=0.4—0.6.""In conclusion, reflec-
tance measurements and plasma-simulation cal-
culations exhibit similarities unexpected only a
short time ago.
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We observe that recent theories of phase transitions in the two-dimensional XY model
predict a universal jump in the superfluid density of He films as T, is approached from
below Specific. ally, we find that limr r p, (T)/T = 3.62 x10 ~ g/cm2 K. Analogous re-
sults should hold for two-dimension. al plane, r magnets and liquid crystals.

A number of theories have been advanced deal-
ing with the critical properties of the classical
two-dimensional XI model. ' ' Although the lack
of long-range order in such systems has been
proven rigorously, ' evidence from high-tempera-
ture —series expansions' suggests the possibility
of a transition at finite temperature into a low-
temperature phase without longe-range order.
Indeed, the theories of Refs. 1—6 all predict a
low-temperature region which can be character-
ized as a "phase" of critical points with contin-
uously variable critical exponents. Within this
phase, order-parameter correlation functions
are expected to fall off at large distances as pow-
er laws with temperature-dependent exponents.

There is considerable disagreement, however,
on the predictions near the critical temperature
T„above which correlations are expected to de-
cay exponentially. Because exPerimental realiza-
tions of two-dimensional XF behavior may actual-
ly be available in 'He films, in planar magnets, "
and in liquid crystals, "it seems desirable to
have a simple criterion for determining which of
the theories, if any, are correct.
In this Letter, we point out that the theories ad-

vanced in Refs. 2b and 5 predict a universal jump
in the superfluid density of 'he films. The size
of the jump is related to the critical exponent
q(T,), which governs the power-law decay of cor-
relations at the critical temperature. This result

1201

VOLUME 39, NUMBER 19 PHYSICAL REVIE%' LETTERS 7 NovEMBER 1977

suits of A~„=0.4—0.6.""In conclusion, reflec-
tance measurements and plasma-simulation cal-
culations exhibit similarities unexpected only a
short time ago.
One of us (R,.p.G.) acknowledges receipt of a

Fulbright grant.
&««dded. —Since the original submission of

this paper a related work has appeared. "

& &Quest Researcher, on leave from Los Alamos
Scientific Laboratory, Los Alamos, N. Mex. 87544.
'C. Q. M. van Kesse1, J. N. Olsen, P. Sachsenmaier,

R. Sigel, K. Eidmann, and R. P. Godwin, Projektgruppe
fur Laserforschung, Max-Planck-Qesellschaft zur
Forderung der Wissenschaften, Laboratory Report No.
IPP IV/94, 1976 (unpublished).
R. A. Haas, W. C. Mead, W. L. Kruer, D. W. Phil-

lion, H. N. Kornb1um, J. D. Lindl, D. MacQuigg, V. C.
Rupert, and K. Q. Tirse11, Phys. Fluids 20, 322 (1977).
3V. M. Cottles and D. V. Qiovanielli, LASL Report

No. LA-UR-77-1096, 1977 (unpublished) .
4V. L. Ginzburg, The Propagation of Electromagnetic

Sheaves in Plasmas (Pergamon, New York, 1964), p. 213.
J. P. Freidberg, R. W. Mitchell, R. L. Morse, and

L. I. Rudsinski, Phys. Rev. Lett. 28, 795 (1972).
R. P. Qodwin, Phys. Rev. Lett. 28, 85 (1972).
~J. S. Pearlman, J. J. Thomson, and C. E. Max,

Phys. Rev. Lett. 38, 1397 (1977).
B. H. Ripin, Appl. Phys. Lett. 30, 134 (1977).
~R. Ulbricht, Elektrotechn. Z. 21, 595 (1900); see

also L. Bergmann and C. Schaefer, Lehxbuch der Ex-
pertmentalphysih (de Gruyter, Berlin, 1974), Band III,
p. 629.
' R. Sigel, K. Eldmann, H. C. Pant, and P. Sachsen-
maier, Phys. Rev. Lett. 36, 1369 (1976).
"W. L. Kruer, R. A. Haas, W. C. Mead, D. W. Phil-
lion, and V. C. Ruppert, in Plasma Physics —Nonlinear
Theory and ExPemments, Nobel Symposium 36, edited
by H. Wilhelmsson (Plenum, New York, 1977).
"B.Bezzerides, D. F. Du Bois, D. W. Forslund,
J. M. Kinde1, K. Lee, and E. L. Lindman, in Proceed-
ings of the Sixth International Conference on Plasma
Physics and Contr oiled ¹cleaxPusion Research,
Berchtesgaden, ~est Germany, 1976 (International
Atomic Energy Agency, Vienna, 1977), Vol. I, p. 123.' K. R. Manes, V. C. Rupert, J. M. Auerbach, P. Lee,
and J. E. Swain, Phys. Rev. Lett. 39, 281 (1977).

Universal Jump in the Superfluid Density of Two-Dimensional Superfluids

David R. Nelson&'~
Department of physics, IIarvard University, Cambridge, Massachusetts p2Z33

J. M. Kosterlitz
Department of Mathematical Physics, University of Birmingham, Birmingham BZ5 ZTT, England

(Received 16 September 1977)

We observe that recent theories of phase transitions in the two-dimensional XY model
predict a universal jump in the superfluid density of He films as T, is approached from
below Specific. ally, we find that limr r p, (T)/T = 3.62 x10 ~ g/cm2 K. Analogous re-
sults should hold for two-dimension. al plane, r magnets and liquid crystals.

A number of theories have been advanced deal-
ing with the critical properties of the classical
two-dimensional XI model. ' ' Although the lack
of long-range order in such systems has been
proven rigorously, ' evidence from high-tempera-
ture —series expansions' suggests the possibility
of a transition at finite temperature into a low-
temperature phase without longe-range order.
Indeed, the theories of Refs. 1—6 all predict a
low-temperature region which can be character-
ized as a "phase" of critical points with contin-
uously variable critical exponents. Within this
phase, order-parameter correlation functions
are expected to fall off at large distances as pow-
er laws with temperature-dependent exponents.

There is considerable disagreement, however,
on the predictions near the critical temperature
T„above which correlations are expected to de-
cay exponentially. Because exPerimental realiza-
tions of two-dimensional XF behavior may actual-
ly be available in 'He films, in planar magnets, "
and in liquid crystals, "it seems desirable to
have a simple criterion for determining which of
the theories, if any, are correct.
In this Letter, we point out that the theories ad-

vanced in Refs. 2b and 5 predict a universal jump
in the superfluid density of 'he films. The size
of the jump is related to the critical exponent
q(T,), which governs the power-law decay of cor-
relations at the critical temperature. This result

1201



VOLUME 40, NUMBER 26 PH YSICAL RE VIE%' LETTERS 26 JUNs 1978

Study of the Superfluid Transition in Two-Dimensional 4He Films

D. J. Bishop and J. D. Reppy
Laboratory of Atomic and Solid State Physics, and Matenals Science Center,

Co~ezl University, Ithaca, 1Ve~ York 14853
(Received 20 April 1978)

We have studied the superfluid transition of a thin two-dimensional helium film ad-
sorbed on an oscillatirg substrate. The superfluid mass and dissipation when analyzed
in terms of the dynamic theory of Ambegaokar, Halperin, Nelson, and Siggia support
the Kosterlitz-Thouless picture of the phase transition in a two-dimensional superfluid.
The value for the jump in the superfluid density at the transition given by Kosterlitz
and Thouless, p, (Tc ) = 87fkg (m/h) T„ is in good agreement with estimates from ex-
periment.

In this Letter we report a study of the super-
fluid transition in two-dimensional He films
using the Andronikashvili torsional-oscillator
technique, ' We have made precise measure-
ments of both the superfluid mass and dissipation
near the transition temperature for films with
transitions ranging from 0.3 to 1.6 K. Prelimi-
nary reports on this work have been given ear-
lier. 2 Our observations correspond closely to
the predictions of the Kosterlitz- Thouless"
theory of two-dimensional superfluids and its re-
cent extension to finite frequency and velocity. "
In the Kosterlitz-Thouless theory, "the two-

dimensional superfluid at low temperatures is
populated by a system of bound vortex-antivortex
pairs. At sufficiently high temperature a dissoci-
ation of a finite fraction of the vortex pairs takes
place, and superfluidity is destroyed. Kosterlitz, '
in a renormalization-group calculation, has
shown that, for the static case, the superfluid
mass drops discontinuously to zero at the transi-
tion. Further, as has been emphasized by Nelson
and Kosterlitz, ' the ratio of the superQuid mass
per unit area, to the transition temperature, is
a universal quantity, independent of film thick-
ness, given by p, (T, )/T, =8~ha(m/It)', where m
is the mass of the 'He atom, h is Planek's con-
stant, and k~ is Boltzmann's constant.
Present techniques for the determination of the

superfluid mass in thin he1ium films do not test
the static theory directly, since they all require
measurements at a nonzero frequency and super-
fluid velocity. As a result, one does not expect
to see the discontinuous jump given in the static
theory, but to find a continuous variation of the
superfluid mass with temperature at the transi-
tion. In addition, one expects to find considerable
dissipation associated with the vortex motion in-
duced by the superf low required for the superfluid
mass measurements.

The experimental method employed in the pres-
ent investigation is similar to that used in the
previous determinations of the superfluid density
for films adsorbed on porous pycor glass. ' In
the experiment reported here, helium films are
adsorbed on a Mylar' film substrate. A strip of
the plastic Mylar film, 6x 10 4 em thick, 1.0 cm
wide, and about 21 m long, is wound as a spiral
on the axis of a torsional oscillator. The oscilla-
tor is driven at its resonant frequency of about
2.5 klz. After a helium film of the desired thick-
ness has been adsorbed on the Mylar substrate,
a series of period and Q measurements are made
to determine the temperature dependence of the
superfluid mass and dissipation,
%hen the oscillator is cooled below the transi-

tion temperature the superfluid decouples from
the torsion pendulum and the period of the oscil-
lator decreases. In Fig. 1, we have plotted the
shift in period, b&, due to the formation of super-
fluid for a film with a transition temperature of
near 1.22 K. It is seen that the variation in the
superfluid signal is rather abrupt near the transi-
tion, but nevertheless is continuous when exam-
ined with sufficiently high temperature resolution.
In Fig. 1 we have also plotted, as open circles,

the excess dissipation Q ', due to the superfluid.
A pronounced narrow peak is seen in the super-
fluid dissipation in the region of the transition
and the dissipation remains at a nonzero level as
the temperature is lowered well below the transi-
tion temperature. The width of the transition .
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We observe that recent theories of phase transitions in the two-dimensional XY model
predict a universal jump in the superfluid density of He films as T, is approached from
below Specific. ally, we find that limr r p, (T)/T = 3.62 x10 ~ g/cm2 K. Analogous re-
sults should hold for two-dimension. al plane, r magnets and liquid crystals.

A number of theories have been advanced deal-
ing with the critical properties of the classical
two-dimensional XI model. ' ' Although the lack
of long-range order in such systems has been
proven rigorously, ' evidence from high-tempera-
ture —series expansions' suggests the possibility
of a transition at finite temperature into a low-
temperature phase without longe-range order.
Indeed, the theories of Refs. 1—6 all predict a
low-temperature region which can be character-
ized as a "phase" of critical points with contin-
uously variable critical exponents. Within this
phase, order-parameter correlation functions
are expected to fall off at large distances as pow-
er laws with temperature-dependent exponents.

There is considerable disagreement, however,
on the predictions near the critical temperature
T„above which correlations are expected to de-
cay exponentially. Because exPerimental realiza-
tions of two-dimensional XF behavior may actual-
ly be available in 'He films, in planar magnets, "
and in liquid crystals, "it seems desirable to
have a simple criterion for determining which of
the theories, if any, are correct.
In this Letter, we point out that the theories ad-

vanced in Refs. 2b and 5 predict a universal jump
in the superfluid density of 'he films. The size
of the jump is related to the critical exponent
q(T,), which governs the power-law decay of cor-
relations at the critical temperature. This result

1201

VOLUME 40, NUMBER 26 PH YSICAL RE VIE%' LETTERS 26 JUNs 1978

Study of the Superfluid Transition in Two-Dimensional 4He Films

D. J. Bishop and J. D. Reppy
Laboratory of Atomic and Solid State Physics, and Matenals Science Center,

Co~ezl University, Ithaca, 1Ve~ York 14853
(Received 20 April 1978)

We have studied the superfluid transition of a thin two-dimensional helium film ad-
sorbed on an oscillatirg substrate. The superfluid mass and dissipation when analyzed
in terms of the dynamic theory of Ambegaokar, Halperin, Nelson, and Siggia support
the Kosterlitz-Thouless picture of the phase transition in a two-dimensional superfluid.
The value for the jump in the superfluid density at the transition given by Kosterlitz
and Thouless, p, (Tc ) = 87fkg (m/h) T„ is in good agreement with estimates from ex-
periment.

In this Letter we report a study of the super-
fluid transition in two-dimensional He films
using the Andronikashvili torsional-oscillator
technique, ' We have made precise measure-
ments of both the superfluid mass and dissipation
near the transition temperature for films with
transitions ranging from 0.3 to 1.6 K. Prelimi-
nary reports on this work have been given ear-
lier. 2 Our observations correspond closely to
the predictions of the Kosterlitz- Thouless"
theory of two-dimensional superfluids and its re-
cent extension to finite frequency and velocity. "
In the Kosterlitz-Thouless theory, "the two-

dimensional superfluid at low temperatures is
populated by a system of bound vortex-antivortex
pairs. At sufficiently high temperature a dissoci-
ation of a finite fraction of the vortex pairs takes
place, and superfluidity is destroyed. Kosterlitz, '
in a renormalization-group calculation, has
shown that, for the static case, the superfluid
mass drops discontinuously to zero at the transi-
tion. Further, as has been emphasized by Nelson
and Kosterlitz, ' the ratio of the superQuid mass
per unit area, to the transition temperature, is
a universal quantity, independent of film thick-
ness, given by p, (T, )/T, =8~ha(m/It)', where m
is the mass of the 'He atom, h is Planek's con-
stant, and k~ is Boltzmann's constant.
Present techniques for the determination of the

superfluid mass in thin he1ium films do not test
the static theory directly, since they all require
measurements at a nonzero frequency and super-
fluid velocity. As a result, one does not expect
to see the discontinuous jump given in the static
theory, but to find a continuous variation of the
superfluid mass with temperature at the transi-
tion. In addition, one expects to find considerable
dissipation associated with the vortex motion in-
duced by the superf low required for the superfluid
mass measurements.

The experimental method employed in the pres-
ent investigation is similar to that used in the
previous determinations of the superfluid density
for films adsorbed on porous pycor glass. ' In
the experiment reported here, helium films are
adsorbed on a Mylar' film substrate. A strip of
the plastic Mylar film, 6x 10 4 em thick, 1.0 cm
wide, and about 21 m long, is wound as a spiral
on the axis of a torsional oscillator. The oscilla-
tor is driven at its resonant frequency of about
2.5 klz. After a helium film of the desired thick-
ness has been adsorbed on the Mylar substrate,
a series of period and Q measurements are made
to determine the temperature dependence of the
superfluid mass and dissipation,
%hen the oscillator is cooled below the transi-

tion temperature the superfluid decouples from
the torsion pendulum and the period of the oscil-
lator decreases. In Fig. 1, we have plotted the
shift in period, b&, due to the formation of super-
fluid for a film with a transition temperature of
near 1.22 K. It is seen that the variation in the
superfluid signal is rather abrupt near the transi-
tion, but nevertheless is continuous when exam-
ined with sufficiently high temperature resolution.
In Fig. 1 we have also plotted, as open circles,

the excess dissipation Q ', due to the superfluid.
A pronounced narrow peak is seen in the super-
fluid dissipation in the region of the transition
and the dissipation remains at a nonzero level as
the temperature is lowered well below the transi-
tion temperature. The width of the transition .

region where the period changes rapidly 3nd the
peak in dissipation occurs is less than 1/p of the
transition temperature.
These features in the dissipation are unique to

the two-dimensional super fluid. Neither the
Andronikashvili experiments in bulk helium nor
the experiments performed for films adsorbed
on the three-dimensionally connected substrate,
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and the dissipation remains at a nonzero level as
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q(T,), which governs the power-law decay of cor-
relations at the critical temperature. This result

1201

K.v. Klitzing, Integer Quantum Hall effect, 1980



VOLUME 39, NUMBER 19 PHYSICAL REVIE%' LETTERS 7 NovEMBER 1977

suits of A~„=0.4—0.6.""In conclusion, reflec-
tance measurements and plasma-simulation cal-
culations exhibit similarities unexpected only a
short time ago.
One of us (R,.p.G.) acknowledges receipt of a

Fulbright grant.
&««dded. —Since the original submission of

this paper a related work has appeared. "

& &Quest Researcher, on leave from Los Alamos
Scientific Laboratory, Los Alamos, N. Mex. 87544.
'C. Q. M. van Kesse1, J. N. Olsen, P. Sachsenmaier,

R. Sigel, K. Eidmann, and R. P. Godwin, Projektgruppe
fur Laserforschung, Max-Planck-Qesellschaft zur
Forderung der Wissenschaften, Laboratory Report No.
IPP IV/94, 1976 (unpublished).
R. A. Haas, W. C. Mead, W. L. Kruer, D. W. Phil-

lion, H. N. Kornb1um, J. D. Lindl, D. MacQuigg, V. C.
Rupert, and K. Q. Tirse11, Phys. Fluids 20, 322 (1977).
3V. M. Cottles and D. V. Qiovanielli, LASL Report

No. LA-UR-77-1096, 1977 (unpublished) .
4V. L. Ginzburg, The Propagation of Electromagnetic

Sheaves in Plasmas (Pergamon, New York, 1964), p. 213.
J. P. Freidberg, R. W. Mitchell, R. L. Morse, and

L. I. Rudsinski, Phys. Rev. Lett. 28, 795 (1972).
R. P. Qodwin, Phys. Rev. Lett. 28, 85 (1972).
~J. S. Pearlman, J. J. Thomson, and C. E. Max,

Phys. Rev. Lett. 38, 1397 (1977).
B. H. Ripin, Appl. Phys. Lett. 30, 134 (1977).
~R. Ulbricht, Elektrotechn. Z. 21, 595 (1900); see

also L. Bergmann and C. Schaefer, Lehxbuch der Ex-
pertmentalphysih (de Gruyter, Berlin, 1974), Band III,
p. 629.
' R. Sigel, K. Eldmann, H. C. Pant, and P. Sachsen-
maier, Phys. Rev. Lett. 36, 1369 (1976).
"W. L. Kruer, R. A. Haas, W. C. Mead, D. W. Phil-
lion, and V. C. Ruppert, in Plasma Physics —Nonlinear
Theory and ExPemments, Nobel Symposium 36, edited
by H. Wilhelmsson (Plenum, New York, 1977).
"B.Bezzerides, D. F. Du Bois, D. W. Forslund,
J. M. Kinde1, K. Lee, and E. L. Lindman, in Proceed-
ings of the Sixth International Conference on Plasma
Physics and Contr oiled ¹cleaxPusion Research,
Berchtesgaden, ~est Germany, 1976 (International
Atomic Energy Agency, Vienna, 1977), Vol. I, p. 123.' K. R. Manes, V. C. Rupert, J. M. Auerbach, P. Lee,
and J. E. Swain, Phys. Rev. Lett. 39, 281 (1977).

Universal Jump in the Superfluid Density of Two-Dimensional Superfluids

David R. Nelson&'~
Department of physics, IIarvard University, Cambridge, Massachusetts p2Z33

J. M. Kosterlitz
Department of Mathematical Physics, University of Birmingham, Birmingham BZ5 ZTT, England

(Received 16 September 1977)

We observe that recent theories of phase transitions in the two-dimensional XY model
predict a universal jump in the superfluid density of He films as T, is approached from
below Specific. ally, we find that limr r p, (T)/T = 3.62 x10 ~ g/cm2 K. Analogous re-
sults should hold for two-dimension. al plane, r magnets and liquid crystals.

A number of theories have been advanced deal-
ing with the critical properties of the classical
two-dimensional XI model. ' ' Although the lack
of long-range order in such systems has been
proven rigorously, ' evidence from high-tempera-
ture —series expansions' suggests the possibility
of a transition at finite temperature into a low-
temperature phase without longe-range order.
Indeed, the theories of Refs. 1—6 all predict a
low-temperature region which can be character-
ized as a "phase" of critical points with contin-
uously variable critical exponents. Within this
phase, order-parameter correlation functions
are expected to fall off at large distances as pow-
er laws with temperature-dependent exponents.

There is considerable disagreement, however,
on the predictions near the critical temperature
T„above which correlations are expected to de-
cay exponentially. Because exPerimental realiza-
tions of two-dimensional XF behavior may actual-
ly be available in 'He films, in planar magnets, "
and in liquid crystals, "it seems desirable to
have a simple criterion for determining which of
the theories, if any, are correct.
In this Letter, we point out that the theories ad-

vanced in Refs. 2b and 5 predict a universal jump
in the superfluid density of 'he films. The size
of the jump is related to the critical exponent
q(T,), which governs the power-law decay of cor-
relations at the critical temperature. This result

1201

VOLUME 39, NUMBER 19 PHYSICAL REVIE%' LETTERS 7 NovEMBER 1977

suits of A~„=0.4—0.6.""In conclusion, reflec-
tance measurements and plasma-simulation cal-
culations exhibit similarities unexpected only a
short time ago.
One of us (R,.p.G.) acknowledges receipt of a

Fulbright grant.
&««dded. —Since the original submission of

this paper a related work has appeared. "

& &Quest Researcher, on leave from Los Alamos
Scientific Laboratory, Los Alamos, N. Mex. 87544.
'C. Q. M. van Kesse1, J. N. Olsen, P. Sachsenmaier,

R. Sigel, K. Eidmann, and R. P. Godwin, Projektgruppe
fur Laserforschung, Max-Planck-Qesellschaft zur
Forderung der Wissenschaften, Laboratory Report No.
IPP IV/94, 1976 (unpublished).
R. A. Haas, W. C. Mead, W. L. Kruer, D. W. Phil-

lion, H. N. Kornb1um, J. D. Lindl, D. MacQuigg, V. C.
Rupert, and K. Q. Tirse11, Phys. Fluids 20, 322 (1977).
3V. M. Cottles and D. V. Qiovanielli, LASL Report

No. LA-UR-77-1096, 1977 (unpublished) .
4V. L. Ginzburg, The Propagation of Electromagnetic

Sheaves in Plasmas (Pergamon, New York, 1964), p. 213.
J. P. Freidberg, R. W. Mitchell, R. L. Morse, and

L. I. Rudsinski, Phys. Rev. Lett. 28, 795 (1972).
R. P. Qodwin, Phys. Rev. Lett. 28, 85 (1972).
~J. S. Pearlman, J. J. Thomson, and C. E. Max,

Phys. Rev. Lett. 38, 1397 (1977).
B. H. Ripin, Appl. Phys. Lett. 30, 134 (1977).
~R. Ulbricht, Elektrotechn. Z. 21, 595 (1900); see

also L. Bergmann and C. Schaefer, Lehxbuch der Ex-
pertmentalphysih (de Gruyter, Berlin, 1974), Band III,
p. 629.
' R. Sigel, K. Eldmann, H. C. Pant, and P. Sachsen-
maier, Phys. Rev. Lett. 36, 1369 (1976).
"W. L. Kruer, R. A. Haas, W. C. Mead, D. W. Phil-
lion, and V. C. Ruppert, in Plasma Physics —Nonlinear
Theory and ExPemments, Nobel Symposium 36, edited
by H. Wilhelmsson (Plenum, New York, 1977).
"B.Bezzerides, D. F. Du Bois, D. W. Forslund,
J. M. Kinde1, K. Lee, and E. L. Lindman, in Proceed-
ings of the Sixth International Conference on Plasma
Physics and Contr oiled ¹cleaxPusion Research,
Berchtesgaden, ~est Germany, 1976 (International
Atomic Energy Agency, Vienna, 1977), Vol. I, p. 123.' K. R. Manes, V. C. Rupert, J. M. Auerbach, P. Lee,
and J. E. Swain, Phys. Rev. Lett. 39, 281 (1977).

Universal Jump in the Superfluid Density of Two-Dimensional Superfluids

David R. Nelson&'~
Department of physics, IIarvard University, Cambridge, Massachusetts p2Z33

J. M. Kosterlitz
Department of Mathematical Physics, University of Birmingham, Birmingham BZ5 ZTT, England

(Received 16 September 1977)

We observe that recent theories of phase transitions in the two-dimensional XY model
predict a universal jump in the superfluid density of He films as T, is approached from
below Specific. ally, we find that limr r p, (T)/T = 3.62 x10 ~ g/cm2 K. Analogous re-
sults should hold for two-dimension. al plane, r magnets and liquid crystals.

A number of theories have been advanced deal-
ing with the critical properties of the classical
two-dimensional XI model. ' ' Although the lack
of long-range order in such systems has been
proven rigorously, ' evidence from high-tempera-
ture —series expansions' suggests the possibility
of a transition at finite temperature into a low-
temperature phase without longe-range order.
Indeed, the theories of Refs. 1—6 all predict a
low-temperature region which can be character-
ized as a "phase" of critical points with contin-
uously variable critical exponents. Within this
phase, order-parameter correlation functions
are expected to fall off at large distances as pow-
er laws with temperature-dependent exponents.

There is considerable disagreement, however,
on the predictions near the critical temperature
T„above which correlations are expected to de-
cay exponentially. Because exPerimental realiza-
tions of two-dimensional XF behavior may actual-
ly be available in 'He films, in planar magnets, "
and in liquid crystals, "it seems desirable to
have a simple criterion for determining which of
the theories, if any, are correct.
In this Letter, we point out that the theories ad-

vanced in Refs. 2b and 5 predict a universal jump
in the superfluid density of 'he films. The size
of the jump is related to the critical exponent
q(T,), which governs the power-law decay of cor-
relations at the critical temperature. This result

1201

Nature | Vol !"# | $% June &%&$ | 191

Article

Observation of first and second sound in a 
BKT superfluid

Panagiotis Christodoulou1 ✉, Maciej Ga!ka1, Nishant Dogra1, Raphael Lopes2, 
Julian Schmitt1,3 & Zoran Hadzibabic1

Super!uidity in its various forms has been of interest since the observation of 
frictionless !ow in liquid helium II1,2. In three spatial dimensions it is conceptually 
associated with the emergence of long-range order at a critical temperature. One of 
the hallmarks of super!uidity, as predicted by the two-!uid model3,4 and observed in 
both liquid helium5 and in ultracold atomic gases6,7, is the existence of two kinds of 
sound excitation—the "rst and second sound. In two-dimensional systems, thermal 
!uctuations preclude long-range order8,9; however, super!uidity nevertheless 
emerges at a non-zero critical temperature through the in"nite-order Berezinskii–
Kosterlitz–Thouless (BKT) transition10,11, which is associated with a universal jump12 in 
the super!uid density without any discontinuities in the thermodynamic properties 
of the !uid. BKT super!uids are also predicted to support two sounds, but so far this 
has not been observed experimentally. Here we observe "rst and second sound in a 
homogeneous two-dimensional atomic Bose gas, and use the two temperature- 
dependent sound speeds to determine the super!uid density of the gas13–16. Our 
results agree with the predictions of BKT theory, including the prediction of a 
universal jump in the super!uid density at the critical temperature.

The hydrodynamic two-fluid theory4 models a fluid below the critical 
temperature, Tc, as a mixture of a superfluid component and a viscous 
normal component that carries all the entropy, and assumes that the 
two are in local thermodynamic equilibrium. The two sounds then cor-
respond to different variations of the total density and the entropy per 
particle. In three dimensions in the nearly incompressible liquid helium, 
the higher-speed first sound is a pure density wave and the lower-speed 
second sound is a pure entropy wave; more generally, both sounds 
can involve variations in both density and entropy17. At temperatures 
greater than Tc, the normal fluid supports just the first-sound density 
wave, and so the appearance of the second sound mode is a clear mani-
festation of superfluidity.

The two-sound phenomenology is also expected to hold for 
two-dimensional superfluids, despite the unconventional nature of 
the infinite-order BKT phase transition. However, in liquid-helium 
films, in which the BKT transition was first observed18, the propaga-
tion of both first and second sound is inhibited because the viscous 
normal component is pinned by the substrate. In two-dimensional 
atomic gases, in which many complementary BKT experiments have 
been performed19–31, only one sound mode has been seen so far. In a 
weakly interacting Bose gas, collisionless sound was observed31–33 (see 
also ref. 34) and showed no discontinuity at Tc, whereas in a strongly 
interacting Fermi gas, one pure density mode was observed35 at tem-
peratures well below Tc.

Here we observe both first and second sound in the long-wavelength 
density response of a homogeneous two-dimensional Bose gas to an 
external driving force (Fig.#1a). In our 39K gas, which has a surface 

density n $ 3 µm%2 and is characterized by a dimensionless interaction 
strength24,36 g̃ = 0.64(3) (all uncertainties correspond to one standard 
deviation), the elastic collision rate is sufficiently high for collisional 
hydrodynamic behaviour. Specifically, near Tc it is about four times 
larger than the observed first-sound (angular) frequency !1; for  
comparison, in the experiment of ref. 31, for an 87Rb gas with a similar 
geometry and larger n (~50 µm%2) but smaller g̃  (0.16), the elastic  
collision rate and the expected16 !1 were approximately equal near  
the critical point. At the same time, the compressibility of our gas near 
Tc is sufficiently high for our driving force to excite both sounds  
effectively16,17.

Our homogeneous two-dimensional gases are prepared in a node of 
a vertical one-dimensional optical lattice (Fig.#1b, green) with harmonic 
trap frequency !z/(2&)#=#5.5(1) kHz. They are deep in the two-dimensional 
regime; both the interaction and thermal energy per particle are below 
0.3"!z, where " is the reduced Planck’s constant. In the x–y plane, we 
confine the atoms to a rectangular box of size Lx#'#Ly and potential-energy 
wall height U0 using a hollow laser beam (Fig.#1b, red); we tune U0/kB, 
where kB is the Boltzmann constant, to between 100 and 300 nK to  
vary the gas temperature T (Methods). We control the interaction 
strength g m! " a˜ = 8& /z , where m is the atom mass and a the scatter-
ing length24, via a magnetic Feshbach resonance37 at 402.7 G. Our value 
of g̃ corresponds to a relatively high a#=#522(23)a0, where a0 is the Bohr 
radius, which results in noticeable three-body losses; during the meas-
urements (such as those in Fig.#1c) the sample slowly decays (without 
heating), but n stays within 15% of its average value and the data are 
fitted well by assuming a steady-state oscillation.
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Theory of Two-Dimensional Melting

-mediated two-dimensional melting are
ion of dislocation pairs first drives a transi-
ntial decay of translational order, but pow-
A subsequent dis soc iation of dis clunation
an isotropic fluid. The critical behavior,
is discussed.
translational order parameter e' ' ", with a cor-
relation length (+(T) =n& '. This length diverges
as T- T ' [see (6) below]. The structure factor
S(q} is now finite at all Bragg points, and the
Lamd coefficients vanish at long wavelengths.
We shall see, however, that orientational order
persists, in the sense that bond-angle correla-
tions now decay algebraically, (g*(r)g(6)) -1/
r "6 . This phase can be described as a liquid
crystal, similar to a two-dimensional nematic,
but with a sixfold rather than twofold anisotropy.
The exponent q, (T) is related to the Franck con-
stant K„(T), which is the coefficient of —,

'
~
%Op in

the free-energy density: q, (T) = 18k BT/mK„(T).
We find that K„is infinite just above T, but de-
creases with increasing temperatures, until a
temperature T,, where dissociation of disclina-
tion pairs drives a transition into an isotropic
phase in which both the translational and orienta-
tional order decay exponentially.
The liquid-crystal phase is isomorphic to a

two-dimensional superfluid, except that +60'
disclinations play the role of vortices. The
transition at T,. should belong to the same uni-
versality class as the superfluid transition, and
we expect, in particular, that' q, (T;) = ~. Al-
though disclination pairs are very tightly bound
in the solid phase, screening by a gas of free
dislocations produces a weaker logarithmic bind-
ing for T &T&T,. It is interesting to note that
an isolated dislocation can itself be regarded as
a tightly bound disclination pair, ' separated by
one lattice constant.
To see the origin of these results, let us de-

compose the displacement field of a solid into a
smoothly varying phonon field cp(r), and a part
due to dislocations. ' The Hamiltonian X~ for
the solid, within continuum elasticity theory,
then breaks into two parts, Ks=K +K~, with

The consequences of a theory of dislocation
worked out for triangular lattices. Dissociat
tion into a "liquid crystal" phase with expone
er-law decay of sixfold orientational order.
pairs at a higher temperature then produces
as well as the effect of a periodic substrate,

Kosterlitz and Thouless' have proposed a model
of two-dimensional melting, in which the "topo-
logical order" of a solid phase is destroyed by
the dissociation of dislocation pairs. Similar
ideas, with vortices taking the place of disloca-
tions, have led to a rather detailed theory' of
the superfluid transition in two dimensions. In
this Letter, we summarize the consequences of
dislocation-mediated melting of triangular lat-
tices, on both smooth and periodic substrates.
A more detailed derivation will be given else-
where. '
Consider the properties of a two-dimensional

triangular solid on a smooth substrate. By de-
finition, the solid has nonzero long-wavelength
elastic constants. The structure factor exhibits'
power-law singularities, S(q) - ~ q —G ~

'
near a set of reciprocal lattice vectors {G), with
exponents gG related to the Lame elastic con-
stants pn(T) and An(T) by 11G=ksT~G~'(3pn+A~)/
4v p.n(2 p,„+A g. These singularities, which re-
place the 5-function Bragg peaks found in three-
dimensional solids, reflect power-law decay at
large distances of the correlation function (exp{iG
~ [u(r) —u(5)]]), where u(r) is the lattice displace-
ment at point r. One can also define an order
parameter (analogous to e' ' ") for bond orienta, —
tions, namely g—:e", where 0(r) is the orienta-
tion, relative to the x axis, of a bond between
two nearest-neighbor atoms at r. In a solid, 0
is given in terms of the displacement field, 6I

= —,'(&,u„B„M,). The so—lid phase exhibits long-
range orientational order, since ($*(r)g(5)) ap-
proaches a nonzero constant at large r.'
If melting is indeed characterized by an unbind-

ing of dislocation pairs at a temperature T, one
expects that a density nt(T) of free dislocations
above T will lead to exponential decay of the
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-mediated two-dimensional melting are
ion of dislocation pairs first drives a transi-
ntial decay of translational order, but pow-
A subsequent dis soc iation of dis clunation
an isotropic fluid. The critical behavior,
is discussed.
translational order parameter e' ' ", with a cor-
relation length (+(T) =n& '. This length diverges
as T- T ' [see (6) below]. The structure factor
S(q} is now finite at all Bragg points, and the
Lamd coefficients vanish at long wavelengths.
We shall see, however, that orientational order
persists, in the sense that bond-angle correla-
tions now decay algebraically, (g*(r)g(6)) -1/
r "6 . This phase can be described as a liquid
crystal, similar to a two-dimensional nematic,
but with a sixfold rather than twofold anisotropy.
The exponent q, (T) is related to the Franck con-
stant K„(T), which is the coefficient of —,

'
~
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the free-energy density: q, (T) = 18k BT/mK„(T).
We find that K„is infinite just above T, but de-
creases with increasing temperatures, until a
temperature T,, where dissociation of disclina-
tion pairs drives a transition into an isotropic
phase in which both the translational and orienta-
tional order decay exponentially.
The liquid-crystal phase is isomorphic to a

two-dimensional superfluid, except that +60'
disclinations play the role of vortices. The
transition at T,. should belong to the same uni-
versality class as the superfluid transition, and
we expect, in particular, that' q, (T;) = ~. Al-
though disclination pairs are very tightly bound
in the solid phase, screening by a gas of free
dislocations produces a weaker logarithmic bind-
ing for T &T&T,. It is interesting to note that
an isolated dislocation can itself be regarded as
a tightly bound disclination pair, ' separated by
one lattice constant.
To see the origin of these results, let us de-

compose the displacement field of a solid into a
smoothly varying phonon field cp(r), and a part
due to dislocations. ' The Hamiltonian X~ for
the solid, within continuum elasticity theory,
then breaks into two parts, Ks=K +K~, with

The consequences of a theory of dislocation
worked out for triangular lattices. Dissociat
tion into a "liquid crystal" phase with expone
er-law decay of sixfold orientational order.
pairs at a higher temperature then produces
as well as the effect of a periodic substrate,

Kosterlitz and Thouless' have proposed a model
of two-dimensional melting, in which the "topo-
logical order" of a solid phase is destroyed by
the dissociation of dislocation pairs. Similar
ideas, with vortices taking the place of disloca-
tions, have led to a rather detailed theory' of
the superfluid transition in two dimensions. In
this Letter, we summarize the consequences of
dislocation-mediated melting of triangular lat-
tices, on both smooth and periodic substrates.
A more detailed derivation will be given else-
where. '
Consider the properties of a two-dimensional

triangular solid on a smooth substrate. By de-
finition, the solid has nonzero long-wavelength
elastic constants. The structure factor exhibits'
power-law singularities, S(q) - ~ q —G ~

'
near a set of reciprocal lattice vectors {G), with
exponents gG related to the Lame elastic con-
stants pn(T) and An(T) by 11G=ksT~G~'(3pn+A~)/
4v p.n(2 p,„+A g. These singularities, which re-
place the 5-function Bragg peaks found in three-
dimensional solids, reflect power-law decay at
large distances of the correlation function (exp{iG
~ [u(r) —u(5)]]), where u(r) is the lattice displace-
ment at point r. One can also define an order
parameter (analogous to e' ' ") for bond orienta, —
tions, namely g—:e", where 0(r) is the orienta-
tion, relative to the x axis, of a bond between
two nearest-neighbor atoms at r. In a solid, 0
is given in terms of the displacement field, 6I

= —,'(&,u„B„M,). The so—lid phase exhibits long-
range orientational order, since ($*(r)g(5)) ap-
proaches a nonzero constant at large r.'
If melting is indeed characterized by an unbind-

ing of dislocation pairs at a temperature T, one
expects that a density nt(T) of free dislocations
above T will lead to exponential decay of the
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X-Ray Observation of a Stacked Hexatic Liquid-Crystal 8 Phase
R. Pindak, D. E. Moncton, S. C. Davey, and J. W. Goodby

Bell Laboratories, Murray Hill, New Jersey 07974
(g,eceived 28 January 1981)

X-ray studies have been performed on a new liquid-crystal material which exhibits a
noncrystalline B phase. Using free-standing liquid-crystal film techniques, we find that
this B phase has short-range in-plane positional correlations but long-range, three-
dimensional, sixfold bond-orientational order. We interpret our results in terms of a
system of interacting two-dimensional hexatic layers.

PACS numbers: 64.70.Ew, 61.30.Eb

The liquid-crystal B phase is a layered phase
with the molecules oriented perpendicular to the
layer planes and hexagonally ordered within each
layer. X-ray structural studies" recently dem-
onstrated that this hexagonal order in the proto-
typical B-phase liquid crystal N-(4-n-butyloxy-
benzylidene)-4-n-octylaniline (40.8) involves po-
sitional correlations which are three dimensional
(3D) and long range. This B phase is, therefore,
crystalline. It supports a shear both within and
between its layers" and melts into the smectic-
A phase, a higher-temperature phase with fluid-
like layers, by a first-order transition. ' Crys-
talline B phases have also been observed by us in
N- (4-n-butyloxyb enzylidene) -4-n-butylaniline
(40.4) and trans 1,4-cyc-lohexane-di-4-n-octyl-
oxybenzoate (TCOB).' Although many B phases
appear to be crystals, Leadbetter, Frost, and
Mazid' claimed that some materials exhibited B
phases which lacked interlayer correlations. In
this paper we report x-ray studies on a similar
material using free-standing liquid-crystal film
techniques. This approach enables us to ascer-
tain the novel structural nature of this new B
phase. Unlike previous crystalline B phases,
this new phase has short-range in-plane position-
al correlations, but it differs from the A phase
in having long-range, sixfold bond-orientational
order. Halperin and Nelson first proposed the
possibility of bond-orientational ordering in their
treatment of two-dimensional (2D) melting. ' They
found that a 2D phase having algebraically decay-
ing bond-orientational order (a hexatic phase)
would occur between the 2D solid and liquid phas-
es if 2D melting was a dislocation-mediated sec-
ond-order pha, se transition. Subsequently, Bir-
geneau and Litster' suggested a, 3D liquid-crys-
tal phase consisting of 2D hexatic layers which
interact to produce long-range, 3D bond-orienta-
tional order. As we will discuss below, this
stacked hexatic phase has the structural proper-
ties which we have observed in the B phase of a

new liquid-crystal material. We refer to this
phase as a hexatic B. The discovery of this
phase has already motivated experiments which
show that this hexatic B phase does not support
an in-plane shear" and that it melts by a. second-
order transition. '
In the present experiments we have used the

same rotating-anode x-ray techniques as in our
previous study of the crystalline B phase in 40.8.'
Samples were free-standing films at least 100
molecular layers thick. Our work on 40.8 dem-
onstrated that these films are single-crystal-
quality samples with in-plane domains - 1 mm'
and with layer alignment better than 0.01 . These
qualities offer considerable technical advantages
over the conventional field-aligned bulk samples.
For this experiment, field-aligned samples would
not permit a, study of the bond-orientation struc-
ture within the layers since such samples are
completely disordered with respect to rotation
about the layer norma, l.
We chose to examine the liquid-crystal materi-

al n-hexyl-4'-n-pentyloxybiphenyl-4-carboxylate
(650BC),"which exhibits the following sequence
of phase transitions on cooling:

Isotropic "=smectic-A" = B ' =E( rcyst la).

Three different types of scans are necessary to
establish the structural properties of 650BC
(see inset to Fig. 1). These scans are referred
to in hexagonal reciprocal-lattice coordinates
with a* = 4m/(3' a) = 1.420 A ' and c*= 2m/c = 0.242
A '. Scans with Q =Q~~ (momentum transfer in the
plane of the layers) probe the extent of in-plane
positional correlations. Scans which rotate the
film about the layer normal (y scans) probe bond-
orientational order. Finally, scans along Q ~ at
Q„=1probe the extent of interlayer correlations.
Scans in the B phase of 65OBC are shown in
Fig. 1. There is no evidence for any Bragg peaks
such as seen in the crystalline 8 phase of 40.8.
Rather we find a rod of scattering along Q~ which
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-mediated two-dimensional melting are
ion of dislocation pairs first drives a transi-
ntial decay of translational order, but pow-
A subsequent dis soc iation of dis clunation
an isotropic fluid. The critical behavior,
is discussed.
translational order parameter e' ' ", with a cor-
relation length (+(T) =n& '. This length diverges
as T- T ' [see (6) below]. The structure factor
S(q} is now finite at all Bragg points, and the
Lamd coefficients vanish at long wavelengths.
We shall see, however, that orientational order
persists, in the sense that bond-angle correla-
tions now decay algebraically, (g*(r)g(6)) -1/
r "6 . This phase can be described as a liquid
crystal, similar to a two-dimensional nematic,
but with a sixfold rather than twofold anisotropy.
The exponent q, (T) is related to the Franck con-
stant K„(T), which is the coefficient of —,
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the free-energy density: q, (T) = 18k BT/mK„(T).
We find that K„is infinite just above T, but de-
creases with increasing temperatures, until a
temperature T,, where dissociation of disclina-
tion pairs drives a transition into an isotropic
phase in which both the translational and orienta-
tional order decay exponentially.
The liquid-crystal phase is isomorphic to a

two-dimensional superfluid, except that +60'
disclinations play the role of vortices. The
transition at T,. should belong to the same uni-
versality class as the superfluid transition, and
we expect, in particular, that' q, (T;) = ~. Al-
though disclination pairs are very tightly bound
in the solid phase, screening by a gas of free
dislocations produces a weaker logarithmic bind-
ing for T &T&T,. It is interesting to note that
an isolated dislocation can itself be regarded as
a tightly bound disclination pair, ' separated by
one lattice constant.
To see the origin of these results, let us de-

compose the displacement field of a solid into a
smoothly varying phonon field cp(r), and a part
due to dislocations. ' The Hamiltonian X~ for
the solid, within continuum elasticity theory,
then breaks into two parts, Ks=K +K~, with

The consequences of a theory of dislocation
worked out for triangular lattices. Dissociat
tion into a "liquid crystal" phase with expone
er-law decay of sixfold orientational order.
pairs at a higher temperature then produces
as well as the effect of a periodic substrate,

Kosterlitz and Thouless' have proposed a model
of two-dimensional melting, in which the "topo-
logical order" of a solid phase is destroyed by
the dissociation of dislocation pairs. Similar
ideas, with vortices taking the place of disloca-
tions, have led to a rather detailed theory' of
the superfluid transition in two dimensions. In
this Letter, we summarize the consequences of
dislocation-mediated melting of triangular lat-
tices, on both smooth and periodic substrates.
A more detailed derivation will be given else-
where. '
Consider the properties of a two-dimensional

triangular solid on a smooth substrate. By de-
finition, the solid has nonzero long-wavelength
elastic constants. The structure factor exhibits'
power-law singularities, S(q) - ~ q —G ~

'
near a set of reciprocal lattice vectors {G), with
exponents gG related to the Lame elastic con-
stants pn(T) and An(T) by 11G=ksT~G~'(3pn+A~)/
4v p.n(2 p,„+A g. These singularities, which re-
place the 5-function Bragg peaks found in three-
dimensional solids, reflect power-law decay at
large distances of the correlation function (exp{iG
~ [u(r) —u(5)]]), where u(r) is the lattice displace-
ment at point r. One can also define an order
parameter (analogous to e' ' ") for bond orienta, —
tions, namely g—:e", where 0(r) is the orienta-
tion, relative to the x axis, of a bond between
two nearest-neighbor atoms at r. In a solid, 0
is given in terms of the displacement field, 6I

= —,'(&,u„B„M,). The so—lid phase exhibits long-
range orientational order, since ($*(r)g(5)) ap-
proaches a nonzero constant at large r.'
If melting is indeed characterized by an unbind-

ing of dislocation pairs at a temperature T, one
expects that a density nt(T) of free dislocations
above T will lead to exponential decay of the
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Two-Stage Melting of Paramagnetic Colloidal Crystals in Two Dimensions

K. Zahn,1 R. Lenke,1,2 and G. Maret1
1Fakultät für Physik, Universität Konstanz, P.O. Box 5560, D-78457 Konstanz, Germany

2Institut Charles Sadron, 6 rue Boussingault, F-67083 Strasbourg, France
(Received 5 October 1998)

A novel two-dimensional system of colloidal particles with absolutely calibrated magnetic interaction
is used to investigate static and dynamic properties at the 2D crystal to liquid phase transition. We
observe two successive transitions from the solid to the liquid phase with an intermediate hexatic phase,
in perfect agreement with the theory of Kosterlitz and Thouless. The absolute values of the transition
temperatures are given, and we demonstrate that they depend neither on the system size nor on the
cooling rate. [S0031-9007(99)08831-6]

PACS numbers: 64.70.Dv, 61.72.Lk, 82.70.Dd

Since the work of Mermin [1] it is known that the
density-density correlation function in a two-dimensional
(2D) crystal decays algebraically to zero with distance, in
contrast to the 3D case where a finite value is attained.
Therefore, Kosterlitz and Thouless [2] pointed out that
the nature of the melting transition in 2D is different
from 3D and suggested crystal melting via a continuous
transition mediated by the dissociation of dislocation
pairs. Later it was shown [3,4] that the resulting phase
is not an isotropic liquid, and a second transition induced
by the formation of disclinations is necessary to drive the
system from the so-called hexatic phase into the isotropic
liquid. This two-stage melting scenario is referred to
as the Kosterlitz-Thouless-Halperin-Nelson-Young theory
(KTHNY). This theory predicts the temperature where
the system becomes unstable and topological defects
(dislocations or disclinations) are formed. However,
these transitions might be preempted by other processes
leading to a single first order transition as in 3D [5].
Several computer simulations and experiments have been
performed [6], leading to inconsistent results. So far it
seems that the melting scenario in 2D is not universal but
depends on the specific properties of the systems, e.g., the
core energy of the dislocations [7].
In this Letter we use a novel 2D setup of colloidal

particles with absolutely calibrated magnetic interaction
[8] to investigate statics and dynamics at the crystal to
liquid phase transition with “atomic” resolution. The
results unambiguously demonstrate that a 2D system of
interacting dipoles melts via a two-stage scenario in
agreement with KTHNY. In addition, for the first time
absolute values of the transition temperatures are given.
Furthermore, we study the system size dependence of the
transition and the question of thermal equilibrium.
Spherical colloids of diameter d ≠ 4.7 mm and mass

density 1.7 kgym3 are confined by gravity to a water/air
interface formed by a cylindrical drop suspended by sur-
face tension in a top-sealed ring. We control the flatness
of the entire interface (o.d. ≠ 8 mm) up to 61 mm [8].
The particles are superparamagnetic due to Fe2O3 doping
[9], and a magnetic field B applied perpendicular to the

interface induces magnetic dipole moments M leading to
a repulsive interparticle potential. For the weak field in-
tensities used we find M ≠ xeffB with an effective mag-
netic susceptibility of the particles xeff ≠ s7.62 6 0.2d 3
1011 Am2yT [8]. This setup has considerable advantages
over colloidal model systems previously used [10–12]: It
can be regarded an almost ideal 2D model system as the
out-of-plane motion of the particles corresponds to less
than 1% of their diameter. The only relevant contribu-
tion to the interaction potential is the magnetic dipolar
repulsion which is conveniently and reversibly adjustable
by the external field B and absolutely calibrated by the
dimensionless interaction amplitude (or inverse tempera-
ture) G ≠ sm0y4pd sxeffBd2spnd3y2ykT (n denotes the
2D volume fraction of the particles). Finally, the system
size and the equilibration time can easily be varied and
their influence on the transitions studied.
The experiments were carried out as follows: At high

field B, i.e., in the crystalline phase, the system was
equilibrated for several days up to a week. In addition,
small ac magnetic fields in the particle plane were
superimposed to B to anneal lattice defects. After this
procedure the entire sample [13] consisted of one single
crystalline domain with a few (one per several thousand
particles) isolated dislocations left. The field of view
of size 520 3 440 mm2, which corresponds to typically
103 particles (the entire sample contains ¯105 particles),
was chosen without any defect to minimize influences
on the phase transition. Finally, the temperature T ≠
1yG was increased by steps, each increase followed by
an equilibration time of the order of an hour. After
equilibration the particle coordinates were determined
using digital video-microscopy and recorded for later
evaluation on a PC.
For the analysis of the static properties the density-

density [Eq. (1)] and bond-angular [Eq. (2)] correlation
functions have been calculated,

gGsjr 2 r0jd ≠ kexp sssiG ? fusrd 2 usr0dgdddl , (1)

g6sjr 2 r0jd ≠ kexp sssi6fusrd 2 usr0dgdddl . (2)
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FIG. 3. Trajectories of particles integrated for a time t ≠ 300 s taken at three different temperatures 1yG. These correspond
(from left to right) to the solid phase close to melting, the hexatic, and the isotropic liquid phase.

in Eqs. (1), (2), and (4) (from left to right), the defect
structure determined by the Voronoi construction, and the
trajectories of the particles integrated over 300 s. In the
following these figures will be discussed simultaneously
for the different 1yG values.
At the lowest temperature 1yG ≠ 0.0151 an algebraic

decay is found for gGsrd while g6srd is finite for large
r . gLstd is bound at large times and no defects at all
are present (not represented in Figs. 2 and 3). All this
indicates a crystalline phase. At the higher temperature
0.0164 the behavior of gGsrd, i.e., the exponent of
the algebraic decay, is close to the predicted value
h ≠ 0.33 at the melting transition. Similarly, gLstd
approaches the transition value gc

M ≠ 0.033 but remains
finite at long times. The analysis of the defects reveals
the appearance of pairs of dislocations, which start to
unbind (one example in Fig. 2, left). However, these
pairs always annihilate after a few seconds and no free
dislocation is present. Thus the overall analysis indicates
a crystalline phase very close to the melting transition.
Next, the temperature was increased to 0.0177. As the
long time behavior of gLstd and the trajectories (Fig. 3)
demonstrate, the particles now leave their positions in
the lattice, their mean square displacement diverging as a
function of time. In addition, free dislocations are present
(Fig. 2) which were observed to move freely through the
sample. All this is strong evidence for a liquidlike phase.
However, contrary to gGsrd which is of short range, g6srd
remains quasi long range, its behavior being compatible
with an algebraic decay. In addition, Fig. 2 (1yG ≠
0.0177, right part) demonstrates that disclinations are
created by a dissociation process similar to the creation of
dislocations. An isolated particle having seven neighbors
is created leaving a particle with five neighbors plus
an adjacent dislocation in its neighborhood. However,
these defects are always found to annihilate after a few
seconds and only at a higher temperature 0.0189 are free
disclinations stable (Fig. 2, right). Therefore we claim
that the phase corresponding to 1yG ≠ 0.0177 is hexatic
and a second transition drives the system into the isotropic
liquid (1yG ≠ 0.0189), which is characterized by the

exponential decrease of both gGsrd and g6srd. Thus
the melting scenario proposed by KTHNY corresponds
perfectly to the measurements presented.
In addition, we are able to give the absolute values

of the transition temperatures 1yGm, 1yGi: As a melting
criterion to determine 1yGm we claimed that the long
time limit gM of the Lindemann parameter gLstd should
be equal to the critical value gc

M ≠ 0.033. In Fig. 4
(main part) gM is plotted as a function of 1yG for
various lattice constants a. Intersection of these curves
with gc

M gives 1yGm ≠ 0.0167. Even if the values of
gM above the melting temperature are no longer well
defined, this should not have a considerable influence on
the point where the curves intersect. This value is in good
agreement with the simulations [15] cited earlier [18]. As
a criterion to determine the temperature of the hexatic-
liquid transition we used the point where g6srd started to
decrease faster than 1yr s1y4d and found 1yGi ≠ 0.0179.
In addition, Fig. 4 enables us to investigate another

aspect of the transition. In the inset the values of gM are
represented as a function of the magnetic field, for various
lattice constants a. As the size of the sample was kept

FIG. 4. The long time limit gM of the Lindemann parameter
as a function of the magnetic field (inset) and the temperature
1yG for different lattice constants a. gM scales only with 1yG
and no dependence on the number of particles (a consequence
of the fixed system size for various a) is observed.
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translational order parameter e' ' ", with a cor-
relation length (+(T) =n& '. This length diverges
as T- T ' [see (6) below]. The structure factor
S(q} is now finite at all Bragg points, and the
Lamd coefficients vanish at long wavelengths.
We shall see, however, that orientational order
persists, in the sense that bond-angle correla-
tions now decay algebraically, (g*(r)g(6)) -1/
r "6 . This phase can be described as a liquid
crystal, similar to a two-dimensional nematic,
but with a sixfold rather than twofold anisotropy.
The exponent q, (T) is related to the Franck con-
stant K„(T), which is the coefficient of —,
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the free-energy density: q, (T) = 18k BT/mK„(T).
We find that K„is infinite just above T, but de-
creases with increasing temperatures, until a
temperature T,, where dissociation of disclina-
tion pairs drives a transition into an isotropic
phase in which both the translational and orienta-
tional order decay exponentially.
The liquid-crystal phase is isomorphic to a

two-dimensional superfluid, except that +60'
disclinations play the role of vortices. The
transition at T,. should belong to the same uni-
versality class as the superfluid transition, and
we expect, in particular, that' q, (T;) = ~. Al-
though disclination pairs are very tightly bound
in the solid phase, screening by a gas of free
dislocations produces a weaker logarithmic bind-
ing for T &T&T,. It is interesting to note that
an isolated dislocation can itself be regarded as
a tightly bound disclination pair, ' separated by
one lattice constant.
To see the origin of these results, let us de-

compose the displacement field of a solid into a
smoothly varying phonon field cp(r), and a part
due to dislocations. ' The Hamiltonian X~ for
the solid, within continuum elasticity theory,
then breaks into two parts, Ks=K +K~, with

The consequences of a theory of dislocation
worked out for triangular lattices. Dissociat
tion into a "liquid crystal" phase with expone
er-law decay of sixfold orientational order.
pairs at a higher temperature then produces
as well as the effect of a periodic substrate,

Kosterlitz and Thouless' have proposed a model
of two-dimensional melting, in which the "topo-
logical order" of a solid phase is destroyed by
the dissociation of dislocation pairs. Similar
ideas, with vortices taking the place of disloca-
tions, have led to a rather detailed theory' of
the superfluid transition in two dimensions. In
this Letter, we summarize the consequences of
dislocation-mediated melting of triangular lat-
tices, on both smooth and periodic substrates.
A more detailed derivation will be given else-
where. '
Consider the properties of a two-dimensional

triangular solid on a smooth substrate. By de-
finition, the solid has nonzero long-wavelength
elastic constants. The structure factor exhibits'
power-law singularities, S(q) - ~ q —G ~

'
near a set of reciprocal lattice vectors {G), with
exponents gG related to the Lame elastic con-
stants pn(T) and An(T) by 11G=ksT~G~'(3pn+A~)/
4v p.n(2 p,„+A g. These singularities, which re-
place the 5-function Bragg peaks found in three-
dimensional solids, reflect power-law decay at
large distances of the correlation function (exp{iG
~ [u(r) —u(5)]]), where u(r) is the lattice displace-
ment at point r. One can also define an order
parameter (analogous to e' ' ") for bond orienta, —
tions, namely g—:e", where 0(r) is the orienta-
tion, relative to the x axis, of a bond between
two nearest-neighbor atoms at r. In a solid, 0
is given in terms of the displacement field, 6I

= —,'(&,u„B„M,). The so—lid phase exhibits long-
range orientational order, since ($*(r)g(5)) ap-
proaches a nonzero constant at large r.'
If melting is indeed characterized by an unbind-

ing of dislocation pairs at a temperature T, one
expects that a density nt(T) of free dislocations
above T will lead to exponential decay of the
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Biological tissues transform between solid- and liquidlike states in many fundamental physiological
events. Recent experimental observations further suggest that in two-dimensional epithelial tissues these
solid-liquid transformations can happen via intermediate states akin to the intermediate hexatic phases
observed in equilibrium two-dimensional melting. The hexatic phase is characterized by quasi-long-range
(power-law) orientational order but no translational order, thus endowing some structure to an otherwise
structureless fluid. While it has been shown that hexatic order in tissue models can be induced by motility
and thermal fluctuations, the role of cell division and apoptosis (birth and death) has remained poorly
understood, despite its fundamental biological role. Here we study the effect of cell division and apoptosis
on global hexatic order within the framework of the self-propelled Voronoi model of tissue. Although cell
division naively destroys order and active motility facilitates deformations, we show that their combined
action drives a liquid-hexatic-liquid transformation as the motility increases. The hexatic phase is accessed
by the delicate balance of dislocation defect generation from cell division and the active binding of
disclination-antidisclination pairs from motility. We formulate a mean-field model to elucidate this
competition between cell division and motility and the consequent development of hexatic order.

DOI: 10.1103/PhysRevLett.132.218402

Organ surfaces are often covered with 2D confluent
monolayers of epithelial or endothelial cells, which provide
functional separation from the surrounding environment.
During development these cells grow, divide, and move,
dynamically reorganizing the entire tissue. Regulated by a
complex set of chemical and mechanical signaling path-
ways [1–4], tissue frequently undergoes a transition from a
structureless fluidlike state to a state capable of supporting
a variety of stresses, most notably elastic stresses [5–11].
Such transformations have recently been analyzed as a
crossover from a liquid to an amorphous solid [12,13]. In
two-dimensional (2D) systems in equilibrium, however,
liquids can develop rigidity via two consecutive transitions,
the first corresponding to the development of orientational
order without translational order and the second adding
translational order to the existing orientational order
[14,15]. The intermediate phase with (quasi-long-range)
orientational order but translational disorder is known as
the hexatic phase and has been shown to occur in a very
wide variety of physical systems [16–29]. The hexatic is a
particular type of structured fluid since it flows like a fluid
but has orientational rigidity.
Previous theoretical and computational models of dense

tissues have studied the emergence of hexatic order, with
focus on the effects of thermal fluctuations [30–32] and
motility [33–36]. Modeling typically studies the inverse
process of disordering by melting from the crystalline state.

Realistic tissues, however, are very rarely crystalline with a
few exceptions [37,38]. Cell division and apoptosis almost
always destroy the crystalline state [39] and yet there has
been no direct observation of the hexatic phase in in vitro
biological tissues, including those undergoing a solid-
liquid transition [5,6,8,40]. Recent studies have observed
pronounced orientational order associated with cell divi-
sion during the development of Drosophila embryos
[41,42]. The underlying mechanism driving the emergence
of such orientational order, however, remains elusive.
Here we analyze whether biological systems can exhibit

this rather subtle phase by studying numerically and
analytically the self-propelled Voronoi (SPV) model [13]
of a tissue, including cell division and death. Our study
demonstrates that the interaction between cell division and
apoptosis and cell motility is key to initiating a hexatic
phase. Without cell division, the model transitions from
crystal to hexatic and then to liquid. Introducing cell
division and motility, we observe complex liquid-hexatic
and hexatic-liquid transitions, resulting in a reentrant phase
diagram. This indicates that, contrary to traditional views,
cell motility, in conjunction with cell division, promotes the
hexatic state. We examine the role the relevant topological
defects (dislocations and disclinations) play in establishing
orientational order and develop a mean-field theory that
accurately describes the emergence of hexatic order from
the interplay of cell division and motility. This theory
closely matches our simulations, with no fitting parameters,
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and sheds light on the key mechanisms that lead to a
hexatic phase.
Model.—We model a 2D cell layer using the SPV [13]

version of the vertex model [40,43–48]. The cell shapes and
the cellular network are determined based on the Voronoi
tessellation [49,50] of the cell centers frig. Here mechani-
cal interactions in the tissue are controlled by the energy
functional E ¼

PN
i¼1½KAðAi − A0Þ2 þ KPðPi − P0Þ2&. The

first term, quadratic in the cell areas fAig, originates from
the incompressibility of cell volume, giving rise to a 2D
area elasticity constant KA and preferred area A0 [43,51].
The second term, quadratic in the cell perimeters fPig,
arises from the contractility of the cell cortex, with an
elastic constantKP [43]. Here P0 is the target cell perimeter
[12], representing the interfacial tension set by the com-
petition between the cortical tension and the adhesion
between adjacent cells [51]. The target shape index p0 ¼
P0=

ffiffiffiffiffi
A0

p
effectively characterizes the competition between

cell-cell adhesion and cortical tension, acting as a signature
for the solid-liquid phase transition [12,47]. Apart from the
effective mechanical interaction force Fi ¼ −∇iE, cells are
self-propelled. A self-propulsion force is exerted along
the cell polarity direction n̂i ¼ ðcos θi; sin θiÞ, where θi is
the polarity angle. The self-propulsion has a constant
magnitude v0=μ, with μ the inverse of a frictional drag.
The equation of motion for each cell is given by

ṙi ¼ μFi þ v0n̂i: ð1Þ

The polarity angle obeys rotational diffusion:dθi=dt ¼ ηiðtÞ,
where ηiðtÞ is white noise [hηiðtÞηjðt0Þi ¼ 2Drδðt − t0Þδij],
with Dr the rotational diffusion rate.
In addition to self-propulsion, cell division and apoptosis

serve as additional sources of active force in living tissues
[39,52–54]. Here, every cell has an equal division rate γ0.
For each division, a daughter cell is introduced by ran-
domly seeding a point at a distance of d ¼ 0.1 (in units of
the average cell diameter) near the mother cell [55]. In order
to study the density-independent effects of cell division, we
fix the number density of the tissue by implementing
apoptosis at the same rate as division. Apoptosis is then
performed on randomly chosen cells, removing cells from
the tissue. This simulation scheme mimics the maintenance
of homeostatic balance in a tissue [56–58].
The model is nondimensionalized by expressing all

lengths in units of
ffiffiffiffi
A

p
, where Ā is the average cell area,

and time in units of 1=ðμKAĀÞ. Three independent param-
eters remain: the cell division and apoptosis rate γ0, the
magnitude of motility v0, and the cell shape index p0.
Throughout the simulations, we choose Dr ¼ 1, without
loss of generality. Tissue with N cells is simulated in a
square box with size

ffiffiffiffi
N

p
×

ffiffiffiffi
N

p
under periodic boundary

conditions. We numerically simulate the model using the
open-source cellGPU [59]. The simulations start with a
crystalline initial state in which cell centers form a

triangular lattice. Equation (1) is numerically integrated
for 2 × 106 steps at step size Δt ¼ 0.05. Here our analysis
is based on the steady-state regime of the simulations (final
5 × 105 steps). In Supplemental Material Fig. S1 [60], we
show that our results are the same for two distinct initial
conditions (amorphous vs crystalline) as well as two diffe-
rent simulation protocols (heating vs cooling). Finally, we
use p0 ¼ 3.6 in our simulations, except if otherwise stated.
Signature for the emergence of hexatic order.—

Translational and orientational symmetries distinguish
the three phases: crystalline, hexatic, and liquid. A 2D
crystalline phase has quasi-long-range translational order
and long-range orientational order, whereas the liquid
phase has no long-range order of either kind. These two
symmetries are related but not concomitant. The system in
the hexatic phase has no long-range translational order but
exhibits quasi-long-range orientational order [14,15].
Translational order at the cell level is measured by
ψTðrjÞ ¼ exp ðiGr · rjÞ, whereGr represents the reciprocal
vector of the triangular lattice. The orientational order is
measured by ψ6ðrjÞ ¼

"
1=

Pzj
i¼1 lij

#Pzj
i¼1 lij exp ði6θ

j
iÞ

[53,62–64], where the sum runs over the n neighbors of
the cell and is weighted by their shared edge length [65]. θji
is the angle of the neighboring joint vector ðri − rjÞ to a
reference axis. In Fig. 1, we plot the tissue-level
order parameters, capturing only the magnitude, Ψ6 ¼$$ð1=NÞ

PN
j¼1 ψ6ðrjÞ

$$ and ΨT ¼
$$ð1=NÞ

PN
j¼1 ψTðrjÞ

$$ as
a function of v0. In the absence of cell division (black
lines), the tissue is a crystal at low v0 where both ΨT

FIG. 1. (a) The translational order parameter ΨT and (b) the
orientational order parameter Ψ6 as a function of the cell motility
v0 at various division rates γ0. The error bar represents the
standard deviation over the ensemble of random simulations.
Inset of (a) shows a magnified view of (a). (c) Representative
snapshots and the structure factor SðqÞ for various v0 at γ0 ¼
2 × 10−5 corresponding to liquid, hexatic, and liquid states (from
left to right). Colored cells correspond to disclinations of charge
q ¼ þ1 (blue), −1 (red), and −2 (dark red). The state at v0 ¼
0.35 is in the hexatic phase: it has dislocations, but no isolated
disclinations.
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Biological tissues transform between solid- and liquidlike states in many fundamental physiological
events. Recent experimental observations further suggest that in two-dimensional epithelial tissues these
solid-liquid transformations can happen via intermediate states akin to the intermediate hexatic phases
observed in equilibrium two-dimensional melting. The hexatic phase is characterized by quasi-long-range
(power-law) orientational order but no translational order, thus endowing some structure to an otherwise
structureless fluid. While it has been shown that hexatic order in tissue models can be induced by motility
and thermal fluctuations, the role of cell division and apoptosis (birth and death) has remained poorly
understood, despite its fundamental biological role. Here we study the effect of cell division and apoptosis
on global hexatic order within the framework of the self-propelled Voronoi model of tissue. Although cell
division naively destroys order and active motility facilitates deformations, we show that their combined
action drives a liquid-hexatic-liquid transformation as the motility increases. The hexatic phase is accessed
by the delicate balance of dislocation defect generation from cell division and the active binding of
disclination-antidisclination pairs from motility. We formulate a mean-field model to elucidate this
competition between cell division and motility and the consequent development of hexatic order.
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Organ surfaces are often covered with 2D confluent
monolayers of epithelial or endothelial cells, which provide
functional separation from the surrounding environment.
During development these cells grow, divide, and move,
dynamically reorganizing the entire tissue. Regulated by a
complex set of chemical and mechanical signaling path-
ways [1–4], tissue frequently undergoes a transition from a
structureless fluidlike state to a state capable of supporting
a variety of stresses, most notably elastic stresses [5–11].
Such transformations have recently been analyzed as a
crossover from a liquid to an amorphous solid [12,13]. In
two-dimensional (2D) systems in equilibrium, however,
liquids can develop rigidity via two consecutive transitions,
the first corresponding to the development of orientational
order without translational order and the second adding
translational order to the existing orientational order
[14,15]. The intermediate phase with (quasi-long-range)
orientational order but translational disorder is known as
the hexatic phase and has been shown to occur in a very
wide variety of physical systems [16–29]. The hexatic is a
particular type of structured fluid since it flows like a fluid
but has orientational rigidity.
Previous theoretical and computational models of dense

tissues have studied the emergence of hexatic order, with
focus on the effects of thermal fluctuations [30–32] and
motility [33–36]. Modeling typically studies the inverse
process of disordering by melting from the crystalline state.

Realistic tissues, however, are very rarely crystalline with a
few exceptions [37,38]. Cell division and apoptosis almost
always destroy the crystalline state [39] and yet there has
been no direct observation of the hexatic phase in in vitro
biological tissues, including those undergoing a solid-
liquid transition [5,6,8,40]. Recent studies have observed
pronounced orientational order associated with cell divi-
sion during the development of Drosophila embryos
[41,42]. The underlying mechanism driving the emergence
of such orientational order, however, remains elusive.
Here we analyze whether biological systems can exhibit

this rather subtle phase by studying numerically and
analytically the self-propelled Voronoi (SPV) model [13]
of a tissue, including cell division and death. Our study
demonstrates that the interaction between cell division and
apoptosis and cell motility is key to initiating a hexatic
phase. Without cell division, the model transitions from
crystal to hexatic and then to liquid. Introducing cell
division and motility, we observe complex liquid-hexatic
and hexatic-liquid transitions, resulting in a reentrant phase
diagram. This indicates that, contrary to traditional views,
cell motility, in conjunction with cell division, promotes the
hexatic state. We examine the role the relevant topological
defects (dislocations and disclinations) play in establishing
orientational order and develop a mean-field theory that
accurately describes the emergence of hexatic order from
the interplay of cell division and motility. This theory
closely matches our simulations, with no fitting parameters,
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-mediated two-dimensional melting are
ion of dislocation pairs first drives a transi-
ntial decay of translational order, but pow-
A subsequent dis soc iation of dis clunation
an isotropic fluid. The critical behavior,
is discussed.
translational order parameter e' ' ", with a cor-
relation length (+(T) =n& '. This length diverges
as T- T ' [see (6) below]. The structure factor
S(q} is now finite at all Bragg points, and the
Lamd coefficients vanish at long wavelengths.
We shall see, however, that orientational order
persists, in the sense that bond-angle correla-
tions now decay algebraically, (g*(r)g(6)) -1/
r "6 . This phase can be described as a liquid
crystal, similar to a two-dimensional nematic,
but with a sixfold rather than twofold anisotropy.
The exponent q, (T) is related to the Franck con-
stant K„(T), which is the coefficient of —,

'
~
%Op in

the free-energy density: q, (T) = 18k BT/mK„(T).
We find that K„is infinite just above T, but de-
creases with increasing temperatures, until a
temperature T,, where dissociation of disclina-
tion pairs drives a transition into an isotropic
phase in which both the translational and orienta-
tional order decay exponentially.
The liquid-crystal phase is isomorphic to a

two-dimensional superfluid, except that +60'
disclinations play the role of vortices. The
transition at T,. should belong to the same uni-
versality class as the superfluid transition, and
we expect, in particular, that' q, (T;) = ~. Al-
though disclination pairs are very tightly bound
in the solid phase, screening by a gas of free
dislocations produces a weaker logarithmic bind-
ing for T &T&T,. It is interesting to note that
an isolated dislocation can itself be regarded as
a tightly bound disclination pair, ' separated by
one lattice constant.
To see the origin of these results, let us de-

compose the displacement field of a solid into a
smoothly varying phonon field cp(r), and a part
due to dislocations. ' The Hamiltonian X~ for
the solid, within continuum elasticity theory,
then breaks into two parts, Ks=K +K~, with

The consequences of a theory of dislocation
worked out for triangular lattices. Dissociat
tion into a "liquid crystal" phase with expone
er-law decay of sixfold orientational order.
pairs at a higher temperature then produces
as well as the effect of a periodic substrate,

Kosterlitz and Thouless' have proposed a model
of two-dimensional melting, in which the "topo-
logical order" of a solid phase is destroyed by
the dissociation of dislocation pairs. Similar
ideas, with vortices taking the place of disloca-
tions, have led to a rather detailed theory' of
the superfluid transition in two dimensions. In
this Letter, we summarize the consequences of
dislocation-mediated melting of triangular lat-
tices, on both smooth and periodic substrates.
A more detailed derivation will be given else-
where. '
Consider the properties of a two-dimensional

triangular solid on a smooth substrate. By de-
finition, the solid has nonzero long-wavelength
elastic constants. The structure factor exhibits'
power-law singularities, S(q) - ~ q —G ~

'
near a set of reciprocal lattice vectors {G), with
exponents gG related to the Lame elastic con-
stants pn(T) and An(T) by 11G=ksT~G~'(3pn+A~)/
4v p.n(2 p,„+A g. These singularities, which re-
place the 5-function Bragg peaks found in three-
dimensional solids, reflect power-law decay at
large distances of the correlation function (exp{iG
~ [u(r) —u(5)]]), where u(r) is the lattice displace-
ment at point r. One can also define an order
parameter (analogous to e' ' ") for bond orienta, —
tions, namely g—:e", where 0(r) is the orienta-
tion, relative to the x axis, of a bond between
two nearest-neighbor atoms at r. In a solid, 0
is given in terms of the displacement field, 6I

= —,'(&,u„B„M,). The so—lid phase exhibits long-
range orientational order, since ($*(r)g(5)) ap-
proaches a nonzero constant at large r.'
If melting is indeed characterized by an unbind-

ing of dislocation pairs at a temperature T, one
expects that a density nt(T) of free dislocations
above T will lead to exponential decay of the

1
T
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Observation of the hexatic phase in a
two-dimensional complex plasma using
machine learning

Xin-Chi Du,a Wei Yang, *ab Volodymyr Nosenko,c Yang Miao,a Wen-Xin Li,a
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Complex plasmas consist of ionized gas and charged solid micropar-

ticles, representing the plasma state of soft matter. We apply machine

learning methods to investigate a melting transition in a two-

dimensional complex plasma. A convolutional neural network is con-

structed and trained with the numerical simulation. The hexatic phase is

successfully identified and the evolution of topological defects is

studied during melting transition in both simulations and experiments.

Introduction
Two-dimensional (2D) melting is a long-standing problem in
condensed and soft matter physics.1–9 In contrast to the solid-
to-liquid phase transitions in three-dimensional (3D) systems, an
intermediate phase between the solid and liquid phases, i.e.
hexatic phase, is characterized by short-range translational order
and quasi-long-range bond-orientational order. The Kosterlitz–
Thouless–Halperin–Nelson–Young (KTHNY) theory based on the
unbinding of topological defects2 is probably the most appealing
theory proposed so far to describe the 2D melting, which predicts
a two-step melting from the solid to hexatic phase and then from
the hexatic to liquid phase. Such a scenario has been widely
observed in different systems, including colloids with soft-
repulsive interactions, granular matters, and liquid crystals.10–13

Alternatively, it is possible for the dislocation unbinding transi-
tion to be preempted by a first-order transition from solid to
liquid phase, in the absence of an intermediate hexatic phase, i.e.
grain-boundary-induced (GBI) melting theory.14,15

Complex plasma, consisting of weakly ionized gas and
negatively charged microparticles, represents the plasma state

of soft matter.16 The monodisperse particles immersed in a gas
discharge can be confined in a single layer by the sheath
electric field and form a triangular lattice with hexagonal
symmetry, known as a plasma crystal. The mesoscopic particles
can be individually visualized and their dynamics can be
recorded with high temporal and spatial resolutions using
video microscopy. As a result, complex plasma can serve as
an ideal model system to investigate phase transitions at the
most fundamental kinetic level.

In experiments, 2D complex plasma melts as the gas pres-
sure or discharge power decreases.17 The former reduces the
neutral damping while the latter decreases the vertical confine-
ment by the electric field in the sheath, leading to synchronous
oscillations of the particles, known as the mode coupling
instability.18,19 In both cases, the kinetic temperature of micropar-
ticles drastically increases, which inevitably reduces the coupling
strength of the system. Apart from the change of the plasma
parameters, melting can also be induced by a localized disturbance
by external manipulations such as electric pulses or laser
heating.20,21 Despite the extensive research conducted in the
past,15,22–29 some details of the melting in 2D complex plasmas
remain elusive due to their inhomogeneity, fluctuations30 or finite-
size effects31 in the experiments.

In this communication, we apply a machine learning method to
study melting in a 2D complex plasma. Machine learning has
become a powerful tool for data analysis that addresses various
physical problems, such as phase transitions,32 classification of
crystal structures,33 and nonequilibrium criticality determination
of Gardner transition.34 Recently, it has also been applied in the
field of complex plasma, such as classification of fcc, bcc, and hcp
phases in 3D complex plasma,35 interface identification in binary
complex plasma,36 phase transition in electrorheological plasma,37

fast 3D particle reconstruction in a dense cloud of particles in
plasma,38 and solid–liquid phase transition39,40 and global property
determination41 in 2D complex plasma. Here, we successfully
identify the hexatic phase using the convolutional neural network
(CNN) in experiments with 2D complex plasmas, where the hexatic
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is discussed.
translational order parameter e' ' ", with a cor-
relation length (+(T) =n& '. This length diverges
as T- T ' [see (6) below]. The structure factor
S(q} is now finite at all Bragg points, and the
Lamd coefficients vanish at long wavelengths.
We shall see, however, that orientational order
persists, in the sense that bond-angle correla-
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crystal, similar to a two-dimensional nematic,
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The exponent q, (T) is related to the Franck con-
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'
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the free-energy density: q, (T) = 18k BT/mK„(T).
We find that K„is infinite just above T, but de-
creases with increasing temperatures, until a
temperature T,, where dissociation of disclina-
tion pairs drives a transition into an isotropic
phase in which both the translational and orienta-
tional order decay exponentially.
The liquid-crystal phase is isomorphic to a

two-dimensional superfluid, except that +60'
disclinations play the role of vortices. The
transition at T,. should belong to the same uni-
versality class as the superfluid transition, and
we expect, in particular, that' q, (T;) = ~. Al-
though disclination pairs are very tightly bound
in the solid phase, screening by a gas of free
dislocations produces a weaker logarithmic bind-
ing for T &T&T,. It is interesting to note that
an isolated dislocation can itself be regarded as
a tightly bound disclination pair, ' separated by
one lattice constant.
To see the origin of these results, let us de-

compose the displacement field of a solid into a
smoothly varying phonon field cp(r), and a part
due to dislocations. ' The Hamiltonian X~ for
the solid, within continuum elasticity theory,
then breaks into two parts, Ks=K +K~, with
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worked out for triangular lattices. Dissociat
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as well as the effect of a periodic substrate,

Kosterlitz and Thouless' have proposed a model
of two-dimensional melting, in which the "topo-
logical order" of a solid phase is destroyed by
the dissociation of dislocation pairs. Similar
ideas, with vortices taking the place of disloca-
tions, have led to a rather detailed theory' of
the superfluid transition in two dimensions. In
this Letter, we summarize the consequences of
dislocation-mediated melting of triangular lat-
tices, on both smooth and periodic substrates.
A more detailed derivation will be given else-
where. '
Consider the properties of a two-dimensional

triangular solid on a smooth substrate. By de-
finition, the solid has nonzero long-wavelength
elastic constants. The structure factor exhibits'
power-law singularities, S(q) - ~ q —G ~
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near a set of reciprocal lattice vectors {G), with
exponents gG related to the Lame elastic con-
stants pn(T) and An(T) by 11G=ksT~G~'(3pn+A~)/
4v p.n(2 p,„+A g. These singularities, which re-
place the 5-function Bragg peaks found in three-
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~ [u(r) —u(5)]]), where u(r) is the lattice displace-
ment at point r. One can also define an order
parameter (analogous to e' ' ") for bond orienta, —
tions, namely g—:e", where 0(r) is the orienta-
tion, relative to the x axis, of a bond between
two nearest-neighbor atoms at r. In a solid, 0
is given in terms of the displacement field, 6I
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According to the Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory, the

transition from a solid to liquid in two dimensions (2D) proceeds through an ori-

entationally ordered liquid-crystal-like hexatic phase. While experiments have con-

firmed the KTHNY melting scenario in some 2D systems such as crystals of skyrmions

and of noble gas atoms, no evidence has previously been found for it in covalently

bonded 2D crystals. Here, 2D crystals of silver iodide embedded in multi-layer

graphene are studied with in situ scanning transmission electron microscopy (STEM).
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dynamic on a time scale much faster than the diffraction pattern acquisition time. Nevertheless, some

insights on the near-ordering can be gained from the radial profile (Figure 2d, see also Figure S13):

The primary distances are the same as for crystalline AgI, suggesting that the building blocks and

bonding in the liquid phase are the same as in the solid. Compared to crystalline AgI, radial broaden-

ing of the peaks can be observed, especially in the 2nd-order diffraction ring of the liquid phase, but

also in the measured width of the 1st-order ring (Figure S13). This broadening corresponds approxi-

mately to a correlation length between 0.6 and 2 nm, as discussed in the Supplementary Material.

20 nm
E-BEAM SCAN PATTERN

LIQUID
HEXATIC
SOLID

Δt 20 ms

Video SV3

Video SV4

2 nm-1

a b

c

d

Figure 2: Phase analysis based on nanobeam electron diffraction (NBED) a A NBED map of an
AgI crystal with its right side in a liquid state and the left side in a dynamic state fluctuating between
solid and hexatic phases. The supplementary videos SV3 and SV4 show time series of diffraction
patterns recorded on a fixed position as indicated in the figure. b-d Diffraction patterns of the solid,
hexatic and liquid phases averaged over all diffraction patterns of each phase within the NBED map.
The coloring in the NBED map is based on the following classification: sharp diffraction spots →
solid phase (blue); azimuthal broadening of the diffraction spots → hexatic phase (purple); isotropic
rings → liquid phase (orange).
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Bond-orientational order in liquids and glasses
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Bond-orientational order in molecular-dynamics simulations of supercooled liquids and in
models of metallic glasses is studied. Quadratic and third-order invariants formed from
bond spherical harmonics allow quantitative measures of cluster symmetries in these sys-
tems. A state with short-range translational order, but extended correlations in the orienta-
tions of particle clusters, starts to develop about 10% below the equilibrium melting tem-
perature in a supercooled Lennard-Jones liquid. The order is predominantly icosahedral, al-
though there is also a cubic component which we attribute to the periodic boundary condi-
tions. Results are obtained for liquids cooled in an icosahedral pair potential as well. Only
a modest amount of orientational order appears in a relaxed Finney dense-random-packing
model. In contrast, we find essentially perfect icosahedral bond correlations in alternative
"amorphon" cluster models of glass structure.

I. INTRODUCTION

Two distinct broken symmetries distinguish crys-
talline solids from isotropic liquids. Broken transla-
tional invariance is measured by the phase of the
periodic density modulations in a solid. A broken
rotational symmetry is defined by the singled-out
crystallographic axes. These two symmetries are not
independent, because rotating one patch of perfect
crystal relative to another clearly disrupts not only
orientational correlations, but translational correla-
tions as well. A relative translation of the two
patches, on the other hand, decorrelates translational
order, but leaves orientational correlations intact. It
is possible to imagine states of matter with extended
correlations in the orientations of locally-defined
crystallographic axes, but with short-range transla-
tional order. In equilibrium, such materials would
be anisotropic fluids, rather like nematic liquid crys-
tals. ' In contrast to conventional liquid crystals,
however, the orientational anisotropy refers to the
"bonds" joining near-neighbor atoms, rather than an
anisotropy in the constituent particles.
Anisotropic fluids of this kind are an integral part

of recent theories of two-dimensional melting
based on a dislocation mechanism proposed by Kos-
terlitz and Thouless. ' There are indications of
quenched analogs of these anisotropic fluids, with
sixfold "hexatic" bond-orientational order, in two-

dimensional binary mixtures at low temperatures. It
is natural to inquire about three-dimensional bond-
orientational order in simple fluids, like liquid ar-
gon, and in relatively simple disordered solids, like
metallic glasses. The importance of local orienta-
tional symmetries in three dimensions was em-
phasized over thirty years ago, in an important pa-
per by Frank. Measurements of radial distribution
functions (RDF) in dense liquids indicate that each
atom has roughly 12 particles in its first coordina-
tion shell. Obvious "crystallographic" clusters of 12
atoms around a central particle are shown in Figs.
1(a) and 1(b), corresponding to nuclei of fcc and hcp
crystals. As observed by Frank, the icosahedral ar-
rangement shown in Fig. 1(c) actually has a signifi-
cantly lower energy, at least for simple Lennard-
Jones pair potentials. Frank argued that the experi-
mentally observed ability to supercool simple liquid
metals well below the equilibrium melting tempera-
ture' was due to the prevalence of these icosahedral
clusters.
Hoare and collaborators" and also Farges et al. '

have made extensive studies of the energetics of par-
ticle clusters, and found that noncrystallographic ar-
rangements (like the icosahedron) are preferred over,
say, an fcc cluster, until one gets to clusters of
several hundred atoms. "Magic numbers" observed
in molecular-beam experiments on argon' also sug-
gest that crystallographic symmetries are unlikely in
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fcc CLU STER
(a)

~CP CLUSTER
(b)

I COSA H E.D RON

(c)
FlG. 1. Different 13-atom particle clusters occurring

in liquids near the melting temperature.

small clumps of particles. Hoare has speculated
that the size of these "amorphons" will grow with
decreasing temperature in supercooled liquids, until
limited near the glass transition by frustration ef-
fects. " He has also criticized traditional dense-
random-packing models of metallic glasses, ' on the
grounds that the energetic preference for noncrystal-
lographic clusters is not properly taken into account.
He suggests that more realistic models of glasses can
be obtained from simulations of glass foririation in a
soft potential without periodic boundary conditions.
In this paper, we develop ways of measuring both

local and extended orientational symmetries in
computer-generated models of dense liquids and
glasses. Our analysis starts by associating a set of
spherical harixionics with every bond joining an
atom to its near neighbors. By "bonds" we of
course do not mean chemical bonds, but rather lines
resulting from some convenient assignation of near
neighbors (see Sec. II). With a bond whose midpoint
is at r we associate the set of numbers,

where the average is taken over some suitable set of
bonds in the sample. The first nonzero averages
(other than Qoo) occur for i =4 in samples with cu-
bic symmetry and for 1 =6 in icosahedrally oriented
systems (see Sec. II). Because the QI 's for a given i
can be scrambled drastically by changing to a rotat-
ed coordinate system, it is important to consider ro-
tationally invariant combinations, such as

1/2

and

m&, m2, m3
m&+m2+m3 0

1 1 1

7' ) m2 Olp

under inversion. The orientational order parameters
IQI (r)I are a natural generalization of the two-
dimensional hexatic order parameter discussed in
Ref. 2. As we shall see, they will allow us to deter-
mine the range of orientational order in various sys-
tems, and to study the orientational polymorphism
stressed by Frank. (Orientational polymorphism is
not an issue in two dimensions, because there is
essentially only one way of packing six disks around
a central one. ) A preliminary account of our investi-
gations appeared in Ref. 15.
Three-dimensional bond-orientational order has

been studied theoretically by Nelson and Toner, '
who showed that simple crystalline solids disordered
by an equilibrium concentration of unbound disloca-
tion loops retain long-range cubic orientational or-
der. Such materials are not isotropic liquids, as as-
sumed in most theories of dislocation melting. ' It
was argued that supercooled liquids might drop into
a phase with cubic orientational order prior to the
glass transition. The possibility of extended
icosahedral bond order (see below) was not con-
sidered. Toner' has discussed bond-oriented liquids
with uniaxial symmetry. The onset of cubic bond-
orientational order in crystals near the melting tran-
sition has been studied by Hess' and by Mitus and
Patashinskii.
In our numerical studies, we shall often consider

averaged quantities, like

(1.2)

Qi~(r) = Yi~(&(r),P(r)), XQ!~)Qlm2Qlm~ (1.4)
where the I Y~ (8,$)I are spherical harnionics, and
0( r ) and P( r ) are the polar angles of the bond mea-
sured with respect to some reference coordinate sys-
tem. We need not associate a direction with a par-
ticular bond, provided our attention is restricted to
even-l spherical harirxonics, which are invariant

The coefficients

i 1 1

77k ) Pl 2 PPl g

in the third-order invariants (1.4) are Wigner 3j sym-
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A defect description of liquids and metallic glasses is developed. In two dimensions, surfaces of
constant negative curvature contain an irreducible density of point disclinations in a hexatic order
parameter. Analogous defect lines in an icosahedral order parameter appear in three-dimensional
flat space. Frustration in tetrahedral particle packings forces disclination lines into the medium in a
way reminiscent of Abrikosov flux lines in a type-II superconductor and of uniformly frustrated
spin-glasses. The defect density is determined by an isotropic curvature mismatch, and the resulting
singular lines run in all directions. The Frank-Kasper phases of transition-metal alloys are ordered
networks of these lines, which, when disordered, provide an appealing model for structure in metal-
lic glasses.

I. INTRODUCTION

f = 1.05d 0&d

ICOSAHERON IN FLAT
SPACE
(o)

HEXAGON IN CURVED
SPACE
(b)

FIG. 1. Comparison of the icosahedron in flat space and a
hexagon projected out of a space of constant negative curvature.
Apparent size difference in the disks comprising the hexagon is
an artifact of the projection. In both cases, the distance I be-
tween the centers of the particles on the surface is larger than
the distance d to the center.

Structure in dense liquids and metallic glasses is inti-
mately connected with the difficulty in close-packing
space with tetrahedra. ' In simple materials, without
directional bonding, one minimizes the local-energy densi-
ty by forming tetrahedral clusters of four identical parti-
cles. The frustration associated with tetrahedral packings
becomes apparent, however, when twenty tetrahedra com-
bine to form a 13-atom icosahedron. As shown in Fig.
1(a) the twelve particles symmetrically arranged about a
central one are not packed perfectly, because the distance
between these surface atoms is about 5%%uo larger than the
distance to the center. If one tries to move the surface
atoms closer together, still keeping them a constant dis-
tance from the central sphere, the cracks between surface
particles in the symmetrical arrangement coalesce into a
larger open space somewhere on the surface. This excess
"free volume" (which is not large enough to accommodate
a thirteenth surface atom) is an important source of de-
generacy and frustration in dense-random-packing models
of the glassy state. The surface atoms are "frustrated, "

because atoms near the gap cannot simultaneously sit at
the minima of pairwise interactions with all their near
neighbors.
Icosahedra should also be prevalent in liquids near the

melting temperature. As pointed out by Frank,
icosahedral clusters of 13 particles have a significantly
lower energy than more obvious "crystallographic" ar-
rangements, corresponding to nuclei of fcc and hcp crys-
tals. Frank appealed to an abundance of icosahedral
clusters to explain the remarkable degree of supercooling
possible in simple liquid metals. Recently, Steinhardt
et aI. have studied bond orientational order in a computer
simulation of supercooled Lennard- Jones liquids.
Icosahedra dominate at sufficiently low temperatures with
correlations that become comparable to the 864-atom sys-
tem size upon supercooling about 10% below the equili-
brium melting temperature. Extended icosahedral correla-
tions were also found in small "amorphon" cluster models
of structure in metallic glasses.
To make theoretical progress it is clearly desirable to

parametrize frustration in icosahedra in such a way that it
can be tuned to zero. An important observation was made
by Coxeter, who showed how tetrahedra could be
packed without frustration on the surface S3 of a four-
dimensional (4D) sphere. All 120 particles in this finite
tesselation have icosahedral coordination shells, with no
gaps between the surface atoms. Clearly, curvature can be
used to vary the frustration. This idea has been developed
recently by Kleman and Sadoc, who view dense random
packing as a mapping into Aat space of tetrahedra which
tile a space with an appropriately chosen curvature. '

Mappings from spaces of negative" and positive' curva-
tures have been proposed, leading to various kinds of de-
fects, including disclinations. Unfortunately, the ideal
tesselation in hyperbolic space is pathological because
every particle has an infinite number of nearest neighbors
(see below). When the physically more sensible embedding
of the finite space S3 is used, the mapping introduces not
only disclinations, but also ambiguous regions of overlap
between squashed 40 spheres. '
In this paper, we use the idea of an ideal S3 tessellation
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Icosahedral Order, Frustration, and the Glass Transition:
Evidence from Time-Dependent Nucleation and Supercooled Liquid Structure Studies
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One explanation for the glass transition is a geometrical frustration owing to the development of non-

space-filling short-range order (icosahedral, tetrahedral). However, experimental demonstrations of this

are lacking. Here, the first quantitative measurements of the time-dependent nucleation rate in a

Zr59Ti3Cu20Ni8Al10 bulk metallic glass are combined with the first measurements of the evolution of

the supercooled liquid structure to near the glass transition temperature to provide strong support for an

icosahedral-order-based frustration model for the glass transition in Zr-based glasses.

DOI: 10.1103/PhysRevLett.102.057801 PACS numbers: 61.20.!p, 61.25.Mv, 61.90.+d

The glass transition is arguably one of the most signifi-
cant problems in condensed matter physics. The dramatic
slowing down of the dynamics (structural relaxation, vis-
cous flow) and the loss of ergodicity as the liquid tempera-
ture is lowered towards the glass transition temperature
(Tg) are poorly understood. While there is general con-
sensus that the dynamics are strongly coupled to the devel-
opment of local and, perhaps, intermediate-range order in
the metastable liquid, the nature of this order is controver-
sial. According to one view the supercooled liquid (meta-
stable liquid below the melting temperature) develops
preferred structures that minimize the energy locally [1–
4], but which are incompatible with space filling, giving
rise to topological or geometric frustration. Frustration
models have also been constructed based on the local
coordination number [5] and strain [6]. The slowing
down of the dynamics is a direct consequence of the
frustration. Non-space filling icosahedral short-range order
(ISRO) is frequently argued to dominate the local struc-
tures of metallic liquids and glasses and to be responsible
for topological frustration. This was first suggested by
Frank [1] to explain the observed crystal nucleation barrier
[1,7,8] and has been supported by a number of subsequent
theoretical studies [9,10].

Experimental confirmation of ISRO in liquids and
glasses is currently debated. For bulk metallic glasses
(BMG), although there are many reports [11] on the struc-
ture factor SðqÞ of the glass, experimental data for the
evolution of the liquid structure in the supercooled state
do not exist; heterogeneous nucleation of the crystal phase
from the container walls hinders such measurements. The
usual interpretation of a split second peak in the SðqÞ of the
glasses as evidence for ISRO is questioned, as are the
results from reverse Monte Carlo (RMC) analyses [12].
Complementary structural information can be gained from
nucleation studies during glass crystallization. Many Zr-
based BMGs crystallize to icosahedral quasicrystals, sug-
gesting significant ISRO. Although a number of steady-
state nucleation studies in BMG alloys have been reported
[13], these are often based on assumptions that may not be

justified. Time-dependent nucleation rate measurements
can be analyzed without such assumptions, and since the
rates follow a scaling rule [14], the quality of the data can
be assessed. The interfacial mobility, which governs the
cluster evolution underlying the nucleation rate, can be
measured directly [7], avoiding the extrapolation of high-
temperature viscosity data and the use of the Stokes-
Einstein equation, which frequently breaks down in the
deeply supercooled state [15].
Here we present the first quantitative measurements of

the time-dependent nucleation rate in a metallic glass,
studying the crystallization of a Zr59Ti3Cu20Ni8Al10
BMG to an icosahedral quasicrystal (i phase) [16] of the
same chemical composition. An extremely small value for
the interfacial free energy between the amorphous and i
phase, !a-i, is obtained from a detailed analysis of these
data. This is much smaller than that between a liquid and a
quasicrystal [7,8,17,18], signaling a sharp growth of ISRO
with supercooling through the glass transition. This con-
clusion is confirmed by our direct measurements of the
evolution of the local structure of the liquid in the deeply
supercooled and amorphous states, based on a RMC analy-
sis of liquid diffraction data. These results from two very
different experiments provide the strongest experimental
demonstration to date that ISRO dominates the structures
of both the liquid and the glass and provide strong support
for an ISRO-based frustration model [3,4] for the glass
transition in this and, possibly, other Zr-based metallic
glasses.
According to the classical nucleation theory [7], random

fluctuations in the liquid produce an ensemble of small
clusters having the structure of the ordered phase. How-
ever, only those clusters exceeding a critical size (n$

atoms) can nucleate and grow. For liquids, the steady-state
nucleation rate for such clusters, Is, is generally estimated
from the maximum supercooling temperature before crys-
tallization [7,17]. Nucleation and growth occur simulta-
neously, however, introducing some uncertainty in the val-
ues obtained. In silicate glasses it has been demonstrated
that a two-step annealing treatment can be used to obtain
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Connectivity of icosahedral network and a dramatically growing static length scale
in Cu-Zr binary metallic glasses
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We report on and characterize, via molecular dynamics studies, the evolution of the structure of Cu50Zr50

and Cu64Zr36 metallic glasses (MGs) as temperature is varied. Interestingly, a percolating icosahedral
network appears in the Cu64Zr36 system as it is supercooled. This leads us to introduce a static length
scale, which grows dramatically as this three-dimensional system approaches the glass transition. Amidst
interpenetrating connections, noninterpenetrating connections between icosahedra are shown to become prevalent
upon supercooling and to greatly enhance the connectivity of the MG’s icosahedral network. Additionally,
we characterize the chemical compositions of the icosahedral networks and their components. These findings
demonstrate the importance of noninterpenetrating connections for facilitating extensive structural networks in
Cu-Zr MGs, which in turn drive dynamical slowing in these materials.

DOI: 10.1103/PhysRevB.87.184203 PACS number(s): 64.70.pe, 61.43.Bn, 61.43.Dq

I. INTRODUCTION

Understanding the structure-property relationships of
metallic glasses (MGs) is a pressing matter in the field of
material science.1–5 The culmination of past research reveals
that the vast diversity of MG species, and their properties,
are rooted in an equally broad set of structural archetypes.6–8

Perhaps even more cumbersome is a decades-old outstanding
problem in the study of glasses, namely explaining the extreme
slowing of dynamics in a liquid as it is supercooled towards
a glass transition.9–34 Many theories, such as the theory of
random first order-transitions,10,11 spin glass approaches,12

and others,16–18 predict the existence of rapidly growing length
scales (in particular, a static length scale) to accompany the
marked increase of the viscosity of supercooled liquids. In
fact, there are rigorous results predicting the appearance of
such lengths.33 While much progress18–28 has been made in
studying the structures of various glass-forming systems, to
date, no notable increase in standard static length scales has
been observed in most studies.

Cu-Zr is a popular representative of early transition metal-
late transition metal MGs; this is, in part, because it has
a high glass-forming ability (GFA) for a broad range of
compositions.35–39 The binary composition of Cu-Zr reduces
the complexity of the possible local atomic structures, making
this system ideal for the study of the evolution of the spatial
structure of liquids as they are supercooled to form a glass.
Recent research efforts demonstrate a structural hierarchy
within Cu-Zr MGs that appears to be central to its structure-
property relationships.34,40–45 Strong evidence has been found
to suggest that the presence of Cu-centered full icosahedra
is uniquely responsible for dynamical slowing during the
formation of the Cu-Zr MGs.34,40,41 Aside from their full
and distorted icosahedral Voronoi signatures, the Voronoi
polyhedron landscapes of Cu-Zr in the liquid and glass phases
resemble one another considerably.46 The icosahedral clusters
often interpenetrate one another, so that five atoms coincide
on two icosahedral shells. These interpenetrating connections
of icosahedra (ICOI) exhibit strong spatial correlations34,46

and produce stable stringlike networks of icosahedra.34,45–49

Extensive ICOI clusters are found to posses a high average
elastic rigidity45 and to enhance more general mechanical
properties of Cu-Zr41 MG.

In light of the importance of icosahedral clusters and ICOI
in shaping Cu-Zr MG, it is pressing to consider the roles of
noninterpenetrating connections in order to obtain a complete
picture of icosahedral networking in this amorphous alloy.
To date, the prominence of these connections has only been
noted.34 In this paper, MD simulations are used to study non-
interpenetrating connections and to characterize their effect
on the connectivity and composition of icosahedral networks
in Cu-Zr MGs, using Cu50Zr50 and Cu64Zr36 as models. Our
analysis reveals that, near the glass transition, a large number
of noninterpenetrating connections develop among ICOI struc-
tures and significantly enhance the unification of icosahedral
networks in these MGs, thus impacting their mechanical
properties. Considering the full icosahedral network affords
us the rather unique opportunity to identify, in Cu64Zr36, a
percolating icosahedral network that threads the entire glassy
system, providing a large scale static structure which grows
rapidly as the system approaches the glass transition. We also
suggest that the noninterpenetrating connections are particu-
larly influential in MGs like Cu50Zr50, which exhibits relatively
few ICOI and yet is a good glass former. Moreover, with all
of the connection types being included, we reveal that the
icosahedral network and the otherwise liquidlike matrix46 have
significantly different chemical compositions. For example,
vertex and face-sharing connections preferentially incorporate
Zr atoms, increasing the density of the icosahedral network.
For both alloys, the icosahedral network is Zr-rich, relative to
the overall system composition, and is immersed in a Cu-rich
liquidlike matrix.

In Sec. II, we proceed to discuss the methods for our
models of Cu-Zr, MD simulations, and structural analysis.
Section III characterizes the basic icosahedral ordering in our
systems as they are cooled from the liquid phase to the glass
phase. In Sec. IV we measure the population and distribution
of connections in the icosahedral network. Sections V–VII,
respectively, present weighted connectivities, introduce a static

184203-11098-0121/2013/87(18)/184203(8) ©2013 American Physical Society



variations down to the nanometer scale. Herein
lies the benefit in studying these types of steels
to understand specific aspects of real-world steels.
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Icosahedral order has been suggested as the prevalent atomic motif of supercooled liquids and
metallic glasses for more than half a century, because the icosahedron is highly close-packed
but is difficult to grow, owing to structure frustration and the lack of translational periodicity.
By means of angstrom-beam electron diffraction of single icosahedra, we report experimental
observation of local icosahedral order in metallic glasses. All the detected icosahedra were found
to be distorted with partially face-centered cubic symmetry, presenting compelling evidence on
geometric frustration of local icosahedral order in metallic glasses.

Determining atomic structure of amorphous
materials has been a long-standing problem,
because the lack of long-range transla-

tional and rotational symmetry renders it experi-
mentally inaccessible by conventional diffraction
methodologies. More than half a century ago,
Frank proposed that the icosahedron is the most
favorable local order in monatomic metallic liq-
uids (1), successfully explaining the feasibility
of achieving undercooling to below the melting
points. Metallic glasses can often be formed from
liquid alloys near eutectic compositions and, in
accordance with Frank’s proposal, binary liquid
eutectic compositions can be generated by intro-
ducing icosahedral clusters (2). Icosahedral order

is thus the most generally accepted description of
atomic structures of metallic liquids and glasses
(3–14). From a geometrical viewpoint, icosahedra
cannot fill the entire three-dimensional (3D)
space, even in disordered systems, without dis-
tortion where icosahedral rotational symmetry is
partially broken (15–17). Therefore, the locally
preferred icosahedra may not be perfectly con-
sistent with the globally stabilized structure, lead-
ing to the theoretical predictions of geometrical
frustration of icosahedron (16–19). Although a
number of neutron and x-ray scattering experiments
have been performed to elucidate icosahedral
order in metallic liquids and glasses (18, 20–22),
only average structural information can be ac-
quired from 1D diffraction profiles generated by
the statistical distribution of coexisting poly-
hedra with various geometrical distortions in real
materials. The direct observation of local icosa-
hedral order is still missing. Consequently, the
structure features of local icosahedral order and
their correlation with the long-range disorder in
glasses and liquids are largely unknown. To over-
come the experimental difficulty in detecting
local atomic configurations in amorphous mate-
rials, we recently developed an angstrom-beam

electron diffraction (ABED) method to probe local
atomic structure using a ~0.4-nm electron beam
(23). We use the ABED technique to character-
ize local icosahedral order in a representative
Zr80Pt20 metallic glass in which the presence
of a large fraction of icosahedra has been pre-
dicted by computational simulations (24, 25)
and this study (fig. S1).

The amorphous structure of the Zr80Pt20 me-
tallic glass was confirmed by spherical aberration–
corrected high-resolution transmission electron
microscopy (TEM), together with selected-area
electron diffraction (fig. S2). To obtain local struc-
tural information, we employed the ABED tech-
nique with a beam diameter of 0.36 nm (full width
at half maximum) to characterize a thin foil of
the glass (Fig. 1A). To guide the ABED study,
we simulated the characteristic ABED patterns
of an ideal icosahedron along five-, three-, and
twofold directions (Fig. 1B). A large number of
ABED patterns were acquired from the thin edge
of the TEM foil. When the specimen thickness
is thin enough (~3 to 5 nm), individual polyhedra
with an appropriate on-axis orientation can be
frequently detected by ABED. However, from
these measurements we cannot find any ABED
pattern that is completely consistent with the sim-
ulated icosahedron patterns shown in Fig. 1B.
Instead, the acquired ABED patterns only par-
tially match those of the five-, three-, and two-
fold orientations (Fig. 1C). This is probably
due to distorted icosahedra in which icosahedral
order is only partially preserved. We thus sim-
ulated five-, three-, and twofold ABED patterns
of a typical <0 0 12 0> icosahedron taken from
the molecular dynamics (MD) model of the me-
tallic glass (fig. S1B). All icosahedra in the MD
model are actually distorted from the ideal icosa-
hedron, in agreement with theoretical and com-
putational predictions (17–19, 24, 25). Figure 1C
shows the simulated five-, three-, and twofold
ABED patterns of the distorted icosahedron.
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Because the icosahedral symmetry can be only
partially retained, the diffraction spot intensi-
ties differ considerably from those of the ideal
icosahedron. The features of the experimental pat-
terns corresponding to five-, three-, and twofold
axes are fairly consistent with the simulated ones
in the lengths and angles of diffraction vectors,
as indicated by the arrowheads, verifying the
existence of distorted icosahedra in the metallic
glass (fig. S3).

Although the distorted icosahedra can be de-
tected by ABED, the most common ABED pat-
terns during random diffraction scanning are often
very simple and different from the five-, three-,
and twofold patterns of icosahedral order. The
patterns are basically composed of six nearly sym-
metrical diffraction spots, as shown in Fig. 2A.
To understand the structural origins of the simple
ABED patterns, we searched all possible on-axis
diffraction patterns of highly frequent polyhedra
in the metallic glass predicted by the MD sim-

ulation. The simple diffraction patterns were found
to originate from the distorted icosahedra, in ad-
dition to the well-known five-, three-, and twofold
patterns. Figure 2B is a simulated ABED pattern
calculated from a distorted <0 0 12 0> icosa-
hedron in which the positions of the 12 coordi-
nated atoms are displaced from those in an ideal
icosahedron (Fig. 2C). The incident direction is
close to a distorted fivefold orientation (see Fig.
2E). The simulated pattern reproduces well the
experimental one in the diffraction vectors (lengths
and angles) (Fig. 2, A′ and B′). Note that ABED
patterns with the equivalent diffraction vectors
cannot be obtained from nonicosahedral clusters
(fig. S4). We noticed that this kind of diffraction
is also partially similar to that of a face-centered
cubic (fcc) structure that is also densely packed
with 12 coordinated atoms. Figure 2D shows a
[110] diffraction pattern of the fcc structure with
six strong spots, which is partially consistent with
that of the distorted icosahedron but without the

golden-ratio relationship between diffraction vec-
tors. This implies that the distorted part of the
icosahedron possesses local fcc-like symmetry.

We investigated the structural similarity be-
tween the distorted icosahedron and the fcc
cluster. Figure 3A depicts three types of atomic
clusters with a coordination number of 12: ideal
icosahedron, distorted icosahedron, and fcc clus-
ter. The exact atomic sites where the distorted
icosahedron (Fig. 3A, middle) differs structural-
ly from the ideal icosahedron and fcc can be seen.
Atoms in the distorted part of the icosahedron can
be identified by shifting to fcc coordinates. The
distorted icosahedron actually includes icosahe-
dral order and a portion of fcc order (fig. S5),
accompanying with the variation of Zr-Pt atomic
bond length from 0.277 to 0.347 nm. Separate ab
initio calculations (Fig. 3B) verify that the dis-
torted icosahedron has a total energy higher than
both the perfect icosahedron and the fcc clus-
ter. This indicates that the distorted icosahedra
are in an intermediate state between two densely
packed configurations: the ideal icosahedron
and the fcc cluster. To confirm that the distorted
icosahedron with partial fcc symmetry is repre-
sentative of the local structure of the Zr-Pt me-
tallic glass, we conducted a bond orientational
order analysis based on our MD model contain-
ing 12,000 atoms (6, 26). Figure 3C shows a
probability distribution function for an invariant
W%6, the most sensitive indicator for icosahedral
symmetry, calculated using the averages of spheri-
cal harmonics associated with the bond direc-
tions (26). The values for the ideal icosahedron
and the fcc cluster are –0.169754 and +0.013161
(26), respectively. The invariant W%6 of the dom-
inant atomic clusters in the metallic glass is seen to
have values in between those of the icosahedron
and fcc configurations, suggesting that most local
atomic arrangements have an intermediate struc-
ture between icosahedron and fcc, which is in
agreement with the distorted icosahedron charac-
terized by ABED.

Traditionally, the distortion of icosahedra has
been suggested from atomic size disparity of
constituent elements and/or kinetic fluctuation
during glass formation, giving rise to atomic bond-
ing length variation, as well as atomic scale stress
and strain in metallic glasses (27, 28). Nevertheless,
different from the indiscriminate geometry varia-
tion caused by the chemical and kinetic effects,
the distorted icosahedra reported here always
possess partial fcc symmetry, indicating that the
distortion of icosahedra in the metallic glasses is
associated with geometric frustration that derives
from the competition between two low-energy
states (fcc and icosahedron) with dense atomic
packing. The chemical variation and kinetic
fluctuation may just provide structural pertur-
bations during the development of the inter-
mediate atomic configuration by preventing the
formation of ideal icosahedron and fcc clusters.
If each icosahedral cluster is isolated, it would
naturally tend to minimize the local energy den-
sity by forming the densest and most symmetrical

Fig. 1. ABED characterization of icosahedral order in metallic glasses. (A) Experimental procedure of
ABED of a icosahedral cluster. The coherent electron beam has a diameter of 0.36 nm. (B) Simulated
ABED patterns of an ideal icosahedron. (C) Comparison between experimental and simulated ABED
patterns of icosahedral clusters in a Zr80Pt20 metallic glass. For comparison, angular information
between each diffraction vector is shown in the right side of each panel. Arrowheads indicate
characteristic diffraction spots of the icosahedral order.
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variations down to the nanometer scale. Herein
lies the benefit in studying these types of steels
to understand specific aspects of real-world steels.
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Icosahedral order has been suggested as the prevalent atomic motif of supercooled liquids and
metallic glasses for more than half a century, because the icosahedron is highly close-packed
but is difficult to grow, owing to structure frustration and the lack of translational periodicity.
By means of angstrom-beam electron diffraction of single icosahedra, we report experimental
observation of local icosahedral order in metallic glasses. All the detected icosahedra were found
to be distorted with partially face-centered cubic symmetry, presenting compelling evidence on
geometric frustration of local icosahedral order in metallic glasses.

Determining atomic structure of amorphous
materials has been a long-standing problem,
because the lack of long-range transla-

tional and rotational symmetry renders it experi-
mentally inaccessible by conventional diffraction
methodologies. More than half a century ago,
Frank proposed that the icosahedron is the most
favorable local order in monatomic metallic liq-
uids (1), successfully explaining the feasibility
of achieving undercooling to below the melting
points. Metallic glasses can often be formed from
liquid alloys near eutectic compositions and, in
accordance with Frank’s proposal, binary liquid
eutectic compositions can be generated by intro-
ducing icosahedral clusters (2). Icosahedral order

is thus the most generally accepted description of
atomic structures of metallic liquids and glasses
(3–14). From a geometrical viewpoint, icosahedra
cannot fill the entire three-dimensional (3D)
space, even in disordered systems, without dis-
tortion where icosahedral rotational symmetry is
partially broken (15–17). Therefore, the locally
preferred icosahedra may not be perfectly con-
sistent with the globally stabilized structure, lead-
ing to the theoretical predictions of geometrical
frustration of icosahedron (16–19). Although a
number of neutron and x-ray scattering experiments
have been performed to elucidate icosahedral
order in metallic liquids and glasses (18, 20–22),
only average structural information can be ac-
quired from 1D diffraction profiles generated by
the statistical distribution of coexisting poly-
hedra with various geometrical distortions in real
materials. The direct observation of local icosa-
hedral order is still missing. Consequently, the
structure features of local icosahedral order and
their correlation with the long-range disorder in
glasses and liquids are largely unknown. To over-
come the experimental difficulty in detecting
local atomic configurations in amorphous mate-
rials, we recently developed an angstrom-beam

electron diffraction (ABED) method to probe local
atomic structure using a ~0.4-nm electron beam
(23). We use the ABED technique to character-
ize local icosahedral order in a representative
Zr80Pt20 metallic glass in which the presence
of a large fraction of icosahedra has been pre-
dicted by computational simulations (24, 25)
and this study (fig. S1).

The amorphous structure of the Zr80Pt20 me-
tallic glass was confirmed by spherical aberration–
corrected high-resolution transmission electron
microscopy (TEM), together with selected-area
electron diffraction (fig. S2). To obtain local struc-
tural information, we employed the ABED tech-
nique with a beam diameter of 0.36 nm (full width
at half maximum) to characterize a thin foil of
the glass (Fig. 1A). To guide the ABED study,
we simulated the characteristic ABED patterns
of an ideal icosahedron along five-, three-, and
twofold directions (Fig. 1B). A large number of
ABED patterns were acquired from the thin edge
of the TEM foil. When the specimen thickness
is thin enough (~3 to 5 nm), individual polyhedra
with an appropriate on-axis orientation can be
frequently detected by ABED. However, from
these measurements we cannot find any ABED
pattern that is completely consistent with the sim-
ulated icosahedron patterns shown in Fig. 1B.
Instead, the acquired ABED patterns only par-
tially match those of the five-, three-, and two-
fold orientations (Fig. 1C). This is probably
due to distorted icosahedra in which icosahedral
order is only partially preserved. We thus sim-
ulated five-, three-, and twofold ABED patterns
of a typical <0 0 12 0> icosahedron taken from
the molecular dynamics (MD) model of the me-
tallic glass (fig. S1B). All icosahedra in the MD
model are actually distorted from the ideal icosa-
hedron, in agreement with theoretical and com-
putational predictions (17–19, 24, 25). Figure 1C
shows the simulated five-, three-, and twofold
ABED patterns of the distorted icosahedron.
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Theory of the Structure Factor of Metallic Glasses
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A recently developed Landau description of short-range icosahedral order in supercooled
liquids and metallic glasses is used to calculate density correlation functions in these systems.
The theory predicts frustration-broadened peaks in the structure factor, at positions deter-
mined by the symmetries of an ideal, curved-space icosahedral crystal. The results provide a
good fit to experiments on vapor-deposited metal films.

PACS numbers: 61.20.Gy, 61.25.Mv, 61.40.Df

A long-standing challenge in the theory of amor-
phous solids has been a direct theoretical under-
standing of scattering experiments which probe the
structure of metallic glasses. ' Despite relatively
sharp peaks observed, e.g. , in the structure factor
S(q) of single-component vapor-deposited metal
films, conventional microcrystalline models do
not appear tenable. 4
There is mounting evidence that the short-range

order in supercooled liquids and metallic glasses is
predominantly icosahedral. 5 The growing icosahe-
dral correlations found in molecular-dynamics simu-
lations are consistent with the rise in specific heat
in undercooled liquid metals. 7 A number of au-
thors ' have argued that this icosahedral order is
related to an ideal, icosahedral crystal (called "po-
lytope (3,3,5)") consisting of 120 particles imbed-
ded in the surface $3 of a four-dimensional (4D)
sphere. Regions of short-range (3,3,5) order in a
glass are broken up by a tangled array of —72'
wedge disclination lines, forced in by "frustration, "
i.e., the incompatibility of flat space with a space-
filling icosahedral solid. The Frank-Kaspar phases
of transition-metal alloys are ordered phases of
these lines. A disordered network of such lines
provides an appealing model for structure in metal-
lic glasses.
Recently, a uniformly frustrated Ginzburg-

Landau free energy describing icosahedral order in
dense liquids has been proposed. " A set of order
parameters 0„~ ( r ) is obtained by projecting a
local particle configuration onto a 4D tangent
sphere which can accommodate a perfect icosahe-
dral lattice, and then expanding the projected parti-
cle density in the hyperspherical harmonics Y„
These 4D spherical harmonics form a complete set
of functions on the sphere S, and also generate ir-
reducible representations of SO(4), n being the in-
dex of the representation. Only the representations
n =0, 12, 20, 24, 30, 32, 36,. . . are allowed for po-
lytope (3,3,5)." The azimuthal quantum numbers
m& and m2 vary in integer steps in the range

—n/2~ mt, m2 ~ n/2. An earlier continuum elas-
tic approach' used the n =1 representation of
SO(4), and did not allow explicitly for amplitude
fluctuations. Because the magnitude of the order
parameter vanishes at disclination cores, smooth
variations in the order-parameter amplitude will in
fact appear as soon as one uses coarse graining over
a volume containing several disclinations. Since the
disclination network forced in by the frustration is
very dense, amplitude fluctuations will be impor-
tant at virtually all length scales, even at tempera-
tures near T~.
In this paper we use the Ginzburg-Landau theory

to calculate density correlations in supercooled
liquids and metallic glasses. The theory predicts a
peak in the structure factor S(q) for every allowed
value of n. A crude estimate of the peak position
q„ is given by integrating the gradient squared of
the relevant spherical harmonic over the unit vector
u parametrizing S,"
q„=K JtdQ-~ "7&„(u)~ =K n(n+2). (1)

Here, K is the inverse radius of the tangent sphere;
it is related to the near-neighbor particle separation
d in polytope (3,3,5) by9 Kd=m/5=-0. 628. Our
calculation makes these estimates precise, and
shows explicitly how the peaks are broadened by
frustration. The results are in good agreement with
experiments on vapor-deposited metal films, which
exhibit peaks corresponding to n = 12, 20, and 24,
and an additional peak which appears to be a com-
posite of n =30 and n = 32. The peaks in binary
metallic glasses are broadened relative to single-
component systems, ' an effect which we show is
easily accounted for with the Landau approach. We
also remark on the relevance of these calculations
to covalently bonded glasses.
Using the order parameters defined in Ref. 11,

we can define a density on the tangent sphere at
every point r via the relation

p(r, u)= X X 0„, ,(r) I'„', , (u).n=o ml, nl2
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posite of n =30 and n = 32. The peaks in binary
metallic glasses are broadened relative to single-
component systems, ' an effect which we show is
easily accounted for with the Landau approach. We
also remark on the relevance of these calculations
to covalently bonded glasses.
Using the order parameters defined in Ref. 11,

we can define a density on the tangent sphere at
every point r via the relation

p(r, u)= X X 0„, ,(r) I'„', , (u).n=o ml, nl2
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A recently developed Landau description of short-range icosahedral order in supercooled
liquids and metallic glasses is used to calculate density correlation functions in these systems.
The theory predicts frustration-broadened peaks in the structure factor, at positions deter-
mined by the symmetries of an ideal, curved-space icosahedral crystal. The results provide a
good fit to experiments on vapor-deposited metal films.
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A long-standing challenge in the theory of amor-
phous solids has been a direct theoretical under-
standing of scattering experiments which probe the
structure of metallic glasses. ' Despite relatively
sharp peaks observed, e.g. , in the structure factor
S(q) of single-component vapor-deposited metal
films, conventional microcrystalline models do
not appear tenable. 4
There is mounting evidence that the short-range

order in supercooled liquids and metallic glasses is
predominantly icosahedral. 5 The growing icosahe-
dral correlations found in molecular-dynamics simu-
lations are consistent with the rise in specific heat
in undercooled liquid metals. 7 A number of au-
thors ' have argued that this icosahedral order is
related to an ideal, icosahedral crystal (called "po-
lytope (3,3,5)") consisting of 120 particles imbed-
ded in the surface $3 of a four-dimensional (4D)
sphere. Regions of short-range (3,3,5) order in a
glass are broken up by a tangled array of —72'
wedge disclination lines, forced in by "frustration, "
i.e., the incompatibility of flat space with a space-
filling icosahedral solid. The Frank-Kaspar phases
of transition-metal alloys are ordered phases of
these lines. A disordered network of such lines
provides an appealing model for structure in metal-
lic glasses.
Recently, a uniformly frustrated Ginzburg-

Landau free energy describing icosahedral order in
dense liquids has been proposed. " A set of order
parameters 0„~ ( r ) is obtained by projecting a
local particle configuration onto a 4D tangent
sphere which can accommodate a perfect icosahe-
dral lattice, and then expanding the projected parti-
cle density in the hyperspherical harmonics Y„
These 4D spherical harmonics form a complete set
of functions on the sphere S, and also generate ir-
reducible representations of SO(4), n being the in-
dex of the representation. Only the representations
n =0, 12, 20, 24, 30, 32, 36,. . . are allowed for po-
lytope (3,3,5)." The azimuthal quantum numbers
m& and m2 vary in integer steps in the range

—n/2~ mt, m2 ~ n/2. An earlier continuum elas-
tic approach' used the n =1 representation of
SO(4), and did not allow explicitly for amplitude
fluctuations. Because the magnitude of the order
parameter vanishes at disclination cores, smooth
variations in the order-parameter amplitude will in
fact appear as soon as one uses coarse graining over
a volume containing several disclinations. Since the
disclination network forced in by the frustration is
very dense, amplitude fluctuations will be impor-
tant at virtually all length scales, even at tempera-
tures near T~.
In this paper we use the Ginzburg-Landau theory

to calculate density correlations in supercooled
liquids and metallic glasses. The theory predicts a
peak in the structure factor S(q) for every allowed
value of n. A crude estimate of the peak position
q„ is given by integrating the gradient squared of
the relevant spherical harmonic over the unit vector
u parametrizing S,"
q„=K JtdQ-~ "7&„(u)~ =K n(n+2). (1)
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We have observed a metallic solid (Al—14-at. /o-Mn) with long-range orientationai order,
but with icosahedral point group symmetry, which is inconsistent with lattice translations. Its
diffraction spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
The solid is metastable and forms from the melt by a first-order transition.

PACS numbers: 61.50.Em, 61.55.Hg, 64.70.Ew

We report herein the existence of a metallic solid
which diffracts electrons like a single crystal but has
point group symmetery rn35 (icosahedral) which is
inconsistent with lattice translations. If the speci-
men is rotated through the angles of this point
group (Fig. 1), selected-area electron diffraction
patterns clearly display the six fivefold, ten three-
fold, and fifteen twofold axes characteristic' of
icosahedral symmetry (Fig. 2). Grains up to 2 p, m
in size with this structure form in rapidly cooled al-
loys of Al with 10—14 at. '/0 Mn, Fe, or Cr. We will
refer to the phase as the icosahedral phase. Micro-
diffraction from many different volume elements of
a grain and dark-field imaging from various diffrac-
tion spots confirm that entire grains have long-
range orientational order. If the orientational order
decays with distance, its correlation length is far
greater than the grain size. We have thus a solid
metallic phase with no translational order and with
with long-range orientational order.
The remarkable sharpness of the diffraction spots

(Fig. 2) indicates a high coherency in the spatial in-
terference, comparable to the one usually encoun-
tered in crystals. The diffraction data are qualita-
tively well fitted by a model consisting of a random
packing of nonoverlapping parallel icosahedra at-
tached by edges. The invariance of the local orien-
tational symmetry from site to site and the finite
number of possible translations between two adja-
cent icosahedra seem to be sufficient for insuring
highly coherent interferences. Icosahedra are a
common packing unit in intermetallic crystals with
the smaller transition element at the center sur-

rounded by twelve larger atoms arranged like the
corners of an icosahedron. The symmetries of the
crystals dictate that the several icosqhedra in a unit
cell have different orientations and allow them to
be distorted, leaving the overall crystal consistent
with the well-known crystallographic point and
space groups. Even though icosahedral symmetry is
of great importance as an approximate site sym-
metry in crystals, it cannot survive the imposition
of lattice translations: Crystals cannot and do not
exhibit the icosahedral point group symmetry.
Elementary crystallography indicates that fivefold

FIG. 1. Stereographic projection of the symmetry ele-
ments of the icosahedral group m35.

1951

VOLUME 53, NUMBER 20 PHYSICAL REVIE%' LETTERS 12 NOVEMBER 1984

Metallic Phase with Long-Range Orientational Order and No
Translational Symmetry
D. Shechtman and I. Blech

Department ofMaterials Engineering, Israel Institute of Technology T-echnion, 3200 Haifa, Israel

and

D. Gratias
Centre d'Etudes de Chimie Metallurgique, Centre National de la Recherche Scientiftque, F 94400-Vi try, France

and

J. W. Cahn
Center for Materials Science, National Bureau ofStandards, Gaithersburg, Maryland 20760

(Received 9 October 1984)

We have observed a metallic solid (Al—14-at. /o-Mn) with long-range orientationai order,
but with icosahedral point group symmetry, which is inconsistent with lattice translations. Its
diffraction spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
The solid is metastable and forms from the melt by a first-order transition.

PACS numbers: 61.50.Em, 61.55.Hg, 64.70.Ew

We report herein the existence of a metallic solid
which diffracts electrons like a single crystal but has
point group symmetery rn35 (icosahedral) which is
inconsistent with lattice translations. If the speci-
men is rotated through the angles of this point
group (Fig. 1), selected-area electron diffraction
patterns clearly display the six fivefold, ten three-
fold, and fifteen twofold axes characteristic' of
icosahedral symmetry (Fig. 2). Grains up to 2 p, m
in size with this structure form in rapidly cooled al-
loys of Al with 10—14 at. '/0 Mn, Fe, or Cr. We will
refer to the phase as the icosahedral phase. Micro-
diffraction from many different volume elements of
a grain and dark-field imaging from various diffrac-
tion spots confirm that entire grains have long-
range orientational order. If the orientational order
decays with distance, its correlation length is far
greater than the grain size. We have thus a solid
metallic phase with no translational order and with
with long-range orientational order.
The remarkable sharpness of the diffraction spots

(Fig. 2) indicates a high coherency in the spatial in-
terference, comparable to the one usually encoun-
tered in crystals. The diffraction data are qualita-
tively well fitted by a model consisting of a random
packing of nonoverlapping parallel icosahedra at-
tached by edges. The invariance of the local orien-
tational symmetry from site to site and the finite
number of possible translations between two adja-
cent icosahedra seem to be sufficient for insuring
highly coherent interferences. Icosahedra are a
common packing unit in intermetallic crystals with
the smaller transition element at the center sur-

rounded by twelve larger atoms arranged like the
corners of an icosahedron. The symmetries of the
crystals dictate that the several icosqhedra in a unit
cell have different orientations and allow them to
be distorted, leaving the overall crystal consistent
with the well-known crystallographic point and
space groups. Even though icosahedral symmetry is
of great importance as an approximate site sym-
metry in crystals, it cannot survive the imposition
of lattice translations: Crystals cannot and do not
exhibit the icosahedral point group symmetry.
Elementary crystallography indicates that fivefold

FIG. 1. Stereographic projection of the symmetry ele-
ments of the icosahedral group m35.

1951



VOLUME 53, NUMBER 20 PHYSICAL REVIE%' LETTERS 12 NOVEMBER 1984

Metallic Phase with Long-Range Orientational Order and No
Translational Symmetry
D. Shechtman and I. Blech

Department ofMaterials Engineering, Israel Institute of Technology T-echnion, 3200 Haifa, Israel

and

D. Gratias
Centre d'Etudes de Chimie Metallurgique, Centre National de la Recherche Scientiftque, F 94400-Vi try, France

and

J. W. Cahn
Center for Materials Science, National Bureau ofStandards, Gaithersburg, Maryland 20760

(Received 9 October 1984)

We have observed a metallic solid (Al—14-at. /o-Mn) with long-range orientationai order,
but with icosahedral point group symmetry, which is inconsistent with lattice translations. Its
diffraction spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
The solid is metastable and forms from the melt by a first-order transition.

PACS numbers: 61.50.Em, 61.55.Hg, 64.70.Ew

We report herein the existence of a metallic solid
which diffracts electrons like a single crystal but has
point group symmetery rn35 (icosahedral) which is
inconsistent with lattice translations. If the speci-
men is rotated through the angles of this point
group (Fig. 1), selected-area electron diffraction
patterns clearly display the six fivefold, ten three-
fold, and fifteen twofold axes characteristic' of
icosahedral symmetry (Fig. 2). Grains up to 2 p, m
in size with this structure form in rapidly cooled al-
loys of Al with 10—14 at. '/0 Mn, Fe, or Cr. We will
refer to the phase as the icosahedral phase. Micro-
diffraction from many different volume elements of
a grain and dark-field imaging from various diffrac-
tion spots confirm that entire grains have long-
range orientational order. If the orientational order
decays with distance, its correlation length is far
greater than the grain size. We have thus a solid
metallic phase with no translational order and with
with long-range orientational order.
The remarkable sharpness of the diffraction spots

(Fig. 2) indicates a high coherency in the spatial in-
terference, comparable to the one usually encoun-
tered in crystals. The diffraction data are qualita-
tively well fitted by a model consisting of a random
packing of nonoverlapping parallel icosahedra at-
tached by edges. The invariance of the local orien-
tational symmetry from site to site and the finite
number of possible translations between two adja-
cent icosahedra seem to be sufficient for insuring
highly coherent interferences. Icosahedra are a
common packing unit in intermetallic crystals with
the smaller transition element at the center sur-

rounded by twelve larger atoms arranged like the
corners of an icosahedron. The symmetries of the
crystals dictate that the several icosqhedra in a unit
cell have different orientations and allow them to
be distorted, leaving the overall crystal consistent
with the well-known crystallographic point and
space groups. Even though icosahedral symmetry is
of great importance as an approximate site sym-
metry in crystals, it cannot survive the imposition
of lattice translations: Crystals cannot and do not
exhibit the icosahedral point group symmetry.
Elementary crystallography indicates that fivefold

FIG. 1. Stereographic projection of the symmetry ele-
ments of the icosahedral group m35.

1951

VOLUME 53, NUMBER 20 PHYSICAL REVIE%' LETTERS 12 NOVEMBER 1984

Metallic Phase with Long-Range Orientational Order and No
Translational Symmetry
D. Shechtman and I. Blech

Department ofMaterials Engineering, Israel Institute of Technology T-echnion, 3200 Haifa, Israel

and

D. Gratias
Centre d'Etudes de Chimie Metallurgique, Centre National de la Recherche Scientiftque, F 94400-Vi try, France

and

J. W. Cahn
Center for Materials Science, National Bureau ofStandards, Gaithersburg, Maryland 20760

(Received 9 October 1984)

We have observed a metallic solid (Al—14-at. /o-Mn) with long-range orientationai order,
but with icosahedral point group symmetry, which is inconsistent with lattice translations. Its
diffraction spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
The solid is metastable and forms from the melt by a first-order transition.

PACS numbers: 61.50.Em, 61.55.Hg, 64.70.Ew

We report herein the existence of a metallic solid
which diffracts electrons like a single crystal but has
point group symmetery rn35 (icosahedral) which is
inconsistent with lattice translations. If the speci-
men is rotated through the angles of this point
group (Fig. 1), selected-area electron diffraction
patterns clearly display the six fivefold, ten three-
fold, and fifteen twofold axes characteristic' of
icosahedral symmetry (Fig. 2). Grains up to 2 p, m
in size with this structure form in rapidly cooled al-
loys of Al with 10—14 at. '/0 Mn, Fe, or Cr. We will
refer to the phase as the icosahedral phase. Micro-
diffraction from many different volume elements of
a grain and dark-field imaging from various diffrac-
tion spots confirm that entire grains have long-
range orientational order. If the orientational order
decays with distance, its correlation length is far
greater than the grain size. We have thus a solid
metallic phase with no translational order and with
with long-range orientational order.
The remarkable sharpness of the diffraction spots

(Fig. 2) indicates a high coherency in the spatial in-
terference, comparable to the one usually encoun-
tered in crystals. The diffraction data are qualita-
tively well fitted by a model consisting of a random
packing of nonoverlapping parallel icosahedra at-
tached by edges. The invariance of the local orien-
tational symmetry from site to site and the finite
number of possible translations between two adja-
cent icosahedra seem to be sufficient for insuring
highly coherent interferences. Icosahedra are a
common packing unit in intermetallic crystals with
the smaller transition element at the center sur-

rounded by twelve larger atoms arranged like the
corners of an icosahedron. The symmetries of the
crystals dictate that the several icosqhedra in a unit
cell have different orientations and allow them to
be distorted, leaving the overall crystal consistent
with the well-known crystallographic point and
space groups. Even though icosahedral symmetry is
of great importance as an approximate site sym-
metry in crystals, it cannot survive the imposition
of lattice translations: Crystals cannot and do not
exhibit the icosahedral point group symmetry.
Elementary crystallography indicates that fivefold

FIG. 1. Stereographic projection of the symmetry ele-
ments of the icosahedral group m35.

1951

VOLUME 53, NUMBER 20 PHYSICAL REVIEW LETTERS 12 NOVEMBER 1984

many centers and grow until the remaining liquid
solidifies, except that instead of isolated crystals we
have isolated icosahedral grains embedded in solidi-
fied Al.
Another aspect of the first-order character of the

transition is that segregation accompanies the
growth of the icosahedral phase. In the 10%- and
12%-Mn samples the growing phase rejects Al into
the liquid. The indentations in the nodules are
characteristic of the cellular morphology caused by
an instability in the diffusion layer surrounding the
solid resulting from segregation during growth. In
the 14%-Mn alloys the icosahedral grains occupy al-
most all of the volume of the specimen. Only small
amounts of fcc A1 occur along some grain boun-
daries where the grains grew to impingement.
Some radial streaking still points to the nucleation
centers from which the grains grew. We conclude
that little segregation occurs in this alloy and that
the icosahedral phase contains 14'/o Mn.
The obvious cellular morphology indicates that

the growth of the icosahedral phase is slow enough
to permit diffusional segregation on the scale of 1
p,m. With the diffusion coefficient in the liqud of
order 10 m /s this indicates interface velocities of
order 10 m/s and formation times of 10 s.
This is 2 to 3 orders of magnitude slower than the
fastest known crystallization velocities of a metallic
liquid during rapid cooling, but it is a typical upper
limit of velocity of crystallization with composition
changes. 7 There is thus plenty of time for atomic
rearrangements to occur at the interface between
the melt and the icosahedral phase.
The icosahedral phase in rapidly solidified Al-Mn

alloys is remarkably resistant to crystallization. Pro-
longed heating of 6 h at 300 C and 1 h at 350'C
produced no detectable crystallization, but 1 h at
400'C caused crystallization to the stable A16Mn
phase. We conclude that the icosahedral phase is a
truly metastable phase which nucleates and grows
for a range of cooling rates which are slow enough
to permit its formation but rapid enough to prevent
crystallization, either from the melt or from the

icosahedral phase after its formation.
The icosahedral phase has symmetries intermedi-

ate between those of a crystal and a liquid. It
differs from other intermediate phases in that it is
both solid, like a metallic glass, and that it has
long-range orientational order. Many intermediate
phases do have orientational order, but usually it is
only local, and the transition to such phases is con-
tinuous. s 9 The possibility of an icosahedral phase
with long range order was inferred from a computer
simulation, ' " and a first-order liquid-to-icosa-
hedral phase transition has been predicted from a
mean-field theory. "'
We thank F. S. Biancaniello for spinning the al-

loys, C. R. Hubbard for x-ray experiments, and
B. Burton for a critical review of the manuscript.
This work was sponsored by the Defense Advanced
Research Projects Agency and the National Science
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California at Santa Barbara.
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with an analysis of the quantum mechanical nonlinear o model in two space dimensions. The coupling
constant must be chosen in the range where an isolated Cu02 layer has antiferromagnetic order at T =0.
The parameters are consistent with the spin-wave theory for the nearest-neighbor spin- 2 Heisenberg an-
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Recent neutron measurements by Endoh and co-
workers' in single-crystal La2Cu04 have added a new
dimension to the current excitement surrounding high-
temperature superconductivity. Although the sample
itself is not superconducting, it exhibits novel two-
dimensional antiferromagnetic behavior. The energy
scale of spin fluctuations is large, and it appears that
quantum fluctuations play an essential role. Deeper un-
derstanding of this magnetic behavior may be important
to the understanding of the possible new mechanism in-
volved in these superconducting systems. In this paper,
we present a low-temperature renormalization-group
analysis which is in quantitative agreement with the neu-
tron experiments.
Qur model is essentially a (d+1)-dimensional non-

linear cr model, where the thickness in the extra dimen-
sion (imaginary-time direction) is proportional to the in-
verse temperature P of the system. The dimensionless
coupling constant go of the model is chosen to reproduce
the results of the zero-temperature spin-wave theory for
the s = —,

' nearest-neighbor Heisenberg model in d =2 di-
mensions. (With this choice of go, the two-dimensional
system has a nonzero staggered magnetization at T 0,
although it is reduced considerably by quantum fiuctua-
tions. ) There is then a single dimensional parameter, the
spin-wave velocity c, which we have chosen to be
Ac=0.425 eV A, close to the lower bound quoted in
Ref. 1. The computed correlation length g(T) is then in
excellent agreement with the data quoted in Ref. 2 for
their "best" sainple (i.e., the sample with highest Neel
temperature, TN 195 K), in the entire temperature
range TN & T+550 K. The occurrence of long-range
antiferromagnetic order for 0 & T & TN is attributed to
a very weak coupling between the Cu planes which we
estimate to be of order 10 times smaller than the cou-
pling within the planes. Such a small interlayer coupling
has little effect on the spin correlations for T & TN, and
the staggered magnetization observed' at low tempera-
tures should be very close to the staggered magnetization
of an isolated layer at T=0. Indeed, the largest stag-
gered magnetizations observed in La2Cu04 are close to
the spin-wave estimates of =0.6pB per site.

If the coupling constant of the (2+1)-dimensional tT

model is increased (e.g. , as a result of frustrating next-
nearest-neighbor interactions), one can enter a quantum
disordered regime (go & g, ), where the isolated layer has
only finite-range spin correlations at T 0 similar to the
resonating valence-bond state in the version proposed by
Kivelson, Rokhsar, and Sethna. If one chooses go=g„
the model at T=O has spin correlations that fall off as
an inverse power of the separation, resembling somewhat
the resonating valence-bond state espoused by Anderson
and others. However, we are unable to obtain a
reasonable fit to the neutron-scattering data if we choose
gon g, so that the two-dimensional system lacks long-
range magnetic order at T=0.
The effective Euclidean action of the nonlinear e mod-

el may be written in the form '
2

l't 'S.a= „di& d'x ~V a~'+2h ~o C

dg/dl = (1—d)g+ —,' Kdg coth(g/2t),

dt/dl =(2 d)t+ —,
' Kdgt co—th(g/2t).

(2)

(3)

where 0 is a three-component vector field with the con-
straint

~ 0 ~
=1, the space integrals are carried out up to

a maximum wave vector A, r is the imaginary time vari-
able, p, is the bare spin stiffness constant on the length
scale A, and c is the spin-wave velocity, which is not
renormalized at long wavelengths in this model. The
combination p, c =Z~ may be identified as the local
uniform magnetic susceptibility, in the direction perpen-
dicular to the local staggered magnetization (in units
where 2@a/h =1)." The average of 0 in this ensemble
is proportional to the staggered magnetization. For con-
venience, we define a dimensionless coupling constant go
by go=bc/p, =goA'
Renormalization-group equations for this model can

be derived with the methods described by Hertz, '
Young, ' Polyakov, ' and Nelson and Pelcovits, ' and
are (up to one-loop order)
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Here e' is the length rescaling factor, Kd ' =2
xn"'r(d/2), and the initial values of the dimensionless
coupling constant g(l) and temperature scale t(l) are
gp=hcA '/p, and tp=kaTA /p, . To describe a
square lattice with lattice constant a when d =2, we shall
take Aa equal to (2rr) 't . This choice conserves the area
of the Brillouin zone for the antiferromagnetically or-
dered state. Note that g/t =ljhcA is the dimensionless
"slab thickness" of (1) in the timelike direction, and
obeys the simple recursion relation d(g/t)/dl = —g/t.
The renormalization-group flows show that at T=0

there is a nontrivial fixed point at g =g, for d & 1. This
describes a quantum phase transition with the critical
exponents of a classical (d+1)-dimensional Heisenberg
model. For d ~ 2, there are no finite-temperature fixed
points, while for d & 2, there is a fixed point describing a
classical finite-temperature d-dimensional ordering tran-
sition. In this paper we shall concentrate on d=2. At
T=O, Neel order persists up to g„where g, =4m from
Eq. (2); for g & g, there is a quantum disordered phase
at T =0 with a gap h, in the excitation spectrum.
Although the system is disordered at all finite temper-

atures, we can nevertheless identify three regions sepa-
rated by crossover lines as shown in Fig. 1. The central
quantum critical region is controlled by the T=O fixed
point at g, . In the renormalized classical region, for
g &g„ the correlation length ultimately diverges ex-
ponentially fast as T 0. ' Specifically, we shall find,
within our approximations,

09(hc/ kTa)exp(2', /kaT),
where p, is the actual spin-stiffness constant at T =0, re-
normalized by the quantum fluctuations. Since p, will
vanish when go g„ it is clear that proximity to the
T=O fixed point at g, can greatly reduce the rate of
growth of g. The prefactor (hc/kaT) in Eq. (4) is the
thermal de Broglie wavelength of the spin waves (divided
by 2rt). In the quantum disordered region (g & g, ) the
correlation length becomes temperature independent as
T 0, and is given by g(T =0)= (gp/g, —1)
Our one-loop calculation yields vd+ ~ =1, instead of
vd+~ =0.7, the correct result for Heisenberg models in
2+1 dimensions. Precisely at g„ the system will behave
like a three-dimensional classical spin system at its criti-
cal point, for length scales less than the effective "slab
thickness" Phc. The order will be broken up by two-
dimensional fluctuations on larger scales, and so we con-
clude that g(T) = hc/kaT, for gp =g, .
Next we consider the crossover lines in Fig. 1. For

gp &g„T„=A/k a ~ (gp/g, —1 ) "'. For gp & g„we ob-
tain the crossover temperature by first defining' a corre-
lation length (&= (hc/p, )'tt 'l which separates, at
T =0, the long-wavelength antiferromagnetic magnons
from the shorter-wavelength critical fluctuations impor-
tant near g, . This gives T„'—(1—gp/g, )" +' by our
equating g~ to the thermal length hc/kaT.

t =27T (g/gc-1)
rJ' r

—QUANTUM DISORDERED

/' i t-(g/g -1)c

QUANTUM CRITICAL

:RENORNAL I2ED
- CLASSICAL ~ g - - - o+I'i& —«g/gc )

~ NEEL L.INE t = 2~(1- 0/gc)

(2)

t = t/2'
FIG. 1. Crossover phase diagram for d=2. vd+I=0. 7 for

d=2. g, is the critical point of the (d+1)-dimensional non-
linear cr model.

The correlation length can be calculated from our re-
cursion relations by integration of them until the renor-
malized correlation length g(l) =e 'g equals the lattice
constant. Both in the renormalized classical and in the
quantum critical regions, where t(l) grows faster than
g(l), it suffices to choose l' such that t(l ) =2rr. (Our
results depend only weakly on the precise matching con-
dition; see below. ) Using the exact solutions of Eqs. (2)
and (3) for the case d =2, we obtain for g =ae'

' =(tp/agp)sinh '[sinh(gp/tp)exp[ —(1—tp)/tp]j,
(5)

where gp =gp/g„and t p =t p/2rt. The prefactor t p/ag p
=(2/n)'t (knT/hc) is not explicitly dependent on a.
Other choices of the matching condition would change
the coefficient (2/rr) 't . At low temperatures, for gp & 1,
Eq. (5) becomes equivalent to Eq. (4), with p, =p,
&& (1—gp), which is the renormalized spin stiffness con-
stant at T=0, within the one-loop approximation.
In the quantum region g(l) grows faster than t(l),

and it is convenient to choose l such that g(l*) =2; i.e.,
g(l ) =2g, . This yields an implicit equation for e' . As
tp 0 (gp & 1) ( approaches its T=0 value with correc-
tions of order exp( 5/kaT). —
To proceed further, we must determine the coupling

constant go. If we choose go & 1, and set T=O, then the
spin stiffness p, and the magnetic susceptibility L&
=p,c approach finite values in the long-wavelength
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Recent neutron measurements by Endoh and co-
workers' in single-crystal La2Cu04 have added a new
dimension to the current excitement surrounding high-
temperature superconductivity. Although the sample
itself is not superconducting, it exhibits novel two-
dimensional antiferromagnetic behavior. The energy
scale of spin fluctuations is large, and it appears that
quantum fluctuations play an essential role. Deeper un-
derstanding of this magnetic behavior may be important
to the understanding of the possible new mechanism in-
volved in these superconducting systems. In this paper,
we present a low-temperature renormalization-group
analysis which is in quantitative agreement with the neu-
tron experiments.
Qur model is essentially a (d+1)-dimensional non-

linear cr model, where the thickness in the extra dimen-
sion (imaginary-time direction) is proportional to the in-
verse temperature P of the system. The dimensionless
coupling constant go of the model is chosen to reproduce
the results of the zero-temperature spin-wave theory for
the s = —,

' nearest-neighbor Heisenberg model in d =2 di-
mensions. (With this choice of go, the two-dimensional
system has a nonzero staggered magnetization at T 0,
although it is reduced considerably by quantum fiuctua-
tions. ) There is then a single dimensional parameter, the
spin-wave velocity c, which we have chosen to be
Ac=0.425 eV A, close to the lower bound quoted in
Ref. 1. The computed correlation length g(T) is then in
excellent agreement with the data quoted in Ref. 2 for
their "best" sainple (i.e., the sample with highest Neel
temperature, TN 195 K), in the entire temperature
range TN & T+550 K. The occurrence of long-range
antiferromagnetic order for 0 & T & TN is attributed to
a very weak coupling between the Cu planes which we
estimate to be of order 10 times smaller than the cou-
pling within the planes. Such a small interlayer coupling
has little effect on the spin correlations for T & TN, and
the staggered magnetization observed' at low tempera-
tures should be very close to the staggered magnetization
of an isolated layer at T=0. Indeed, the largest stag-
gered magnetizations observed in La2Cu04 are close to
the spin-wave estimates of =0.6pB per site.

If the coupling constant of the (2+1)-dimensional tT

model is increased (e.g. , as a result of frustrating next-
nearest-neighbor interactions), one can enter a quantum
disordered regime (go & g, ), where the isolated layer has
only finite-range spin correlations at T 0 similar to the
resonating valence-bond state in the version proposed by
Kivelson, Rokhsar, and Sethna. If one chooses go=g„
the model at T=O has spin correlations that fall off as
an inverse power of the separation, resembling somewhat
the resonating valence-bond state espoused by Anderson
and others. However, we are unable to obtain a
reasonable fit to the neutron-scattering data if we choose
gon g, so that the two-dimensional system lacks long-
range magnetic order at T=0.
The effective Euclidean action of the nonlinear e mod-

el may be written in the form '
2

l't 'S.a= „di& d'x ~V a~'+2h ~o C

dg/dl = (1—d)g+ —,' Kdg coth(g/2t),

dt/dl =(2 d)t+ —,
' Kdgt co—th(g/2t).

(2)

(3)

where 0 is a three-component vector field with the con-
straint

~ 0 ~
=1, the space integrals are carried out up to

a maximum wave vector A, r is the imaginary time vari-
able, p, is the bare spin stiffness constant on the length
scale A, and c is the spin-wave velocity, which is not
renormalized at long wavelengths in this model. The
combination p, c =Z~ may be identified as the local
uniform magnetic susceptibility, in the direction perpen-
dicular to the local staggered magnetization (in units
where 2@a/h =1)." The average of 0 in this ensemble
is proportional to the staggered magnetization. For con-
venience, we define a dimensionless coupling constant go
by go=bc/p, =goA'
Renormalization-group equations for this model can

be derived with the methods described by Hertz, '
Young, ' Polyakov, ' and Nelson and Pelcovits, ' and
are (up to one-loop order)
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Abstract. We have carried out a neutron scattering inves- 
tigation of the static structure factor S(q2D) (q2D is the 
in-plane wave vector) in the two-dimensional spin S = 1/2 
square-lattice Heisenberg antiferromagnet Sr2CuO2C12. 
For the spin correlation length ~ we find quantitative 
agreement with Monte Carlo results over a wide range of 
temperature. The combined Sr2CuQC12-Monte Carlo 
data, which cover the length scale from ~ 1 to 200 lattice 
constants, are predicted without adjustable parameters 
by renormalized classical theory for the quantum non- 
linear sigma model. For the structure factor peak S(0), on 
the other hand, we find S ( 0 ) ~ 2  for the reduced temper- 
ature range 0.16 < T/2 ~Ps < 0.36, whereas current theo- 
ries predict that at low temperatures S(0)~ T 2 ~a. This 
discrepancy has important implications for the interpre- 
tation of many derivative quantities such as N M R  relax- 
ation rates. In the ordered phase, we have measured the 
temperature dependence of the out-of-plane spin-wave 
gap. Its low-temperature value of 5.0 meV corresponds to 
an XY anisotropy J x u  = 1.4 x 10 -4. From measure- 
ments of the sublattice mangetization we obtain 
/~= 0.22 _+ 0.01 for the order parameter exponent. This 
may either reflect tricriticality as in La2CuO4, or it may 
indicate finite-size two-dimensional XY behavior as sug- 
gested by Bramwell and Holdsworth. As in the S = 1 sys- 
tem K2NiF 4, the gap energy in Sr2CuO2C12 scales linearly 
with the order parameter up to the N~el temperature. We 
also reanalyze static structure factor data for K2NiF 4 us- 
ing the exact low temperature result for the correlation 
length of Hasenfratz and Niedermayer and including the 
Ising anisotropy explicitly. Excellent agreement between 
experiment and theory is obtained for the correlation 
length, albeit with the spin-stiffness p~ reduced by ~ 20% 
from the spin-wave value. As in Sr~CuO2C12 we find that 
S ( 0 ) ~  2 for the reduced temperature range 0.22< 
T/2 ZCps < 0.47. 

PACS" 75.10.Jm; 75.25.+Z; 75.40.-S 

* Present address: RIKEN, The Institute of Physical and Chemical 
Research, Wako, Saitama 351-01, Japan 

I. Introduction 

The physics of quantum Heisenberg antiferromagnets 
(QHA) has been the subject of research ever since the 
advent of modern quantum and statistical mechanics. 
In 1931, Bethe [1] found the ground-state eigenfunction 
for the one-dimensional (1D) spin= 1/2 (S= 1/2) QHA 
and demonstrated that no long-range order exists in this 
system even at T= 0. Seven years later, Hulth6n [21 cal- 
culated the ground-state energy of the latter model and 
in 1962, des Cloizeaux and Pearson [3] were able to 
derive the locus of the first excited states at T= 0. Excel- 
lent agreement was found with des Cloizeaux and Pear- 
son's result in neutron scattering experiments on a mate- 
rial whose spin Hamiltonian is well described by the 
S = 1/2 1DQHA model [4]. Because it is one-dimension- 
al, this model is a quantum many-body problem simple 
enough to allow the exact calculation of several of its 
zero-temperature properties [1-3, 5 8]. On the other 
hand, the development of a finite-temperature theory has 
so far been unsuccessful. The subject of this paper is 
the two-dimensional (2D) problem, for which there has 
recently been a great deal of progress both experimental- 
ly and theoretically. 

In 1952, extending earlier work by Holstein and Pri- 
makoff [9] on ferromagnets, Anderson [10] and Kubo 
[111 developed spin-wave theory to describe the ground- 
state of antiferromagnets with large spin. Spin-wave 
theory is based on the two assumptions that there exists 
long-range order at T=0  and that the amplitude of 
quantum fluctuations about the classical N6el state is 
small. Since this theory is, in effect, an expansion in 
powers of 1/(zS), where z is the coordination number, 
its validity depends crucially on the dimensionality and 
the spin of the system under consideration. It was argued 
[-10], that although the staggered magnetization may be 
reduced, a N6el ground-state is stable against quantum 
fluctuations in 2D even in the extreme quantum limit 
S = 1/2. In the mid 1960's, Hohenberg E12] and Mermin 
and Wagner [13] proved that in dimensions d<  2 ther- 
mal fluctuations prohibit the existence of long-range 
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Fig. 5. Representative energy-integrating scans along (H/2, H/2, 
L) for El=41,0 meV with L chosen such that ky II [0, 0, 1] and with 
collimations 20'-10'-S-10' .  The solid line is the result of a fit 
to a two-dimensional Lorentzian scattering function convoluted 
with the resolution function of the spectrometer, whereas the 
dashed lines for 490 K and 600 K are the result of a simulation 
of the neutron scattering cross section, as discussed in the text 
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which corresponds to By = 0 in (9), convoluted with the 
experimental resolution function. Clearly, the 2D Lo- 
rentzian form describes the measured profiles of Figs. 4 
and 5 quite well. 

Figure 6 contains the result of our analysis for the 
inverse magnetic correlation length ~c. As explained in 
Sect. III.C., various necessary approximations are made 
in an energy-integrating neutron scattering experiment. 
In order to check for consistency we have numerically 
integrated the neutron cross section, using the dynamic 
structure factor of Ty~ et al. [29], (6). The result of this 
simulation is indicated by the dashed lines in Figs. 4 
and 5. The only noticeable difference between theory 
and experiment arises from a gradual cutoff in the energy 
integration which occurs above ~400 K and ~470 K 
for Ei=14.7 meV and 41 meV, respectively. However, 
since it is only the large-q2o part of the spectrum that 
is cut off, the effect on the width ~ and especially on 
the peak intensity S(0) is small. This is unambiguously 
demonstrated by the fact that the overlapping values 
of ~c in Fig. 6, which are obtained using different values 
of the incoming neuton energy Ei, agree with each other 
to well within the combined experimental errors. 

Our data may be compared without any adjustable 
parameters with the renormalized classical theory of 
CHN and HN for the QNL~M. The solid line in Fig. 6 
corresponds to (12) with the measured value J = 125 meV 
for Sr2CuO2C12. Clearly (12) describes the experimental 
values for ~c= 4-1 extremely well. It is also germane to 
compare our data with the result of the Monte Carlo 
simulations by Makivi6 and Ding (MD) 1-36] for the 
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Ising anisotropy explicitly. Excellent agreement between 
experiment and theory is obtained for the correlation 
length, albeit with the spin-stiffness p~ reduced by ~ 20% 
from the spin-wave value. As in Sr~CuO2C12 we find that 
S ( 0 ) ~  2 for the reduced temperature range 0.22< 
T/2 ZCps < 0.47. 
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I. Introduction 

The physics of quantum Heisenberg antiferromagnets 
(QHA) has been the subject of research ever since the 
advent of modern quantum and statistical mechanics. 
In 1931, Bethe [1] found the ground-state eigenfunction 
for the one-dimensional (1D) spin= 1/2 (S= 1/2) QHA 
and demonstrated that no long-range order exists in this 
system even at T= 0. Seven years later, Hulth6n [21 cal- 
culated the ground-state energy of the latter model and 
in 1962, des Cloizeaux and Pearson [3] were able to 
derive the locus of the first excited states at T= 0. Excel- 
lent agreement was found with des Cloizeaux and Pear- 
son's result in neutron scattering experiments on a mate- 
rial whose spin Hamiltonian is well described by the 
S = 1/2 1DQHA model [4]. Because it is one-dimension- 
al, this model is a quantum many-body problem simple 
enough to allow the exact calculation of several of its 
zero-temperature properties [1-3, 5 8]. On the other 
hand, the development of a finite-temperature theory has 
so far been unsuccessful. The subject of this paper is 
the two-dimensional (2D) problem, for which there has 
recently been a great deal of progress both experimental- 
ly and theoretically. 

In 1952, extending earlier work by Holstein and Pri- 
makoff [9] on ferromagnets, Anderson [10] and Kubo 
[111 developed spin-wave theory to describe the ground- 
state of antiferromagnets with large spin. Spin-wave 
theory is based on the two assumptions that there exists 
long-range order at T=0  and that the amplitude of 
quantum fluctuations about the classical N6el state is 
small. Since this theory is, in effect, an expansion in 
powers of 1/(zS), where z is the coordination number, 
its validity depends crucially on the dimensionality and 
the spin of the system under consideration. It was argued 
[-10], that although the staggered magnetization may be 
reduced, a N6el ground-state is stable against quantum 
fluctuations in 2D even in the extreme quantum limit 
S = 1/2. In the mid 1960's, Hohenberg E12] and Mermin 
and Wagner [13] proved that in dimensions d<  2 ther- 
mal fluctuations prohibit the existence of long-range 
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Although forbidden in conventional quantum mechan-
ics, exponentiated non-Hermitian quantum Hamiltonians
do appear in the transfer matrices of classical statistical me-
chanics problems. A nonequilibrium process can be de-
scribed as the time evolution of a non-Hermitian system
[1]. Another example is the XXZ spin chain mapped onto
the asymmetric six-vertex model [2].
In this Letter, we investigate a non-Hermitian quantum

Hamiltonian with randomness. The study is motivated
by a mapping of flux lines in a (d 1 1)-dimensional su-
perconductor to the world lines of d-dimensional bosons.
Columnar defects in the superconductor, which were in-
troduced experimentally in order to pin the flux lines [3],
give rise to random potential in the boson system [4]. Al-
though the field component Hz parallel to the columns
acts as a chemical potential for the bosons, the component
perpendicular to the columns results in a constant imagi-
nary vector potential [5].
We study localization in this simple example of non-

Hermitian quantum mechanics, and show how flux lines
are depinned from columnar defects by an increasing
perpendicular magnetic field H'. It is generally believed
that all eigenstates are localized in conventional one-
and two-dimensional noninteracting quantum systems with
randomness. On the other hand, it is almost obvious that a
flux line is depinned from defects by a strong perpendicular
field component. This indicates that the present non-
Hermitian system has extended states in a largeH' region,
and that there must be a delocalization transition at a
certain strength of H'.
The non-Hermitian Hamiltonian treated hereafter has the

formH ; sp 1 ihd2ys2md 1 V sxd, where p ; sh̄yid===
and V sxd is a random potential. The non-Hermitian field
h originates in the transverse magnetic field as h ≠
f0H'y4p. The flux quantum f0 ≠ 2p h̄cy2e plays the
role of a charge and the non-Hermitian factor i ≠

p
21

arises from the mapping onto imaginary time quantum me-
chanics [4,5]. Figure 1 shows a vortex whose “world line”
is described by this Hamiltonian with periodic boundary
conditions in one dimension. The mass m is equivalent
to the tilt modulus of the flux line. The Planck parame-

ter h̄ corresponds to the temperature of the superconduc-
tor, while the inverse temperature of the quantum system
corresponds to the thickness Lt of the sample along Hz .
Interactions between many particles (or flux lines) can be
treated approximately by forbidding multiple occupancy
of localized states in a tight-binding model (see below)
[4]. Interactions in the delocalized regime are described
by a non-Hermitian boson Hubbard model, and will be dis-
cussed in a future publication [6].
Since the field h acts as a vector potential, we define

the current operator as J ; 2i≠H y≠h ≠ sp 1 ihdym.
The imaginary part of the current describes the tilt slope
of a flux line. To see this, note first that the position
of the flux line x at the distance t from the bottom sur-
face of the superconductor is given by kxlt ; Z21 3
kcf je2sLt2tdH y h̄

xe2tH y h̄jc il, where c i and cf de-
scribe boundary conditions at the bottom and top sur-
faces (t ≠ 0, Lt) of the superconductor, respectively.

FIG. 1. One flux line (wavy curve) induced by the field Hz
and interacting with columnar pins in a cylindrical supercon-
ducting shell with radial thickness smaller than the penetration
depth of the defect-free material. The field H' is generated by
the current I threading the ring.
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A delocalization phenomenon is studied in a class of non-Hermitian random quantum-mechanical problems.
Delocalization arises in response to a sufficiently large constant imaginary vector potential. The transition is
related to depinning of flux lines from extended defects in type-II superconductors subject to a tilted external
magnetic field. The physical meaning of the complex eigenvalues and currents of the non-Hermitian system is
elucidated in terms of properties of tilted vortex lines. The singular behavior of the penetration length describ-
ing stretched exponential screening of a perpendicular magnetic field ~transverse Meissner effect!, the surface
transverse magnetization, and the trapping length is determined near the flux-line depinning point.
@S0163-1829~97!03438-3#

I. INTRODUCTION

Although Hamiltonians must be Hermitian in conven-
tional quantum mechanics, non-Hermitian operators do ap-
pear in other physical contexts: The time evolution of non-
Hermitian Liouville operators can describe various
nonequilibrium processes;1–3 the transfer matrix of two-
dimensional asymmetric vertex models leads to non-
Hermitian Hamiltonians for quantum spin chains.4
In the present paper we investigate localization phenom-

ena in an especially simple class of random non-Hermitian
Hamiltonians. Although non-Hermitian, our problem is suf-
ficiently close to conventional quantum mechanics that it
will be convenient to use a quantum language to describe the
results. Specifically, we show that a delocalization transition
occurs ~even in one and two dimensions! in the following
one-body Hamiltonians in d dimensions: first, the Hamil-
tonian in continuum space

H[
~p1ig!2

2m 1V~x!, ~1.1!

where p5(h/i)]/]x is the momentum operator and V(x) is a
random potential; second, the second-quantized lattice
Hamiltonian, namely, the non-Hermitian Anderson model on
a hypercubic lattice

H[2
t
2 (

x
(
n51

d

~eg•en /\bx1en
† bx1e2g•en /\bx†bx1en!

1(
x
Vxbx

†bx , ~1.2!

where the vectors $en% are the unit lattice vectors, the
$bx
† ,bx% are ~boson! creation and annihilation operators, and

Vx is a random potential. In both of the Hamiltonians, g is a
non-Hermitian external field. Although the bulk of our dis-
cussion will concentrate on the properties of the single-

particle Hamiltonians ~1.1! and ~1.2!, many of our results
will be relevant for interacting many-body boson problems,
provided that we forbid double occupancy of eigenstates in
the localized regime.5 Interaction effects in both the localized
and delocalized phases will be discussed in Sec. VIII.
We can regard the non-Hermitian field as an imaginary

vector potential. Models with a real gauge field A would be
written in the Hermitian forms

H85
~p2eA!2

2m 1V~x! ~1.3!

and

H852
t
2 (

x
(
n51

d

~eieA•en /\bx1en
† bx1e2ieA•en /\bx†bx1en!

1(
x
Vxbx

†bx . ~1.4!

In two dimensions with spatially varying A5A(x), these
Hamiltonians describe the quantum Hall system, where some
of the localized states of the A50 case are delocalized in the
presence of the gauge field.6 We obtain the non-Hermitian
Hamiltonians ~1.1! and ~1.2! by replacing 2eA(x) with a
constant ig. In this non-Hermitian case, we show that all
eigenstates can be delocalized ~even in one dimension! for
large g.
This problem has direct physical relevance when we map

the non-Hermitian quantum system in d dimensions to a
problem of classical equilibrium statistical mechanics in
d11 dimensions. Consider a matrix element of the
imaginary-time-evolution operator

Z5^c f
ue2LtH/\uc i&, ~1.5!

where the Hamiltonian H is given by Eq. ~1.1!. The bra and
ket vectors are the initial and final states, respectively. Using
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Although forbidden in conventional quantum mechan-
ics, exponentiated non-Hermitian quantum Hamiltonians
do appear in the transfer matrices of classical statistical me-
chanics problems. A nonequilibrium process can be de-
scribed as the time evolution of a non-Hermitian system
[1]. Another example is the XXZ spin chain mapped onto
the asymmetric six-vertex model [2].
In this Letter, we investigate a non-Hermitian quantum

Hamiltonian with randomness. The study is motivated
by a mapping of flux lines in a (d 1 1)-dimensional su-
perconductor to the world lines of d-dimensional bosons.
Columnar defects in the superconductor, which were in-
troduced experimentally in order to pin the flux lines [3],
give rise to random potential in the boson system [4]. Al-
though the field component Hz parallel to the columns
acts as a chemical potential for the bosons, the component
perpendicular to the columns results in a constant imagi-
nary vector potential [5].
We study localization in this simple example of non-

Hermitian quantum mechanics, and show how flux lines
are depinned from columnar defects by an increasing
perpendicular magnetic field H'. It is generally believed
that all eigenstates are localized in conventional one-
and two-dimensional noninteracting quantum systems with
randomness. On the other hand, it is almost obvious that a
flux line is depinned from defects by a strong perpendicular
field component. This indicates that the present non-
Hermitian system has extended states in a largeH' region,
and that there must be a delocalization transition at a
certain strength of H'.
The non-Hermitian Hamiltonian treated hereafter has the

formH ; sp 1 ihd2ys2md 1 V sxd, where p ; sh̄yid===
and V sxd is a random potential. The non-Hermitian field
h originates in the transverse magnetic field as h ≠
f0H'y4p. The flux quantum f0 ≠ 2p h̄cy2e plays the
role of a charge and the non-Hermitian factor i ≠

p
21

arises from the mapping onto imaginary time quantum me-
chanics [4,5]. Figure 1 shows a vortex whose “world line”
is described by this Hamiltonian with periodic boundary
conditions in one dimension. The mass m is equivalent
to the tilt modulus of the flux line. The Planck parame-

ter h̄ corresponds to the temperature of the superconduc-
tor, while the inverse temperature of the quantum system
corresponds to the thickness Lt of the sample along Hz .
Interactions between many particles (or flux lines) can be
treated approximately by forbidding multiple occupancy
of localized states in a tight-binding model (see below)
[4]. Interactions in the delocalized regime are described
by a non-Hermitian boson Hubbard model, and will be dis-
cussed in a future publication [6].
Since the field h acts as a vector potential, we define

the current operator as J ; 2i≠H y≠h ≠ sp 1 ihdym.
The imaginary part of the current describes the tilt slope
of a flux line. To see this, note first that the position
of the flux line x at the distance t from the bottom sur-
face of the superconductor is given by kxlt ; Z21 3
kcf je2sLt2tdH y h̄

xe2tH y h̄jc il, where c i and cf de-
scribe boundary conditions at the bottom and top sur-
faces (t ≠ 0, Lt) of the superconductor, respectively.

FIG. 1. One flux line (wavy curve) induced by the field Hz
and interacting with columnar pins in a cylindrical supercon-
ducting shell with radial thickness smaller than the penetration
depth of the defect-free material. The field H' is generated by
the current I threading the ring.
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A review is given on the foundations and applications of non-Hermitian classical and
quantum physics. First, key theorems and central concepts in non-Hermitian linear
algebra, including Jordan normal form, biorthogonality, exceptional points, pseudo-
Hermiticity and parity-time symmetry, are delineated in a pedagogical and mathemat-
ically coherent manner. Building on these, we provide an overview of how diverse
classical systems, ranging from photonics, mechanics, electrical circuits, acoustics
to active matter, can be used to simulate non-Hermitian wave physics. In particular,
we discuss rich and unique phenomena found therein, such as unidirectional invisi-
bility, enhanced sensitivity, topological energy transfer, coherent perfect absorption,
single-mode lasing, and robust biological transport. We then explain in detail how
non-Hermitian operators emerge as an effective description of open quantum sys-
tems on the basis of the Feshbach projection approach and the quantum trajectory
approach. We discuss their applications to physical systems relevant to a variety of
fields, including atomic, molecular and optical physics, mesoscopic physics, and nu-
clear physics with emphasis on prominent phenomena/subjects in quantum regimes,
such as quantum resonances, superradiance, continuous quantum Zeno effect, quan-
tum critical phenomena, Dirac spectra in quantum chromodynamics, and nonunitary
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We discuss their applications to physical systems relevant to a 
variety of fields, including atomic, molecular and optical physics, 
mesoscopic physics, and nuclear physics with emphasis on 
prominent phenomena/subjects in quantum regimes, such as 
quantum resonances, superradiance, continuous quantum Zeno 
effect, quantum critical phenomena, Dirac spectra in quantum 
chromodynamics, and nonunitary conformal field theories. 
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Competition between random genetic drift and natural selection
play a central role in evolution: Whereas nonbeneficial mutations
often prevail in small populations by chance, mutations that sweep
through large populations typically confer a selective advantage.
Here, however, we observe chance effects during range expan-
sions that dramatically alter the gene pool even in large microbial
populations. Initially well mixed populations of two fluorescently
labeled strains of Escherichia coli develop well defined, sector-like
regions with fractal boundaries in expanding colonies. The forma-
tion of these regions is driven by random fluctuations that origi-
nate in a thin band of pioneers at the expanding frontier. A
comparison of bacterial and yeast colonies (Saccharomyces cerevi-
siae) suggests that this large-scale genetic sectoring is a generic
phenomenon that may provide a detectable footprint of past
range expansions.

genetic distance ! founder effect ! microorganisms ! range expansion

A principal tenet of modern evolutionary biology is that
Darwinian selection and random genetic drift compete in

driving evolutionary change (1). It is widely accepted that
genetic drift can have significant effects on small populations (2)
that may even lead to speciation (3). In large populations,
however, random sampling effects are generally considered weak
compared with selection (4–6) (law of large numbers). A major
departure from this paradigmatic behavior occurs when large
populations undergo range expansions. The descendents of
individuals first settling in a new territory are most likely to
dominate the gene pool as the expansion progresses (7–9).
Random sampling effects among these pioneers results in ge-
netic drift that can have profound consequences on the diversity
of the expanding population. Indeed, spatially varying levels of
genetic diversity and colonization patterns appear to be corre-
lated in many species (10–13). For example, the often observed
south–north gradient in neutral genetic diversity [‘‘southern
richness to northern purity’’ (14)] on the northern hemisphere is
thought to reflect past range expansions induced by glacial cycles
(12). Although these trends indicate that genetic drift during
range expansions has shaped the gene pool of many species, the
underlying spatial mechanism remains obscure: Diversity gradi-
ents are often difficult to interpret and potentially interfere with
the signal of spreading beneficial mutations (15, 16). In fact, a
major challenge of present-day population genetics is to decide
whether natural selection or a past demographic process is
responsible for the prevalence of common mutations (17).

Here, we use simple microbial systems to study the nature of
random genetic drift in range expansions of large populations.
We observe chance effects that segregate the gene pool into well
defined, sector-like regions of reduced genetic diversity. The
genetic segregation on the population level is the consequence
of number fluctuations on a much smaller scale, within a thin
region of reproducing pioneers at the expanding frontier. We
expect these patterns to be a general signature of continuous
range expansions in populations exhibiting moderate rates of
turnover and migration. Our results have significant implications

for the identification and demographic interpretation of neutral
mutations that swept through a population merely by chance.

Results and Discussion
We used two strains of fluorescently labeled bacteria (Esche-
richia coli) to track both the neutral gene dynamics and the
population growth during a range expansion. The strains were
genetically identical except for expressing either cyan fluores-
cent protein (CFP) or yellow fluorescent protein (YFP), which
differ only by a single point mutation, from the same constitu-
tively active promoter (see Materials and Methods). We mixed
both strains to obtain cultures with different proportions and
placed a droplet containing cells at the center of an agar plate
containing rich growth medium (LB). Population growth and
mutant distribution were monitored for 4 days by means of a
stereo microscope. Fig. 1 summarizes the colonial development
of a founder population of CFP- to YFP-tagged strains at mixing
ratios of 50:50 and 95:5. The time series of fluorescence images
in Fig. 1A shows that, in our experiments with immotile E. coli
on hard agar, there is no noticeable temporal change in the
mutant distribution behind the population front. The mutant
distribution evolves only at the leading edge, much like a
(dichromatic) carpet that is knitted from the inside to the
outside. The final state of this ‘‘genetic’’ carpet (Fig. 1 B and C)
thus can be taken as a frozen record of the colonization process.

The observed mutant distributions can be partitioned into
areas of two very different patterns. The central region of Fig.
1B, which we refer to as the homeland, exhibits a dense speckle
pattern reminiscent of the homogeneous and well mixed initial
population. This homeland is bounded by a ring of higher speckle
density, which was formed at the edge of the initial droplet
(innermost black line in Fig. 1B) during evaporation of its water
content [most likely due to flows generated by the evaporation
process (18), see supporting information (SI) Fig. 5]. From this
ring toward the boundary of the mature colony, the population
segregates into single-colored domains. A large number of
differently labeled flares radiate and gradually coalesce into a
few large sectors that reach the edge of the mature colony. Fig.
1C, which corresponds to the unbalanced mixture 95:5 of YFP to
CFP, also shows a subdivision into an inner and outer region.
The main difference is that the spots and flares are so dilute that
their evolution is effectively ‘‘noninteracting’’ and can be indi-
vidually identified. In particular, only two spots of the minority
population evolve into sectors that actually reach the edge of the
mature colony.

The formation of morphological sectors, often visible to the
naked eye, is a well known phenomenon in microbial colonies
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Competition between random genetic drift and natural selection
play a central role in evolution: Whereas nonbeneficial mutations
often prevail in small populations by chance, mutations that sweep
through large populations typically confer a selective advantage.
Here, however, we observe chance effects during range expan-
sions that dramatically alter the gene pool even in large microbial
populations. Initially well mixed populations of two fluorescently
labeled strains of Escherichia coli develop well defined, sector-like
regions with fractal boundaries in expanding colonies. The forma-
tion of these regions is driven by random fluctuations that origi-
nate in a thin band of pioneers at the expanding frontier. A
comparison of bacterial and yeast colonies (Saccharomyces cerevi-
siae) suggests that this large-scale genetic sectoring is a generic
phenomenon that may provide a detectable footprint of past
range expansions.

genetic distance ! founder effect ! microorganisms ! range expansion

A principal tenet of modern evolutionary biology is that
Darwinian selection and random genetic drift compete in

driving evolutionary change (1). It is widely accepted that
genetic drift can have significant effects on small populations (2)
that may even lead to speciation (3). In large populations,
however, random sampling effects are generally considered weak
compared with selection (4–6) (law of large numbers). A major
departure from this paradigmatic behavior occurs when large
populations undergo range expansions. The descendents of
individuals first settling in a new territory are most likely to
dominate the gene pool as the expansion progresses (7–9).
Random sampling effects among these pioneers results in ge-
netic drift that can have profound consequences on the diversity
of the expanding population. Indeed, spatially varying levels of
genetic diversity and colonization patterns appear to be corre-
lated in many species (10–13). For example, the often observed
south–north gradient in neutral genetic diversity [‘‘southern
richness to northern purity’’ (14)] on the northern hemisphere is
thought to reflect past range expansions induced by glacial cycles
(12). Although these trends indicate that genetic drift during
range expansions has shaped the gene pool of many species, the
underlying spatial mechanism remains obscure: Diversity gradi-
ents are often difficult to interpret and potentially interfere with
the signal of spreading beneficial mutations (15, 16). In fact, a
major challenge of present-day population genetics is to decide
whether natural selection or a past demographic process is
responsible for the prevalence of common mutations (17).

Here, we use simple microbial systems to study the nature of
random genetic drift in range expansions of large populations.
We observe chance effects that segregate the gene pool into well
defined, sector-like regions of reduced genetic diversity. The
genetic segregation on the population level is the consequence
of number fluctuations on a much smaller scale, within a thin
region of reproducing pioneers at the expanding frontier. We
expect these patterns to be a general signature of continuous
range expansions in populations exhibiting moderate rates of
turnover and migration. Our results have significant implications

for the identification and demographic interpretation of neutral
mutations that swept through a population merely by chance.

Results and Discussion
We used two strains of fluorescently labeled bacteria (Esche-
richia coli) to track both the neutral gene dynamics and the
population growth during a range expansion. The strains were
genetically identical except for expressing either cyan fluores-
cent protein (CFP) or yellow fluorescent protein (YFP), which
differ only by a single point mutation, from the same constitu-
tively active promoter (see Materials and Methods). We mixed
both strains to obtain cultures with different proportions and
placed a droplet containing cells at the center of an agar plate
containing rich growth medium (LB). Population growth and
mutant distribution were monitored for 4 days by means of a
stereo microscope. Fig. 1 summarizes the colonial development
of a founder population of CFP- to YFP-tagged strains at mixing
ratios of 50:50 and 95:5. The time series of fluorescence images
in Fig. 1A shows that, in our experiments with immotile E. coli
on hard agar, there is no noticeable temporal change in the
mutant distribution behind the population front. The mutant
distribution evolves only at the leading edge, much like a
(dichromatic) carpet that is knitted from the inside to the
outside. The final state of this ‘‘genetic’’ carpet (Fig. 1 B and C)
thus can be taken as a frozen record of the colonization process.

The observed mutant distributions can be partitioned into
areas of two very different patterns. The central region of Fig.
1B, which we refer to as the homeland, exhibits a dense speckle
pattern reminiscent of the homogeneous and well mixed initial
population. This homeland is bounded by a ring of higher speckle
density, which was formed at the edge of the initial droplet
(innermost black line in Fig. 1B) during evaporation of its water
content [most likely due to flows generated by the evaporation
process (18), see supporting information (SI) Fig. 5]. From this
ring toward the boundary of the mature colony, the population
segregates into single-colored domains. A large number of
differently labeled flares radiate and gradually coalesce into a
few large sectors that reach the edge of the mature colony. Fig.
1C, which corresponds to the unbalanced mixture 95:5 of YFP to
CFP, also shows a subdivision into an inner and outer region.
The main difference is that the spots and flares are so dilute that
their evolution is effectively ‘‘noninteracting’’ and can be indi-
vidually identified. In particular, only two spots of the minority
population evolve into sectors that actually reach the edge of the
mature colony.

The formation of morphological sectors, often visible to the
naked eye, is a well known phenomenon in microbial colonies
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harboring cells in different epigenetic states or carrying non-
neutral mutations that occur during growth (19, 20). In cases in
which the incipient microbial population consists of very few
individuals [representing a bottleneck (2)], sector angles are
frequently used to infer the initial composition [e.g., in a
colony-sectoring assay (21–23)]. In contrast, here, sectoring
arises neither because of a small founder population (the initial
droplet of Fig. 1A contains !106 cells) nor because of mutations
and/or epigenetic changes; the genetically segregated domains
are nonmorphological, i.e., indiscernible under white light. Fur-
thermore, when populations isolated from sectors of one type
were back-competed against ancestral strains of the other type,
no significant fitness difference could be detected (SI Fig. 6). We
argue, instead, that Fig. 1 is a visible manifestation of random
genetic drift acting at the leading edge of a range expansion.
Genetic drift refers to the fluctuations of genotype frequencies
because of the randomness in the reproduction process, as
opposed to persistent differences in their phenotype. These
fluctuations can ultimately lead to the fixation of neutral, or even
deleterious, genes if they are strong compared with mutations
and selection. In a permanently well mixed population grown in
a well shaken test tube, genetic drift is usually weak, because the
large number of individuals guarantees an almost deterministic
growth of the population (law of large numbers). In the present

case of a continual range expansion, however, chance effects are
strongly enhanced, because the effective population of repro-
ducing individuals is a small fraction of the total population.
Only a very thin layer of growing cells (the ‘‘pioneers’’) at the
boundary of the colony is able to pass on their genes to the next
layer of outwardly growing cells. Apparently, the reduction in
effective population size due to this continual bottleneck is so
strong that the population quickly segregates at the wave front
into different domains fixed for one of the two mutant strains.
The thickness of this boundary layer of growing pioneers is !30
!m, which can be estimated from the product of the measured
growth velocity of 1.3 " 10#2 !m/s and the cell doubling time of
38 min at the edge of the population. The latter has been
extracted by means of time-lapse microscopy of the advancing
population front at cellular resolution (see SI Materials and
Methods, SI Fig. 7, and SI Movie 1).

After the wave front is segregated into monochromatic flares
very early in our experiments, a coarsening process occurs: As
the colony grows further, some of the flares are squeezed out of
the colonization front and others dominate. Very few domains
‘‘survive’’ and reach the edge of the mature colony. From the
view point of population genetics, the significance of this coars-
ening process is that it leads to a gradual decrease in the genetic
diversity at the wave front (9, 13) and generates a characteristic
sectoring pattern in the neutral genetic makeup of a population.
Understanding this process is also of practical importance,
because it is a major source of randomness in the relation
between the final sector angles and the composition of the
incipient microbial population (23).

The coarsening dynamics is intimately related with the rugged
path of the boundaries separating neighboring domains. A
single-colored domain looses contact with the wave front when
the leading ends of the flanking boundaries meet and annihilate
each other (for an illustration, see SI Fig. 8). Such an unsuc-
cessful sector is, henceforth, trapped in the bulk of the colony
without any chance to participate in the further colonization of
the agar plate. The sectors surviving this annihilation process, on
the other hand, grow in size at the cost of those left behind and
appear to surf (7–9) on the wave front. The irregular shapes of
domain boundaries drive the decimation of sectors at the colo-
nization front: Domain boundaries would not collide (and
annihilate) if they were straight radial lines. To dissect the
coarsening mechanism, we studied the wandering of individual
domain boundaries quantitatively. Suppose, as a null model, that
the leading tip of these lines carry out diffusive random walks
around their average directions (24). Then, the mean square
transverse displacement from a straight line should increase
linearly with the length L of the random walk. To test this
hypothesis, we have plotted the mean square displacement from
the best linear fit, extracted from a set of 92 domain walls, as a
function of length in Fig. 2C on a double-logarithmic scale. Our
data indicate that the mean square displacement is indeed well
described by a power law, over more than two decades. However,
its increase with length L is stronger than linear, i.e., significantly
faster than expected for a diffusive random walk; we find the
scaling L2" with a wandering exponent " $ 0.65 % 0.05 & 1/2.

The superdiffusive character (" & 1/2) of the domain wall motion
can be explained by the observation that the shape of the colonial
edge locally biases the course of the domain boundary. Indeed, in
our experiments we found that despite vigorous zigzag motion,
there is a clear correlation between the course of the domain wall
and the shape of the colony. Notice from the colored mutant
distribution in Fig. 1 A and B, in which a series of black lines
documents the advance of the population front, that the average
local orientation of domain boundaries seems to be nearly perpen-
dicular to the colonial edge (see SI Fig. 9 for a histogram of these
local orientations). When this locally preferred direction does not
coincide with the overall (i.e., time-averaged) growth direction, the

A

B

0h
12h 24h

36h 48h

60h
84h

C

1mm

1mm 1mm

72h

Fig. 1. Fluorescent images of bacterial colonies grown from a mixture of CFP-
and YFP-labeled cells reveal spatial segregation of neutral genetic markers.
(A) Images, taken at 12-h intervals, of a growing colony founded by a 50:50
mixture of bacteria (!106 E. coli cells) carrying plasmids with either CFP or YFP.
Even though the bacteria were otherwise genetically identical, the growing
colony shows complete segregation of the two neutral markers (CFP and YFP)
over time. The progression of fluorescent images suggests that the dynamics
of segregation is restricted to the edges of the colony, whereas, except for a
gradual thickening, the interior distribution of CFP and YFP is essentially
frozen. The bright-field image at 0 h indicates the initial extent of the
founding population, which is mostly lined up on a circle (shown enlarged in
SI Fig. 5; the central dark spot is a surface irregularity caused by the delivering
pipette). Within 12 and 72 h, the YFP signal is shown; at 84 h (final time point),
YFP (green) and CFP (red) images are overlaid on each other with the physical
boundary (black lines) of the growing colony at earlier times obtained from
bright-light images. (B) Enlarged view at 84 h of the founding region (inner-
most black circle) and its immediate surroundings. (C) Fluorescence image of
a colony produced by a founder population (!103 cells) with 95% YFP- and 5%
CFP-labeled mutants taken 62 h after inoculation. The magnified region
shows that, by chance, a sector of the minority population (CFP) can success-
fully surf (7–9) even in this imbalanced case.
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of annihilation events is expected to decrease for straighter
domain boundaries. The disparate domain wall wandering could
be due to differences in the mode of replication, the shape of the
cells, or the thickness of the colonies. However, even though the
local genetic patterns in colonies of different microbial species
might be quite different, the genetic segregation on larger scales
seems to be a more general consequence of a microbial range
expansion.

Conclusions
The observations presented here strongly suggest that enhanced
genetic drift at expanding frontiers can dramatically alter the
genetic makeup of large microbial populations. Neutral mutants
quickly segregate into monoclonal domains that further coarsen
as the colony grows. This coarsening process is driven by the
rugged, fractal path of the domain boundaries. The final sec-
toring of circular colonies is controlled by a balance between the
deterministic inflation of the colonial perimeter, dominant at
large times, and the stochastic meandering of domain boundaries
causing them to annihilate on short times.

More generally, our experiments demonstrate that mutations
at expanding frontiers can sweep through a population without
any selective advantage. This observation supports theoretical
arguments and genetic evidence (15, 29) that common alleles in
a population might not necessarily reflect positive selection but,
instead, recent range expansions, which have probably occurred
in many species (11, 12). Our characterization of the resulting
sector-like regions of reduced genetic diversity may serve as a
basis for discriminating these surfing mutations from sweeping
beneficial mutations. The possibility of superdiffusive wandering
(identified here for E. coli) would have to be considered in such
a discrimination.

In light of inferring past migrations from spatially resolved
genetic data, our results suggest that, apart from a much
anticipated general reduction of genetic diversity by a range
expansion, a fragmentation of the colonized regions into sectors
has to be considered, which is stabilized during expansion by an
inflationary effect. Although demonstrated here only for non-
motile microbial species, we believe that the underlying segre-
gation mechanism is quite generic for populations growing
continuously and isotropically in two dimensions. As long as
these genetic patterns are not blurred by subsequent dispersal
and population turnover, they provide a record of the coloni-
zation dynamics and information about the precolonial habitat.

Materials and Methods
Bacterial Strains and Plasmids. Our strains of immotile E. coli are
based on a DH5! background and contain plasmids expressing
enhanced (e)CFP (A206K) and Venus YFP (A206K), respec-
tively. These strains are identical except for the fluorescent
protein structures: Genes for those proteins are cloned between
the SacI and XbaI sites of the vector pTrc99A, which is Ampi-
cillin resistant and isopropyl "-D-thiogalactoside (IPTG) induc-
ible. The A206K mutation eliminates protein–protein aggrega-
tion. DH5! showed sufficient background level expression even
in the absence of IPTG. This expression allowed us to visualize
the cells in the absence of any IPTG in the medium. Measure-
ments of the exponential growth rate of both ancestral strains,
and of isolates derived from sectors, indicate that the fitness
differences are !5% (see SI Fig. 6).

Bacterial Growth Conditions. The two strains of E. coli were grown
overnight in separate liquid cultures at 37°C in rich growth
medium (LB) supplemented with Ampicillin. After tenfold

E. coli S. cerevisiae

A B

C D
mm1 mm1

mm1 mm

mm1mm1

E

mm1

GF H

.01mm0 .01mm0

1

Fig. 4. Segregation patterns of two different microbial species are qualitatively similar but different in detail. (A and B) Both bacteria (E. coli) and yeast (S.
cerevisiae) colonies exhibit spatial gene segregation when they grow colonies on agar plates. However, the number of (surviving) sectors is much larger in yeast
colonies. For the linear inoculations (C and D), the Petri dish was gently touched with a sterile razor blade that was previously wetted by a liquid culture of a
binary mixture of mutants. (E and G) Continuous patches of boundary regions and homeland (bounded by dashed line) at a magnification of "51 for E. coli (E)
and yeast (G). (F and H) Images at single-cell resolution ("100). (F) Tip of a sector dies out (E. coli). (H) Section boundary at the frontier (yeast).
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Abstract
Evolutionary experiments with microbes are a powerful tool to study mutations and natural
selection. These experiments, however, are often limited to the well-mixed environments of a
test tube or a chemostat. Since spatial organization can significantly affect evolutionary
dynamics, the need is growing for evolutionary experiments in spatially structured
environments. The surface of a Petri dish provides such an environment, but a more detailed
understanding of microbial growth on Petri dishes is necessary to interpret such experiments.
We formulate a simple deterministic reaction–diffusion model, which successfully predicts the
spatial patterns created by two competing species during colony expansion. We also derive the
shape of these patterns analytically without relying on microscopic details of the model. In
particular, we find that the relative fitness of two microbial strains can be estimated from the
logarithmic spirals created by selective sweeps. The theory is tested with strains of the budding
yeast Saccharomyces cerevisiae for spatial competitions with different initial conditions and
for a range of relative fitnesses. The reaction–diffusion model also connects the microscopic
parameters like growth rates and diffusion constants with macroscopic spatial patterns and
predicts the relationship between fitness in liquid cultures and on Petri dishes, which we
confirmed experimentally. Spatial sector patterns therefore provide an alternative fitness assay
to the commonly used liquid culture fitness assays.

S Online supplementary data available from stacks.iop.org/PhysBio/9/026008/mmedia

(Some figures may appear in colour only in the online journal)

1. Introduction

Traditionally, the theory of evolution has been developed
by analyzing phenotypes and genotypes found in natural
populations and fossil records [1, 2]. However, due to
recent developments in microbiology and modern genetics,
evolutionary experiments are becoming a valuable research
tool [3]. Laboratory experiments hold great promise for
uncovering basic evolutionary mechanisms by allowing us to

5 These authors contributed equally to this work.
6 Present address: Department of Physics, Massachusetts Institute of
Technology, Cambridge, MA 02139, USA

observe evolution over time. More important, experiments,
unlike evolution in natural populations, can be repeated
systematically to distinguish between general principles and
historical accidents. Microbes are particularly suited for
evolutionary studies because they are relatively simple,
reproduce and evolve rapidly, and can be easily modified
using genetic engineering. Experiments with microorganisms
could also provide insights into tumor growth, the spread of
antibiotic resistance and directed evolution of microbes to
produce medicines or biofuels [4, 5].

One potential drawback of evolutionary experiments is
that they are conducted in artificial laboratory environments,

1478-3975/12/026008+15$33.00 1 © 2012 IOP Publishing Ltd Printed in the UK & the USA
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which are quite different from the natural ecology of the
species studied. The choice of the laboratory environment is
therefore very important because it could affect both the nature
of observed adaptations and the evolutionary dynamics. Most
microbial experiments, of interest to us here, are conducted
in the well-mixed environments of a chemostat or a test
tube. These well-controlled environments allow researchers
to compare experimental results to theoretical predictions,
but it is important to ensure that such results are generic,
not environment specific. Spatial structure, absent in well-
mixed cultures, can significantly affect evolutionary dynamics
[6–10]; therefore, it is important to carry out experiments with
growth conditions that allow spatial inhomogeneities to form.
The surface of a Petri dish is an easy-to-use environment,
chemically similar to the environments of a test tube or a
chemostat, yet capable of sustaining and preserving spatial
structure during colony growth. Recently, several studies have
used microorganisms in Petri dishes to study spatial patterning,
mutations and evolution [11–13, 4, 14, 15, 8, 16–22]. Our focus
here is on compact growth of colonies containing different
genetic variants. For a comprehensive review emphasizing the
beautiful dendritic growth patterns that can arise at low nutrient
concentrations, see [23].

An important obstacle to a wider use of spatial
environments in evolutionary experiments is the limited
theoretical understanding of how basic evolutionary processes
play out in a spatial context. In particular, one must have a
way to measure fitness to study evolution, but there are few
models that relate microscopic parameters of the organisms
to macroscopic quantities that can be easily measured in
the laboratory. In this paper, we formulate a coarse-grained
model of spatial competition that fills this gap and carry out
microbial experiments to test the model’s predictions. This
model is based on deterministic reaction–diffusion equations,
which describe short-range migration of the organisms and
their competition. Our numerical results are further supported
by a geometric argument, which does not rely on the detailed
assumptions about microbial growth and migration. Stochastic
effects due to number fluctuations (genetic drift) can be
included in the model [15, 24, 25], but they do not play a
central role in our analysis and are neglected for simplicity. For
a study of spatial competition between two neutral bacterial
strains, which is dominated by genetic drift, see [17]. Although
we focus on competitions, the model is sufficiently general to
describe mutualistic and antagonistic interactions as well.

Compared to well-mixed populations, spatial populations
have a wide range of initial conditions because one has to
specify not only the relative fractions of genotypes but also
their spatial distribution at time zero. We examine several
experimentally interesting initial conditions and calculate how
the spatial distributions of genotypes change with time. We
find that the shape of the resulting spatio-genetic patterns
is determined by the expansion velocities ratio v1/v2, where
v1 and v2 are the expansion velocities of isolated colonies
composed exclusively of strain 1 or strain 2. Relative fitnesses
of the genotypes can then be estimated by comparing
experimentally observed spatio-genetic patterns to the theory.
In particular, the selective advantage in this context can be

(a) (b)

tim
e

Figure 1. Comparison of spatial segregation during a range
expansion of Baker’s yeast, Saccharomyces cerevisiae with
(a) equal and (b) different growth rates of the two competing strains.
The Petri dishes were inoculated with a well-mixed population
occupying a narrow horizontal linear region at the bottom of the
images from which the sectors appear. As the populations expand,
they segregate into well-defined domains. Different colors label
different genotypes. (a) The two strains (yellow and blue) have the
same fitness and the demixing is driven primarily by number
fluctuations (genetic drift) [15, 6]. It is likely that the small
variations with horizontal position in boundary slopes are related to
undulations of linear fronts, which are difficult to suppress when the
front is very long [26]. (b) The sector is formed by the fitter strain
(black), and the sector expansion is caused by the difference in
growth rates of the strains, or, in other words, by natural selection.
In both (a) and (b), the scale bars are 500 µm.

defined as s = v1/v2 − 1. As we show below, this definition
is closely related to the traditional definition in terms of
exponential growth rates. For linear inoculations, our results in
the long time limit agree with [24], where a phenomenological
model of the patterns was first proposed. In contrast to [24],
we also study circular inoculations and carry out experiments
to test quantitative predictions of our model.

The theory can be directly compared to the experiments
because the spatial distribution of genotypes on a Petri
dish can be visualized and quantified with fluorescent
markers [15]. Here, we briefly describe this technique;
see the supplementary information (section S1) available
at stacks.iop.org/PhysBio/9/026008/mmedia for more details.
Microbial strains of interest are genetically modified to
constitutively produce a fluorescent protein. The emission
spectra of the proteins must be sufficiently different in order
to distinguish the strains on a Petri dish. To study selective
sweeps, a mixture of the strains is prepared in liquid medium,
usually with the fitter strain in the minority. A drop of this
mixture is then deposited on a small region of a Petri dish with
solid growth medium. Different shapes of this drop lead to
different initial conditions. Circular drops are naturally created
by the surface tension forces when small drops of fluid are
placed on a Petri dish. Linear drops can be created by gently
touching the surface of the medium with a razor blade after
dipping it in the mixture of the strains. These drops dry quickly,
and microbial colonies start to grow, expanding by about a
centimeter a week. The spatial distribution of genotypes can
be observed during this expansion by fluorescent microscopy,
as shown in figure 1.

Sectors in figure 1 are at the center of this study. In our
experiments, cells are nonmotile and grow primarily at the

2
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(a) (b)

(c) (d )

Figure 2. Colony edge at single-cell resolution (mature yeast cells
are 5 µm in diameter). (a), (b), (c) and (d) Successive images (at 2 h
intervals) of the same region near the edge of a growing
S. cerevisiae colony inoculated with a razor blade. Note the
formation of a green (light gray) sector on the lower right. The two
strains have approximately the same fitness in this experiment.

expanding frontier; behind the front, the growth is limited
by the lack of nutrients [27, 28]. As a result, the genetic
composition in the interior of the colony does not change with
time. The spatio-genetic pattern shown in figure 1 is then a
frozen record of the temporal changes in the spatial distribution
of genotypes at the expanding frontier. In figure 1(a), we show
growth of two strains with the same fitness that differ only
in the color of a fluorescent marker. Before deposition on
the Petri dish, these strains were combined in a 1:50 ratio
and thoroughly mixed. However, the two different colors
(genotypes) demix and form sectors. This demixing is caused
by number fluctuations (genetic drift) at the expanding edge
[15, 6]. One can see this stochastic process at the resolution
of a single cell (5 µm in diameter) in figure 2. In contrast
to neutral demixing, figure 1(b) shows sector formation in
a colony founded by two strains with different fitnesses; the
fitter strain is in the minority initially. Over time, the fitter
strain displaces the other strain, increasing its share of the
expanding frontier. This expansion is also subject to number
fluctuations, which are responsible for the sector boundary
wiggles, but the average shape of the sector is determined
primarily by the deterministic force of natural selection. For
the purpose of measuring relative fitness, the effects of genetic
drift can be averaged out, given a sufficient number of repeated
experiments. Our deterministic model strives to describe this
average sector shape and is not capable of describing the
randomness in boundary motion or the dynamics when the
number of the fitter organisms is so small that the number
fluctuations can lead to their extinction, an effect discussed
in [24].

This paper is organized as follows. We formulate a
competition model assuming a well-mixed environment, such
as a mechanically shaken test tube, in section 2. Under these
conditions, a particular microbe visits virtually every region
of the carrier fluid in a cell division time, and the system is
effectively ‘zero-dimensional’. This model is then extended
to account for lateral migrations during a range expansion

in section 3. In section 4, we analytically derive the spatial
patterns created by two-species competition (including results
for colliding circular colonies) using a very general argument,
which does not rely on the microscopic details of microbial
growth and migration. The theoretical predictions are then
compared to experiments in section 5. Concluding remarks are
contained in section 6. Supplementary information (section
S1) available at stacks.iop.org/PhysBio/9/026008/mmedia
contains the experimental and numerical methods as well as
additional data supporting our conclusions.

2. Modeling competition in a well-mixed
environment

A competition experiment is a standard way to measure relative
fitness of two microbial strains in a well-mixed environment.
During a competition experiment, the stains are introduced into
a fresh medium, and their relative abundance is measured over
time. Initially, the number of cells grows exponentially, but the
growth eventually slows down as the system approaches the
stationary phase due to crowded conditions. This behavior is
captured by a simple Lotka–Volterra-type model [29]:






d
dt

c1(t) = g1c1(t) − d11c2
1(t) − d12c1(t)c2(t),

d
dt

c2(t) = g2c2(t) − d21c2(t)c1(t) − d22c2
2(t),

(1)

which is the most general model with quadratic nonlinearities.
Here, c1(t) and c2(t) are the concentrations (number of cells
per unit volume) of strain 1 and strain 2, respectively. The
constants g1 and g2 are their exponential growth rates and the
constant matrix di j > 0 describes nonlinear interactions. For
a mono-culture consisting of a single yeast strain, references
[30, 31] showed that population growth can be described by
the logistic equation (i.e. with quadratic nonlinearities) very
accurately.

By rescaling cnew
1 (t) = d11c1(t)/g1 and cnew

2 (t) =
d22c2(t)/g2, we can recast equation (1) in a slightly more
convenient form





d
dt

c1(t) = g1c1(t)[1 − c1(t) − c2(t)] + ε1c1(t)c2(t),

d
dt

c2(t) = g2c2(t)[1 − c1(t) − c2(t)] + ε2c2(t)c1(t),
(2)

where ε1 = g1 − d12g2/d22 and ε2 = g2 − d21g1/d11, and
we use the same symbols c1(t) and c2(t) for the rescaled
concentrations. When c1(t) + c2(t) ≈ 1, we will say that
the competition takes place ‘under crowded conditions’. Our
notation emphasizes that the initial stage of exponential growth
is usually much shorter than the second phase of competition
under crowded conditions, i.e. the growth rates g1 > 0 and
g2 > 0 are typically much larger than the small quantities |ε1|
and |ε2|. When εi > 0, strain i grows faster in the presence of
the other strain, e.g. by feeding off an excess production of a
useful amino acid. When εi < 0, strain i grows slower in the
presence of the other strain, e.g. because of a secreted poison.

Note that equations (2) always have at least three fixed
points: (0, 0), (1, 0) and (0, 1). In addition, for some values
of the parameters, there is another fixed point (c∗

1, c∗
2) in the
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