
1. Quantum matter with quasiparticles:  
    random matrix model  

2. Quantum matter without quasiparticles: 
        the complex SYK model

3. Fluctuations, and the Schwarzian

4. Models of strange metals

5. Einstein-Maxwell theory of charged 
         black holes in AdS space



S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

The SYK model

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z



A. Kitaev, 2015
S. Sachdev, PRX 5, 041025 (2015)

X X
X

The SYK model

At frequencies ⌧ U , the i! + µ can be dropped,
and without it equations are invariant under the
reparametrization and gauge transformations.
The singular part of the self-energy and the Green’s
function obey
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The complex SYK model
Z �

0
d⌧2 ⌃(⌧1, ⌧2)G(⌧2, ⌧3) = ��(⌧1 � ⌧3)

⌃(⌧1, ⌧2) = �U2G2(⌧1, ⌧2)G(⌧2, ⌧1)

These equations are invariant under

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
e⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
By using f(�) = tan(⇡T�)/(⇡T ) and
g(�) = e�2⇡ET�, we can now obtain
the T > 0 solution from the T = 0 solution.
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Let us write the large N saddle point solutions of S as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2

⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�3/2.

The saddle point will be invariant under a reperamateri-
zation f(⌧) when choosing G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) leads
to a transformed eG(�1,�2) = Gs(�1 � �2) (and similarly
for ⌃). It turns out this is true only for the SL(2, R)
transformations under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.

The SYK model



Fluctuations
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• The saddle-point

G(⌧1 � ⌧2) = �A
e�2⇡ET (⌧1�⌧2)

p
1 + e�4⇡E

✓
T

sin(⇡T (⌧1 � ⌧2))

◆2�

is invariant only under PSL(2, R) transformations which map
the thermal circle onto itself, and an associated gauge trans-
formation

tan(⇡Tf(⌧))

⇡T
=

a
tan(⇡T ⌧)

⇡T
+ b

c
tan(⇡T ⌧)

⇡T
+ d

, ad� bc = 1,

�i�(⌧) = �i�0 + 2⇡ET (⌧ � f(⌧))
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Infinite-range (SYK) model without quasiparticles
After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as

Z =

Z
Dcia(⌧) exp

"
�
X

ia

Z �

0
d⌧ c†ia

✓
@

@⌧
� µ

◆
cia

� U2

4N3

X

ab

Z �

0
d⌧d⌧ 0

�����
X

i

c†ia(⌧)cib(⌧
0)

�����

4
3

5 .

For simplicity, we neglect the replica indices, and introduce the
identity

1 =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp

"
�N

Z �

0
d⌧1d⌧2⌃(⌧1, ⌧2)

 
G(⌧2, ⌧1)

+
1

N

X

i

ci(⌧2)c
†
i (⌧1)

!#
.

Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
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At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
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The SYK model
Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧1)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+Ns0�NSeff [f,�] ,

where E0 / N is the ground state energy.
Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
K

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧ ✏)2 �

�

4⇡2

Z 1/T

0
d⌧ {tan(⇡T (⌧ + ✏(⌧), ⌧},

where f(⌧) ⌘ ⌧ + ✏(⌧), the couplings K, �, and E can be related to thermodynamic
derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.
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Fluctuations

Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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Fluctuations
We use the parameterization

f(⌧) ⌘ ⌧ + ✏(⌧), (1)

and express the action in terms �(⌧) and ✏(⌧). The energy and density operators
are defined by

�E(⌧)� µ�Q(⌧) =
1

N

�S�,✏

�✏0(⌧)
, �Q(⌧) =

i

N

�S�,✏

��0(⌧)
. (2)

Introducing,
e�(⌧) = �(⌧) + i2⇡ET ✏(⌧) (3)

and expanding Se↵ to quadratic order in � and ✏, we obtain the Gaussian action

S�,✏

N
=

KT

2

X

!n 6=0

!2
n

���e�(!n)
���
2
+

T�

8⇡2

X

|!n| 6=0,2⇡T

!2
n(!

2
n�4⇡2T 2)|✏(!n)|2+ . . . (4)

where !n is a Matsubara frequency. Note the restrictions on n = 0,±1 frequen-
cies, which are needed to eliminate the zero modes associated with PSL(2,R)
and U(1) invariances. In terms of e�(⌧) and ✏(⌧), the fluctuations in the ther-
modynamic observables are

�Q(⌧) = iK e�0(⌧)

�E(⌧)� µ0�Q(⌧) = � �

4⇡2

⇥
✏000(⌧) + 4⇡2T 2✏0(⌧)

⇤
+ i2⇡KET e�0(⌧). (5)

Now we compute the correlators of these observables in the Gaussian action.
We have for the two-point correlator of e�(⌧)

D
e�(⌧)e�(0)

E
=

T

NK

X

!n 6=0

ei!n⌧

!2
n

=
1

NKT

"
1

2

✓
T ⌧ � 1

2

◆2

� 1

24

#
for 0 < T ⌧ < 1,

(6)

and extended periodically for all ⌧ with period 1/T . Similar for ✏(⌧)

h✏(⌧)✏(0)i =
4⇡2T

N�

X

|!n| 6=0,2⇡T

ei!n⌧

!2
n(!

2
n � 4⇡2T 2)

=
1

N�T 3

"
1

24
+

1

4⇡2
� 1

2

✓
T ⌧ � 1

2

◆2

+
5

8⇡2
cos(2⇡T ⌧)

+
1

2⇡

✓
T ⌧ � 1

2

◆
sin(2⇡T ⌧)

#
for 0 < T ⌧ < 1. (7)
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Fluctuations

We confirm that the correlators of the conserved densities are ⌧ -independent;
their second moment correlators, which define the matrix of static susceptibility
correlators, are given by

�s =
1

N

✓
�(@2⌦/@µ2)T �(@2⌦/@µ@T )µ

�T (@2⌦/@µ@T )µ �T (@2⌦/@T 2)µ

◆

=
1

T

✓ ⌦
(�Q)2

↵
h(�E � µ�Q)�Qi /T

h(�E � µ�Q)�Qi
⌦
(�E � µ�Q)2

↵
/T

◆

=
1

N

✓
K 2⇡KE

2⇡KET (� + 4⇡2E2K)T

◆
(8)

From this we obtain the relationship between the couplings K and � in the
e↵ective action. After application of some thermodynamic identities, we can
write these as

K =

✓
@Q
@µ

◆

T

, � = �
✓
@2F

@T 2

◆

Q
, 2⇡E = � lim

T!0

✓
@µ

@T

◆

Q
. (9)
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Fluctuations
We can also evaluate the path integral over the Gaussian action in (4). Here

we consider only the integral over the Schwarzian modes, and consider the phase

modes later. From such a Gaussian integral we find

lnZ(T ) = Ns0 +
N�T

2
� 1

2

X

|!n| 6=0,2⇡T

ln


T�

4⇡2
!2
n(!

2
n � 4⇡2T 2

)

�
(10)

Evaluating the summation using ⇣ function regularization we find

lnZ(T ) = �E0

T
+Ns0 +

N�T

2
� 3

2
ln

✓
c1J

T

◆
(11)

where c1 is a non-universal constant. We can now invert the following equation

Z(T ) =

Z
dEDs(E)e�E/T

(12)

to obtain the density of states of the Schwarzian

Ds(E) / eNs0 sinh

⇣p
2N�(E � E0)

⌘
(13)

Note that the e
p

N�(E�E0) component of this is similar to the quasiparticle case,

but the complete expression is very di↵erent.
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Q. After we fix µ0, and only be interested in charges Q + n close to Q, where the integer n
obeys |n| ⌧ N . Together with the definition of the compressibility (1.11), (2.83) implies that
the energy at charge Q+ n is

0(Q+ n) = 0(Q) +
n2

2NK
+ . . . at T = 0. (2.84)

This behavior is numerically verified in Fig. 4 around Q = 0. So shifting the charge Q by n of
order unity, shifts the energy by order 1/N , a characteristic of a compressible system. Also
note that the expression (2.84) is only true for µ = µ0, or at T = 0 by (2.70).

We will obtain D( ) by an inverse Laplace transform of the grand partition function, which
is related to D( ) by

Z(�) = exp (��⌦) =

Z 1

�1
d exp(�� )D( ) . (2.85)

In the leading large N limit, the low temperature grand potential is given by [8] ⌦ = ⌦0 where

⌦0 = 0(Q)� N

�
S(Q) . (2.86)

2.5.1 Partition function

Going beyond the large N limit, and to higher order in T , the grand partition function is given
by a path integral of the e↵ective action in (1.8)

Z(�) = exp (��⌦0)

Z D'

SL(2,R)
D�

U(1)
exp (�Ie↵[',�]) , (2.87)

where we have divided the integral by the volume of SL(2,R) and U(1) since we should view
SL(2,R) and U(1) as a gauge symmetry. Related partition functions have also been evaluated
recently in Ref. [36].

The Schwarzian path integral over ' was evaluated exactly in Ref. [35]. Given the boundary
conditions of '(⌧) and �(⌧) above (1.8), it is useful to parameterize these fields by

'(⌧) = ⌧ + '(⌧)

�(⌧) =
2⇡p

�
⌧ + �(⌧) , (2.88)

where the ‘winding number’ p is an integer, and ' and � are then periodic functions of ⌧ with
period �. In the first term in the action (1.8), we can absorb ' by a shift in �; then the
remaining dependence on ' is only in Schwarzian, and the path integral over ' reduces to
precisely that in Ref. [35]. So it remains to only evaluate the path integral over � defined by

ZQ(�) =

Z D�

U(1)
exp

"
�NK

2

Z �

0

d⌧

✓
�0(⌧) + i

2⇡E

�

◆2
#
. (2.89)
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Fluctuations
The path integral ZQ(�) can also be evaluated exactly: it represents a single quantum rotor

in the presence of a field coupling linearly to its angular momentum. Employing (2.88), we
have

ZQ(�) =

 1X

p=�1
exp


�2⇡2NK

�
(p+ iE)2

�!Z D�

U(1)
exp


�NK

2

Z �

0

d⌧
⇣
�
0
(⌧)
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The first term in (2.90) is more easily evaluated at very low temperatures, �J � N , by the
Poisson summation formula. The second term is just the imaginary time amplitude for a ‘free
particle’ of mass 1/(NK) to return to its starting point in a time � [37]. In this manner, we
obtain
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The integer n clearly has the interpretation of the charge shift in Q+ n in (2.84).
Now we combine the result for the path integral over the Schwarzian in Ref. [35] with (2.91)

to obtain the complete result for Z(�)
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At very low temperatures �J � N , only the charge n = 0 contributes significantly to the
sum, and then the logarithm of (2.92) yields the leading 1/N correction to the Helmhotz free
energy [7], defined from the canonical partition function

F = ⌦+ µQ
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2
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Note that � is the coe�cient of the linear-T specific heat at fixed Q.
At higher temperatures 1 ⌧ �J ⌧ N , we should use the winding number p summation in

(2.90). Then the corresponding expression for Z(�) is
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Figure 2: The full line is the density of states in (2.96) for N = 40 with � = K = 2⇡E = 1.
It has square-root thresholds at E � 0(Q) = n2/(2NK) with n integer. The dashed line is
the approximate form valid when (2.100) holds, and is obtained from (2.101); it corresponds
to ignoring the winding modes in the � path integral in (2.87). Note there is no delta function
at � 0(Q) = 0. A delta function is present for the SYK model with unbroken N = 2
supersymmetry [21, 35], and in supersymmetric black holes with AdS2 horizons [19, 20], and it
accounts completely for the T = 0 entropy in these cases.

Note that the prefactor of the exponentials is now ⇠ ��2, in contrast to the ��3/2 in (2.92). At
1 ⌧ �J ⌧ N , only the winding number p = 0 term in (2.94) is important, and the logarithm
yields the 1/N correction to the grand potential

⌦ = ⌦0 �
N(� + 4⇡2E2K)T 2

2
+ 2T ln(J/T ) + . . . . (2.95)

Now �+4⇡2E2K is co-e�cient of the linear-T specific heat at fixed µ [8]. Note also the change
in the co-e�cient of the ln(J/T ) term from 3/2 in (2.93) to 2 in (2.95).

2.5.2 Inverse Laplace transform

Finally, we turn to the evaluation of the density of states, D( ). We will perform the inverse
Laplace transform of (2.85) using the expression in (2.92) for Z(�). In this transform, it is
important that we regard µ as independent of �, as should be clear from (2.81) and (2.85).

The inverse Laplace transform of (2.92) proceeds just as in Ref. [35], and we obtain

D(E) / exp (NS(Q))
X

n

0
exp (2⇡En) sinh

⇣p
2N�( � 0(Q)� n2/(2NK))

⌘
, (2.96)

where the prime on the summation indicates that it only extends over values of n for which the
argument of the sinh is real, i.e. for

n2 < 2NK( � 0(Q)) . (2.97)
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Figure 2: The full line is the density of states in (2.96) for N = 40 with � = K = 2⇡E = 1.
It has square-root thresholds at E � 0(Q) = n2/(2NK) with n integer. The dashed line is
the approximate form valid when (2.100) holds, and is obtained from (2.101); it corresponds
to ignoring the winding modes in the � path integral in (2.87). Note there is no delta function
at � 0(Q) = 0. A delta function is present for the SYK model with unbroken N = 2
supersymmetry [21, 35], and in supersymmetric black holes with AdS2 horizons [19, 20], and it
accounts completely for the T = 0 entropy in these cases.

Note that the prefactor of the exponentials is now ⇠ ��2, in contrast to the ��3/2 in (2.92). At
1 ⌧ �J ⌧ N , only the winding number p = 0 term in (2.94) is important, and the logarithm
yields the 1/N correction to the grand potential
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2
+ 2T ln(J/T ) + . . . . (2.95)

Now �+4⇡2E2K is co-e�cient of the linear-T specific heat at fixed µ [8]. Note also the change
in the co-e�cient of the ln(J/T ) term from 3/2 in (2.93) to 2 in (2.95).

2.5.2 Inverse Laplace transform

Finally, we turn to the evaluation of the density of states, D( ). We will perform the inverse
Laplace transform of (2.85) using the expression in (2.92) for Z(�). In this transform, it is
important that we regard µ as independent of �, as should be clear from (2.81) and (2.85).

The inverse Laplace transform of (2.92) proceeds just as in Ref. [35], and we obtain

D(E) / exp (NS(Q))
X

n

0
exp (2⇡En) sinh

⇣p
2N�( � 0(Q)� n2/(2NK))

⌘
, (2.96)

where the prime on the summation indicates that it only extends over values of n for which the
argument of the sinh is real, i.e. for

n2 < 2NK( � 0(Q)) . (2.97)

23The result (2.96) is plotted in Fig. 2. We can obtain a clearer physical interpretation of (2.96)
by simplifying its dependence on n. We note from (1.7) that

NS(Q) + 2⇡En ⇡ NS(Q+ n) , (2.98)

and use (2.84) to obtain one of our main results

D(E) /
X

n

0
exp (NS(Q+ n)) sinh

⇣p
2N�( � 0(Q)� n2/(2NK))

⌘
. (2.99)

This expression has a clear meaning: there is a square-root threshold for each charge sector
Q + n at the energy 0(Q) + n2/(2NK), which equals 0(Q + n) at T = 0 by (2.84). The
amplitude of the density of states in each sector is, as expected, the exponential of its entropy
NS(Q+n). Now we can appreciate the role of the ‘shift’ proportional to E in the e↵ective action
in (1.8): it is needed to correct the entropy of the charge sectors from NS(Q) to NS(Q + n).
The sinh form of the density of states in each charge sector is the same as that in the Majorana
SYK model [32, 35, 7].

Note that the thresholds in (2.99) are separated by energies of order J/N , and so the
expression (2.99) is best used at � 0(Q) of order J/N . At larger energies

J/N ⌧ ( � 0(Q)) ⌧ NJ , (2.100)

we should take the inverse Laplace transform of only the p = 0 term in (2.94). Actually, it
is easier to use the equivalent approximation of converting the n summation in (2.96) to an
integration, to obtain in the regime (2.100)
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Z p
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⌘
, (2.101)

for > 0(Q), and D( ) = 0 otherwise. This result is shown as the dashed line in Fig. 2. It
vanishes linearly in � 0(Q) at threshold; but (2.100) does not hold near threshold and the
square-root threshold in (2.96) is the correct result. To leading exponential accuracy, we can
evaluate the integral in (2.101) in the saddle-point approximation to obtain

D(E) / exp
⇣
NS(Q) +

p
2N(� + 4⇡2E2K)(E� 0(Q))

⌘
. (2.102)

This is the result expected from the inverse Laplace transform of the grand potential in (2.95).

3 Renormalization theory

In this section, we describe the physics in the 1 ⌧ ⌧ ⌧ � regime generalizing the ideas in
Ref. [7] section 3. More exactly, we will study the renormalization of both symmetric and
anti-symmetric perturbations and their physical e↵ects at intermediate time scales.
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Figure 2: The full line is the density of states in (2.96) for N = 40 with � = K = 2⇡E = 1.
It has square-root thresholds at E � 0(Q) = n2/(2NK) with n integer. The dashed line is
the approximate form valid when (2.100) holds, and is obtained from (2.101); it corresponds
to ignoring the winding modes in the � path integral in (2.87). Note there is no delta function
at � 0(Q) = 0. A delta function is present for the SYK model with unbroken N = 2
supersymmetry [21, 35], and in supersymmetric black holes with AdS2 horizons [19, 20], and it
accounts completely for the T = 0 entropy in these cases.

Note that the prefactor of the exponentials is now ⇠ ��2, in contrast to the ��3/2 in (2.92). At
1 ⌧ �J ⌧ N , only the winding number p = 0 term in (2.94) is important, and the logarithm
yields the 1/N correction to the grand potential
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Now �+4⇡2E2K is co-e�cient of the linear-T specific heat at fixed µ [8]. Note also the change
in the co-e�cient of the ln(J/T ) term from 3/2 in (2.93) to 2 in (2.95).

2.5.2 Inverse Laplace transform

Finally, we turn to the evaluation of the density of states, D( ). We will perform the inverse
Laplace transform of (2.85) using the expression in (2.92) for Z(�). In this transform, it is
important that we regard µ as independent of �, as should be clear from (2.81) and (2.85).

The inverse Laplace transform of (2.92) proceeds just as in Ref. [35], and we obtain
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, (2.96)

where the prime on the summation indicates that it only extends over values of n for which the
argument of the sinh is real, i.e. for

n2 < 2NK( � 0(Q)) . (2.97)
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The result (2.96) is plotted in Fig. 2. We can obtain a clearer physical interpretation of (2.96)
by simplifying its dependence on n. We note from (1.7) that

NS(Q) + 2⇡En ⇡ NS(Q+ n) , (2.98)

and use (2.84) to obtain one of our main results
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This expression has a clear meaning: there is a square-root threshold for each charge sector
Q + n at the energy 0(Q) + n2/(2NK), which equals 0(Q + n) at T = 0 by (2.84). The
amplitude of the density of states in each sector is, as expected, the exponential of its entropy
NS(Q+n). Now we can appreciate the role of the ‘shift’ proportional to E in the e↵ective action
in (1.8): it is needed to correct the entropy of the charge sectors from NS(Q) to NS(Q + n).
The sinh form of the density of states in each charge sector is the same as that in the Majorana
SYK model [32, 35, 7].

Note that the thresholds in (2.99) are separated by energies of order J/N , and so the
expression (2.99) is best used at � 0(Q) of order J/N . At larger energies

J/N ⌧ ( � 0(Q)) ⌧ NJ , (2.100)

we should take the inverse Laplace transform of only the p = 0 term in (2.94). Actually, it
is easier to use the equivalent approximation of converting the n summation in (2.96) to an
integration, to obtain in the regime (2.100)
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for > 0(Q), and D( ) = 0 otherwise. This result is shown as the dashed line in Fig. 2. It
vanishes linearly in � 0(Q) at threshold; but (2.100) does not hold near threshold and the
square-root threshold in (2.96) is the correct result. To leading exponential accuracy, we can
evaluate the integral in (2.101) in the saddle-point approximation to obtain

D(E) / exp
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2N(� + 4⇡2E2K)(E� 0(Q))
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. (2.102)

This is the result expected from the inverse Laplace transform of the grand potential in (2.95).

3 Renormalization theory

In this section, we describe the physics in the 1 ⌧ ⌧ ⌧ � regime generalizing the ideas in
Ref. [7] section 3. More exactly, we will study the renormalization of both symmetric and
anti-symmetric perturbations and their physical e↵ects at intermediate time scales.
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D. Stanford and E. Witten, arXiv:1703.04612; A. Kitaev and S. Josephine Suh, arXiv:1711.08467

An exact path integral over the e↵ective action leads to the
following physical consequences

• The ground state energy with fermion number NQ + p
(p integer) varies as

Ep = E0 +
p2

2NK

This identifies K with the compressibility K = dQ/dµ
at T = 0.

• The low temperature corrections to the entropy are

S(T ! 0,Q) = N
h
s0 + �T + . . .

i
+ 2 ln(U/T ) . . .

This defines � as the co-e�cient of the linear-in-T specific
heat (at fixed Q)
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Fluctuations

• The many-body density of states, D(E), is related to the grand potential,
⌦(T ) by

Z = e�⌦(T )/T =

Z 1

�1
dED(E)e�E/T

We obtain

D(E) =
1X

p=�1
e2⇡pE d (E � Ep)

where NQ+ p is the integer fermion number,

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�E
⌘

, E > 0 , e�cN ⌧ �E ⌧ N

There are exponentially more low energy states than for the quasiparticle
case, and D(E) self-averages down to energies exponentially small in N .
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GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body
level spacing ⇠
2�N = e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

Non-quasiparticle
excitations with
spacing ⇠ e�Ns0

There are 2N many body levels
with energy E. Shown are all

values of E for a single cluster of
size N = 12. The T ! 0 state has
an entropy SGPS = Ns0, where

s0 < ln 2 is determined by
integrating

ds0
dQ = 2⇡E .

At Q = 1/2,

s0 =
G

⇡
+

ln(2)

4
= 0.464848 . . .

where G is Catalan’s constant.
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The complex SYK model



An exact path integral over the e↵ective action leads to the
following physical consequences

• The ground state energy with fermion number NQ + p
(p integer) varies as

Ep = E0 +
p2

2NK

This identifies K with the compressibility K = dQ/dµ
at T = 0.

• The low temperature corrections to the entropy at fixed
Q are

S(T ! 0,Q) = N
h
s0 + �T + . . .

i
+ 2 ln(U/T ) . . .

This defines � as the co-e�cient of the linear-in-T specific
heat (at fixed Q)
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Fluctuations

• The many-body density of states, D(E), is related to the grand potential,
⌦(T ) by

Z = e�⌦(T )/T =

Z 1

�1
dED(E)e�E/T

We obtain

D(E) =
1X

p=�1
e2⇡pE d (E � Ep)

where NQ+ p is the integer fermion number,

d(E) ⇠ exp (Ns0) sinh
⇣p

2N�E
⌘

, E > 0 , e�cN ⌧ �E ⌧ N

There are exponentially more low energy states than for the quasiparticle
case, and D(E) self-averages down to energies exponentially small in N .
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• The low temperature corrections to the entropy at fixed
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Fluctuations

• At charge NQ+ p, the prefactor of the sinh(
p

2N�(E � Ep)) term is

exp [Ns0(Q) + 2⇡pE ] ⇡ exp [Ns0(Q+ p/N)]

using
ds0
dQ = 2⇡E
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Fluctuations

• At charge NQ+ p, the prefactor of the sinh(
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exp [Ns0(Q) + 2⇡pE ] ⇡ exp [Ns0(Q+ p/N)]

using
ds0
dQ = 2⇡E

<latexit sha1_base64="22jgKwEk1OmF8Hzmm56FJsvB/BM="></latexit><latexit sha1_base64="22jgKwEk1OmF8Hzmm56FJsvB/BM="></latexit><latexit sha1_base64="22jgKwEk1OmF8Hzmm56FJsvB/BM="></latexit><latexit sha1_base64="22jgKwEk1OmF8Hzmm56FJsvB/BM="></latexit>

Yingfei Gu, A. Kitaev, S. Sachdev, and G. Tarnopolsky, to appear



Many-body Chaos
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As discussed in [16], this expression can be viewed as arising from energy fluctuations. Each two-
point function generates an energy fluctuation which then affects the other. Since energy is conserved,
the result does not depend on the relative distance between the pair of points. In other words, we can
think of it as

⟨V1V2W3W4⟩grav = ∂M ⟨V1V2⟩∂M ⟨W3W4⟩
1

− ∂2
M S(M )

= ∂β⟨V1V2⟩∂β⟨W3W4⟩
1

∂2
β log Z(β)

, (4.10)

where M is the mass of the black hole background, or β its temperature, and S(M ) or log Z are its
entropy or partition function.13 Both expressions give the same answer, thanks to thermodynamic
identities between entropy and mass.14 If one expands as u 12 → 0 we get a leading term going like
u 2

12, which one would identify with an operator of dimension two. In this case this is the Schwarzian
itself, which is also the energy, and it is conserved (3.15). Its two-point functions are constant.15

It is also interesting to evaluate the correlator in the other ordering u 4 < u 2 < u 3 < u 1. We get

⟨V1W3V2W4⟩grav

⟨V1V2⟩⟨W3W4⟩
= #2

2πC

[(
− 2 + u 12

tan u12
2

)(
− 2 + u 34

tan u34
2

)
+

+ 2π [sin( u1− u2+u3− u4
2 ) − sin( u1+u2− u3− u4

2 )]
sin u12

2 sin u34
2

+ 2πu 23

tan u12
2 tan u34

2

]

. (4.11)

This expression interpolates between (4.9) when u 3 = u 2 and an expression like (4.9), but with
u 34 → − 2π + u 34, when u 3 = u 1. Note that now the answer depends on the overall separation of
the two pairs. This dependence, which involves the second sine term in the numerator as well as the
u 23 factor, looks like we are exciting the various zero modes of the Schwarzian action, including the
exponential ones. It is interesting to continue (4.11) to Lorentzian time and into the chaos region,
which involves the correlator in the out-of-time-order form

⟨V (a)W3(b + û )V (0)W (û )⟩ ∼ β#2

C
e

2π û
β ,

β

2π
≪ û ≪ β

2π
log

C
β

, (4.12)

where a, b ∼ β. Here we restored the temperature dependence in (4.11) by multiplying by an overall
factor of β

2π and sending u i → 2π
β u i.

We can also connect (4.12) to a scattering process. It is peculiar that in this setup the two particles
do not scatter since they behave like free fields on a fixed AdS2 background. On the other hand,
they create a dilaton profile which gives rise to a nontrivial interaction once we relate the AdS2 time
to the boundary time. The net result is the same as what is usually produced by the scattering of
shock waves; see Appendix B. Here we see that the gravitational effects are very delocalized; we can
remove them from the bulk and take them into account in terms of the boundary degree of freedom
t(u ).

4.3. Loop corrections
We can use the Schwarzian action as a full quantum theory and we can compute loop corrections.
The simplest example corresponds to the one-loop correction to the free energy.16 This arises from

13 The correlator at finite β is ⟨VV ⟩ =
[

β

π
sin πu12

β

]− 2#

.
14 (4.10) is valid for a general spherically symmetric reduction of general relativity to two dimensions.
15 Note that this is different than in 1+1 dimensions, where the stress tensor correlators go like 1/z4.
16 J. Polchinski and A. Streicher, private communication.
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4.1. Perturbative expansion of the Schwarzian action
Since the Schwarzian action is of order 1/G we can evaluate its effects using perturbation theory
around a solution. To avoid carrying unnecessary factors of the temperature, we set β = 2π . The
factors of temperature can be reinstated by dimensional analysis. We then set

τ = u + ε(u) (4.5)

in (3.12) and expand to second order in ε to obtain

Iϵ = C
2

∫
du[ε′′ 2 − ε′ 2], for β = 2π . (4.6)

We would like to compute the propagator for this action. A problem is that the action has three
zero modes, going like ϵ = 1, eiu, e−iu. These zero modes arise from SL(2) transformations of the
background solution τ = u. Recall that these SL(2) transformations did not generate new geometries.
Therefore we should not be integrating over them in the first place, since the integral over ε is only
over distinct geometries. This is equivalent to viewing the SL(2) symmetry as a gauge symmetry, so
that we can gauge fix those three zero modes to zero and invert the propagator. The answer is

⟨ϵ(u)ϵ(0)⟩ = 1
2πC

[
−(|u| − π)2

2
+ (|u| − π) sin |u| + a + b cos u

]
. (4.7)

The last two terms are proportional to SL(2) zero modes and cancel in any gauge-invariant computa-
tion.10 Note that the propagator is formally suppressed by G, but it is enhanced as φ̄r becomes small.
We will now use this propagator for some computations. The effective coupling is β/C, which is the
same as the inverse of the near-extremal entropy.11

4.2. Gravitational contributions to the four-point function
Suppose that we have operators V , W , which are dual to two different fields that are free in AdS2

before coupling to gravity. The gravitational contribution to the four-point function can be computed
as follows. (Some four-point functions were also considered in [3]. These steps are identical to the
ones discussed in [16], since the effective action is the same.) We start from the factorized expression
for the four-point function, ⟨V (t1)V (t2)W (t3)W (t4)⟩ = 1

t2'
12

1
t2'
34

. We then insert the reparametrizations

(3.11) and (4.5) into (4.4) and expand to linear order in ε to obtain

1
t2'
12

−→ B(u1, u2)
'

[
2 sin u12

2

]2'
, B(u1, u2) ≡

[
ε′(u1) + ε′(u2) − ε(u1) − ε(u2)

tan u12
2

]
. (4.8)

We make a similar replacement for t−2'
34 , and then contract the factors of ε using the propagator

(4.7). This gives the O(1/C) = O(G) contribution to the four-point function. Note that the bilocal
operator B is SL(2) invariant.12 The final expression depends on the relative ordering of the four
points. When u4 < u3 < u2 < u1 we obtain the factorized expression

⟨V1V2W3W4⟩grav

⟨V1V2⟩⟨W3W4⟩
= '2⟨B(u1, u2)B(u3, u4)⟩ = '2

2πC

(
−2 + u12

tan u12
2

)(
−2 + u34

tan u34
2

)
. (4.9)

10 A direct inversion of the operator gives a = 1 + π 2/6 and b = 5/2 [16].
11 This is the reason that there is trouble with naive black hole thermodynamics at C/β ∼1 [1].
12 Indeed, a and b in (4.7) disappear if we consider ⟨ϵ(u)B(u1, u2)⟩.
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As discussed in [16], this expression can be viewed as arising from energy fluctuations. Each two-
point function generates an energy fluctuation which then affects the other. Since energy is conserved,
the result does not depend on the relative distance between the pair of points. In other words, we can
think of it as

⟨V1V2W3W4⟩grav = ∂M ⟨V1V2⟩∂M ⟨W3W4⟩
1

− ∂2
M S(M )

= ∂β⟨V1V2⟩∂β⟨W3W4⟩
1

∂2
β log Z(β)

, (4.10)

where M is the mass of the black hole background, or β its temperature, and S(M ) or log Z are its
entropy or partition function.13 Both expressions give the same answer, thanks to thermodynamic
identities between entropy and mass.14 If one expands as u 12 → 0 we get a leading term going like
u 2

12, which one would identify with an operator of dimension two. In this case this is the Schwarzian
itself, which is also the energy, and it is conserved (3.15). Its two-point functions are constant.15

It is also interesting to evaluate the correlator in the other ordering u 4 < u 2 < u 3 < u 1. We get

⟨V1W3V2W4⟩grav

⟨V1V2⟩⟨W3W4⟩
= #2

2πC

[(
− 2 + u 12

tan u12
2

)(
− 2 + u 34

tan u34
2

)
+

+ 2π [sin( u1− u2+u3− u4
2 ) − sin( u1+u2− u3− u4

2 )]
sin u12

2 sin u34
2

+ 2πu 23

tan u12
2 tan u34

2

]

. (4.11)

This expression interpolates between (4.9) when u 3 = u 2 and an expression like (4.9), but with
u 34 → − 2π + u 34, when u 3 = u 1. Note that now the answer depends on the overall separation of
the two pairs. This dependence, which involves the second sine term in the numerator as well as the
u 23 factor, looks like we are exciting the various zero modes of the Schwarzian action, including the
exponential ones. It is interesting to continue (4.11) to Lorentzian time and into the chaos region,
which involves the correlator in the out-of-time-order form

⟨V (a)W3(b + û )V (0)W (û )⟩ ∼ β#2

C
e

2π û
β ,

β

2π
≪ û ≪ β

2π
log

C
β

, (4.12)

where a, b ∼ β. Here we restored the temperature dependence in (4.11) by multiplying by an overall
factor of β

2π and sending u i → 2π
β u i.

We can also connect (4.12) to a scattering process. It is peculiar that in this setup the two particles
do not scatter since they behave like free fields on a fixed AdS2 background. On the other hand,
they create a dilaton profile which gives rise to a nontrivial interaction once we relate the AdS2 time
to the boundary time. The net result is the same as what is usually produced by the scattering of
shock waves; see Appendix B. Here we see that the gravitational effects are very delocalized; we can
remove them from the bulk and take them into account in terms of the boundary degree of freedom
t(u ).

4.3. Loop corrections
We can use the Schwarzian action as a full quantum theory and we can compute loop corrections.
The simplest example corresponds to the one-loop correction to the free energy.16 This arises from

13 The correlator at finite β is ⟨VV ⟩ =
[

β

π
sin πu12

β

]− 2#

.
14 (4.10) is valid for a general spherically symmetric reduction of general relativity to two dimensions.
15 Note that this is different than in 1+1 dimensions, where the stress tensor correlators go like 1/z4.
16 J. Polchinski and A. Streicher, private communication.
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u 34 → − 2π + u 34, when u 3 = u 1. Note that now the answer depends on the overall separation of
the two pairs. This dependence, which involves the second sine term in the numerator as well as the
u 23 factor, looks like we are exciting the various zero modes of the Schwarzian action, including the
exponential ones. It is interesting to continue (4.11) to Lorentzian time and into the chaos region,
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where a, b ∼ β. Here we restored the temperature dependence in (4.11) by multiplying by an overall
factor of β

2π and sending u i → 2π
β u i.

We can also connect (4.12) to a scattering process. It is peculiar that in this setup the two particles
do not scatter since they behave like free fields on a fixed AdS2 background. On the other hand,
they create a dilaton profile which gives rise to a nontrivial interaction once we relate the AdS2 time
to the boundary time. The net result is the same as what is usually produced by the scattering of
shock waves; see Appendix B. Here we see that the gravitational effects are very delocalized; we can
remove them from the bulk and take them into account in terms of the boundary degree of freedom
t(u ).

4.3. Loop corrections
We can use the Schwarzian action as a full quantum theory and we can compute loop corrections.
The simplest example corresponds to the one-loop correction to the free energy.16 This arises from

13 The correlator at finite β is ⟨VV ⟩ =
[

β

π
sin πu12

β

]− 2#

.
14 (4.10) is valid for a general spherically symmetric reduction of general relativity to two dimensions.
15 Note that this is different than in 1+1 dimensions, where the stress tensor correlators go like 1/z4.
16 J. Polchinski and A. Streicher, private communication.
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where M is the mass of the black hole background, or β its temperature, and S(M ) or log Z are its
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β ,

β

2π
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where a, b ∼ β. Here we restored the temperature dependence in (4.11) by multiplying by an overall
factor of β

2π and sending u i → 2π
β u i.

We can also connect (4.12) to a scattering process. It is peculiar that in this setup the two particles
do not scatter since they behave like free fields on a fixed AdS2 background. On the other hand,
they create a dilaton profile which gives rise to a nontrivial interaction once we relate the AdS2 time
to the boundary time. The net result is the same as what is usually produced by the scattering of
shock waves; see Appendix B. Here we see that the gravitational effects are very delocalized; we can
remove them from the bulk and take them into account in terms of the boundary degree of freedom
t(u ).
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We can use the Schwarzian action as a full quantum theory and we can compute loop corrections.
The simplest example corresponds to the one-loop correction to the free energy.16 This arises from
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.
14 (4.10) is valid for a general spherically symmetric reduction of general relativity to two dimensions.
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1. Quantum matter with quasiparticles:  
    random matrix model  

2. Quantum matter without quasiparticles: 
        the complex SYK model

3. Fluctuations, and the Schwarzian

4. Models of strange metals

5. Einstein-Maxwell theory of charged 
         black holes in AdS space
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The complex SYK model

U↵�;�� are independent random variables

with U↵�;�� = 0 and |U↵�;��|2 = U2
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Generalized SYK models

U↵�;��(ka) is a random function of ↵��� (as before)
✏k has a range of values of width W .

The large N limit is still given by the sum of “melon” diagrams.

For many generic models in this class, ~!/(kBT ) scaling
of SYK holds for W 2/U ⌧ kBT ⌧ U , and

Fermi liquid theory is recovered for kBT ⌧ W 2/U .
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G(k, i!) =
1

i! � ✏k � ⌃(k, i!)
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Choose U on-site,
and the same on all sites;
yields ‘incoherent metal’
with no Fermi surface

for t2/U ⌧ kBT ⌧ U with

G(k,!) = GSYK(✏, ~!/(kBT ))

independent of k.
There is linear-in-T resistivity

but only with bad metal
behavior with ⇢ > h/e2, and
co-e�cient dependent upon U :

⇢ ⇠ h

e2
kBT

t2/U
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A lattice SYK model

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999)
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U

Choose U on-site,
and independent between sites;

yields ‘incoherent metal’
with no Fermi surface

for t2/U ⌧ kBT ⌧ U with

G(k,!) = GSYK(✏, ~!/(kBT ))

independent of k.
There is linear-in-T resistivity

but only with bad metal
behavior with ⇢ > h/e2, and
co-e�cient dependent upon U :

⇢ ⇠ h

e2
kBT

t2/U
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The density-density correlator is expressed as

DRn(x,t; x
0,t0) ⌘ i✓(t � t

0)h[N(x,t),N(x
0,t0)]i

=
i

2
hNc(x,t)Nq(x

0,t0)i, (10)

where Ns ⌘
N�S '
�'̇s

, Nc/q = N+ ± N�(keeping momentum-
independent components- See Sec.B). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[31], the action (9)
yields the di↵usive form [32]

DRn(p,!) =
�iNK!

i! � D'p2 + NK =
�NKD'p

2

i! � D'p2 . (11)

From this we identify NK and D' as the compressibility and
charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'

e
2

~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
and defines ✏c/q = 1

2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)

iS ✏ =
X

p

Z +1

�1

d! ✏c,!(2i�!2
T

2
� p

2⇤3(!))✏q,�! + · · · , (12)

where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
fusion constant D✏ . This identification is seen from the corre-
lator for energy density modes "c/q ⌘

iN�S ✏
�✏̇c/q

,

DR"(p,!) =
i

2
h"c"qip,! =

�NT
2�D✏ p2

i! � D✏ p
2 , (13)

where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
T, t0,U0. Introducing generalized resistivities, ⇢' = ⇢, ⇢" =
T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
N

R⇣( T

Ec

) ⇣ 2 {', "}, (14)

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)

(a)

(b)

FIG. 3. (a): For t0,T ⌧ U0, ⇢'/" “collapse” to R'/"( T

Ec
)/N. (b): The

Lorentz ratio ⇢
T

reaches two constants ⇡2

3 ,
⇡2

8 , in the two regimes.
The solid curves are guides to the eyes.

where the temperature coe�cient of resistivity A⇣ =
R
00

⇣ (0)
2NE

2
c

is
large due to small coherence scale in denominator, charac-
teristic of a strongly correlated Fermi liquid. Famously, the
Kadowaki-Woods ratio, A'/(N�)2, is approximately system-
independent for a wide range of correlated materials[33, 34].
We find here A'

(N�)2 =
R
00
' (0)

2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary lin-
early with temperature: R⇣(T ) ⇠ c⇣ T . We analytically obtain
c' =

2
p
⇡

and c" =
16
⇡5/2 (Supplementary Information), implying

that the Lorenz number, characterizing the Wiedemann-Franz
law, takes the unusual value L = 

�T
!
⇡2

8 for Ec ⌧ T ⌧ U0.
More generally, the scaling form (B2) implies that L is a uni-
versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.

Conclusion – We have shown that the SYK model pro-
vides a soluble source of strong local interactions which,
when coupled into a higher-dimensional lattice by ordinary
but random electron hopping, reproduces a remarkable num-
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The density-density correlator is expressed as

DRn(x,t; x
0,t0) ⌘ i✓(t � t

0)h[N(x,t),N(x
0,t0)]i

=
i

2
hNc(x,t)Nq(x

0,t0)i, (10)

where Ns ⌘
N�S '
�'̇s

, Nc/q = N+ ± N�(keeping momentum-
independent components- See Sec.B). Adding a contact term
to ensure that limp!0 DRn(p,! , 0) = 0[31], the action (9)
yields the di↵usive form [32]
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2
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charge di↵usion constant, respectively. The electric conduc-
tivity is given by Einstein relation � ⌘ 1/⇢ = NKD', or,
restoring all units,� = NKD'

e
2

~ a
2�d(a is lattice spacing).

Note the proportionality to N: in the standard non-linear
sigma model formulation, the dimensionless conductance is
large, suppressing localization e↵ects. This occurs because
both U and t interactions scatter between all orbitals, destroy-
ing interference from closed loops.

The analysis of energy transport proceeds similarly. Since
energy is the generator of time translations, one considers the
time-reparametrization (TRP) modes induced by ts ! ts+✏s(t)
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2 (✏+ ± ✏�). The e↵ective action for TRP
modes to the lowest-order in p,! reads (Sec. B)
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X

p

Z +1
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T

2
� p

2⇤3(!))✏q,�! + · · · , (12)

where the ellipses has the same meaning as in (9). At low
frequency, the correlation function integral, given in Sec. B,
behaves as ⇤3(!) ⇡ 2�D✏T 2!, which defines the energy dif-
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iN�S ✏
�✏̇c/q

,
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i

2
h"c"qip,! =

�NT
2�D✏ p2

i! � D✏ p
2 , (13)

where we add a contact term to ensure conservation of energy
at p = 0. The thermal conductivity reads  = NT�D✏ (kB = 1)
–like �, is O(N).

Scaling collapse, Kadowaki-Woods and Lorentz ra-

tios – Electric/thermal conductivities are obtained from
lim!!0 ⇤2/3(!)/!, expressed as integrals of real-time corre-
lation functions, and can be evaluated numerically for any
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T/, we find remarkably that for t0,T ⌧ U0, they collapse to
universal functions of one variable,

⇢⇣(t0,T ⌧ U0) =
1
N

R⇣( T

Ec

) ⇣ 2 {', "}, (14)

where R'(T ), R"(T ) are dimensionless universal functions.
This scaling collapse is verified by direct numerical calcula-
tions shown in Fig. 3a. From the scaling form (B2), we see the
low temperature resistivity obeys the usual Fermi liquid form

⇢⇣(T ⌧ Ec) ⇡ ⇢⇣(0) + A⇣T
2, (15)
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(b)

FIG. 3. (a): For t0,T ⌧ U0, ⇢'/" “collapse” to R'/"( T

Ec
)/N. (b): The

Lorentz ratio ⇢
T

reaches two constants ⇡2

3 ,
⇡2

8 , in the two regimes.
The solid curves are guides to the eyes.
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2[S0(0)]2N3 is independent of t0 and U0!
Turning now to the incoherent metal regime, in limit of

large arguments, T � 1, the generalized resistivities vary lin-
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More generally, the scaling form (B2) implies that L is a uni-
versal function of T/Ec, verified numerically as shown in
Fig. 3b. The Lorenz number increases with lower tempera-
ture, saturating at T ⌧ Ec to the Fermi liquid value ⇡2/3.

Conclusion – We have shown that the SYK model pro-
vides a soluble source of strong local interactions which,
when coupled into a higher-dimensional lattice by ordinary
but random electron hopping, reproduces a remarkable num-
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Mobile electrons (c) coupled to SYK quantum 
islands (f ) with exchange interactions.

A Kondo-SYK model

Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8, 031024 (2018)
Aavishkar A. Patel, John McGreevy, Daniel P. Arovas, Subir Sachdev, PRX 8, 021049 (2018) 

f
c

Has a regime where the

c electrons form a

marginal Fermi liquid

with a linear-in-T
resistivity dependent upon

interaction strength, and a

small Fermi surface

which does not count

the f electrons.
<latexit sha1_base64="UGFJ99/MvBdV6RXRd/Olnl9m9VY="></latexit>

Similar results for many earlier `marginal Fermi liquid’ and holographic models
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<latexit sha1_base64="4J+aUPg7aIcEOvMv4A+CB0Zmc/0="></latexit>

Generalized SYK models

U↵�;��(ka) is a random function of ↵��� (as before)
✏k has a range of values of width W .

The large N limit is still given by the sum of “melon” diagrams.

For many generic models in this class, ~!/(kBT ) scaling
of SYK holds for W 2/U ⌧ kBT ⌧ U , and

Fermi liquid theory is recovered for kBT ⌧ W 2/U .
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Generalized SYK models

U↵�;��(ka) is a random function of ↵��� (as before)
✏k has a range of values of width W .

The large N limit is still given by the sum of “melon” diagrams.

For many generic models in this class, ~!/(kBT ) scaling
of SYK holds for W 2/U ⌧ kBT ⌧ U , and

Fermi liquid theory is recovered for kBT ⌧ W 2/U .
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U↵�;��(ka) is a random function of ↵��� (as before)
✏k has a bandwidth W .

The random ki dependence of U allows only resonant interactions
with ✏k1 + ✏k2 = ✏k3 + ✏k4 .

U(k1, k2, k3, k4)U⇤(k5, k6, k7, k8) =

U2
h
�(k1 + k2 � k3 � k4 � k5 � k6 + k7 + k8)

i

⇥
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�(✏k1 + ✏k2 � ✏k3 � ✏k4) + �(✏k5 + ✏k6 � ✏k7 � ✏k8)

i
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Rewriting of lattice model of incoherent 
and bad metal in momentum space

A lattice SYK model
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Interactions with ✏k1 + ✏k2 6= ✏k3 + ✏k4 are non-resonant: we

“integrate these out” in a RG procedure, and assume that their

main e↵ect is a renormalization of the quasiparticle dispersion ✏k,
which we have already accounted for.

Keep only the

interactions resonant in the bare quasiparticle energy
with ✏k1 + ✏k2 = ✏k3 + ✏k4 and account for them with a

self-consistent SYK-like analysis.

This is precisely the e↵ective Hamiltonian method, when low

energy states are separated from high energy states by a gap; we

are assuming it can also apply in a gapless system.
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“integrate these out” in a RG procedure, and assume that their

main e↵ect is a renormalization of the quasiparticle dispersion ✏k,
which we have already accounted for.

Keep only the

interactions resonant in the bare quasiparticle energy
with ✏k1 + ✏k2 = ✏k3 + ✏k4 and account for them with a

self-consistent SYK-like analysis.

This is precisely the e↵ective Hamiltonian method, when low

energy states are separated from high energy states by a gap; we

are assuming it can also apply in a gapless system.
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Interactions with ✏k1 + ✏k2 6= ✏k3 + ✏k4 are non-resonant: we

“integrate these out” in a RG procedure, and assume that their

main e↵ect is a renormalization of the quasiparticle dispersion ✏k,
which we have already accounted for.

Keep only the

interactions resonant in the bare quasiparticle energy
with ✏k1 + ✏k2 = ✏k3 + ✏k4 and account for them with a

self-consistent SYK-like analysis.

This is precisely the e↵ective Hamiltonian method, when low

energy states are separated from high energy states by a gap; we

are assuming it can also apply in a gapless system.
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U↵�;��(ka) is a random function of ↵��� (as before)
The random ki dependence of U allows only

interactions resonant in the bare quasiparticle energies
with ✏k1 + ✏k2 = ✏k3 + ✏k4 .

U(k1, k2, k3, k4)U⇤(k5, k6, k7, k8) =

U2
h
�(k1 + k2 � k3 � k4 � k5 � k6 + k7 + k8)
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�(✏k1 + ✏k2 � ✏k3 � ✏k4) + �(✏k5 + ✏k6 � ✏k7 � ✏k8)

i

This implies o↵-site interactions with correlations
which decay with a power-law in space.
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Resonant SYK model
Conformal Green’s function at T > 0 must have the form

G(✏, ⌧) ⇠ e�2⇡ET⌧

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T .
<latexit sha1_base64="D+tuXWlM4cQPjsroYK05os3FH2M="></latexit>

k1
<latexit sha1_base64="NSYvDK9j+dhw43fhavs0cnFt7V4=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjK0h8WSZdbq9UalCi3TSqFJs9mo1c6hnSklkKE9LH4MvBDHAeEKMyRl37Yi5SRIKIoZmRcGsSQRwhM0In1NOQqIPPOmNJIpdZL06jk80aYH/VDo4gqm6vfhBAVSzgJXdwZIjeVvbyH+5fVj5TechPIoVoTj5SI/ZlCFcBEB9KggWLGZJggLqs+GeIwEwkoHVdB5fD0N/yfdsmlXzPJ1tdS6yJLJgyNwDE6BDeqgBa5AG3QABiPwAB7Bk3FvPBsvxuuyNWdkM4fgB4y3Tz7Qkos=</latexit>

k2
<latexit sha1_base64="gq4/ytB8e9IMO4npFiy1OpOuTTI=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjIsD4sly6zV641KFVqmlUKTZrNRq51DO1NKIEN7WPwYeCGOA8IVZkjKvm1FykmQUBQzMi8MYkkihCdoRPqachQQeeZNaSRT6iTp1XN4ok0P+qHQxRVM1e/DCQqknAWu7gyQGsvf3kL8y+vHym84CeVRrAjHy0V+zKAK4SIC6FFBsGIzTRAWVJ8N8RgJhJUOqqDz+Hoa/k+6ZdOumOXraql1kSWTB0fgGJwCG9RBC1yBNugADEbgATyCJ+PeeDZejNdla87IZg7BDxhvn0Bfkow=</latexit>

k3
<latexit sha1_base64="TtMtm8cpCbGVhpyGPtz0rnfcuNo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjKsDIsly6zV641KFVqmlUKTZrNRq51DO1NKIEN7WPwYeCGOA8IVZkjKvm1FykmQUBQzMi8MYkkihCdoRPqachQQeeZNaSRT6iTp1XN4ok0P+qHQxRVM1e/DCQqknAWu7gyQGsvf3kL8y+vHym84CeVRrAjHy0V+zKAK4SIC6FFBsGIzTRAWVJ8N8RgJhJUOqqDz+Hoa/k+6ZdOumOXraql1kSWTB0fgGJwCG9RBC1yBNugADEbgATyCJ+PeeDZejNdla87IZg7BDxhvn0Huko0=</latexit>

k4
<latexit sha1_base64="oGIPiSW8tSR2hITAQXd7lOjGsyw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjKsDosly6zV641KFVqmlUKTZrNRq51DO1NKIEN7WPwYeCGOA8IVZkjKvm1FykmQUBQzMi8MYkkihCdoRPqachQQeeZNaSRT6iTp1XN4ok0P+qHQxRVM1e/DCQqknAWu7gyQGsvf3kL8y+vHym84CeVRrAjHy0V+zKAK4SIC6FFBsGIzTRAWVJ8N8RgJhJUOqqDz+Hoa/k+6ZdOumOXraql1kSWTB0fgGJwCG9RBC1yBNugADEbgATyCJ+PeeDZejNdla87IZg7BDxhvn0N9ko4=</latexit>

k1
<latexit sha1_base64="NSYvDK9j+dhw43fhavs0cnFt7V4=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpw7a7ohuXFW0ttKFMJpN26GQSZiaVEvoJbnXlTtz6PS78F6dpBBU9cOFwzr3ce48bMSqVZb0buZXVtfWN/GZha3tnd6+4f9CVYSww6eCQhaLnIkkY5aSjqGKkFwmCApeRO3dyufDvpkRIGvJbNYuIE6ARpz7FSGnpZjK0h8WSZdbq9UalCi3TSqFJs9mo1c6hnSklkKE9LH4MvBDHAeEKMyRl37Yi5SRIKIoZmRcGsSQRwhM0In1NOQqIPPOmNJIpdZL06jk80aYH/VDo4gqm6vfhBAVSzgJXdwZIjeVvbyH+5fVj5TechPIoVoTj5SI/ZlCFcBEB9KggWLGZJggLqs+GeIwEwkoHVdB5fD0N/yfdsmlXzPJ1tdS6yJLJgyNwDE6BDeqgBa5AG3QABiPwAB7Bk3FvPBsvxuuyNWdkM4fgB4y3Tz7Qkos=</latexit>

e�2⇡E3T⌧
<latexit sha1_base64="CAwlcj/2GbeO40FMKCk7AA7sdyM="></latexit>

e�2⇡E4T⌧
<latexit sha1_base64="7q6mMzorse9X+rRSzTYFjU89Lhw="></latexit>

e2⇡E2T⌧
<latexit sha1_base64="6wKvsSdnKDH5YiMAbpfCIKUMz0w="></latexit>

e2⇡E2T⌧e�2⇡E3T⌧e�2⇡E4T⌧ = e�2⇡E1T⌧

if
Ea = ✏a/U

and
✏1 + ✏2 = ✏3 + ✏4

<latexit sha1_base64="XsN9Qhh4e0JAxGTjNb5WCAZmLNk="></latexit>

SYK behavior in a
Planckian metal as T ! 0

with a remnant Fermi surface:
G(k,!) = GSYK(✏k, ~!/(kBT )),

with Ek = ✏k/U
<latexit sha1_base64="Dxidr043Iv1+wV0UJodKBFxJzw4="></latexit>

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)



Incoherent metal

For long times ⌧ > 0

D
ck(⌧)c

†
k(0)

E
= e⇡E

Ap
⌧D

c†k(⌧)ck(0)
E
= e�⇡E Ap

⌧

The parameter E is independent of k,
and determined by the total density

<latexit sha1_base64="Z0rLfNaRpTWdXHQ0aMUhUNSPOy0="></latexit>



Planckian metal
with remnant Fermi surface

Aavishkar Patel

For long times ⌧ > 0

D
ck(⌧)c

†
k(0)

E
= e⇡ ✏k/U Ap

⌧D
c†k(⌧)ck(0)

E
= e�⇡ ✏k/U Ap

⌧

The particle-hole asymmetry changes as
we cross the Fermi surface

<latexit sha1_base64="frjFo9CZOPbeoyGBW0whH4wk+7k="></latexit>

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)



The complex SYK model

�ImGR(!)
<latexit sha1_base64="/btafezNZH7m/kkNQAcXE4wBJqc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKgNVAkgwVjAAW0H0ITWhcly3tWrHke0gqigLv8LCAEKsfAYbf4PbZoCWI13p6Jx7de89QcSo0o7zbeXm5hcWl/LLhZXVtfUNe3OrrkQsMalhwYRsBkgRRkNS01Qz0owkQTxgpBEMLkZ+44FIRUV4p4cR8TnqhbRLMdJGats7hx4PxGNyzVN4eX8LS57gpIcO2nbRKTtjwFniZqQIMlTb9pfXETjmJNSYIaVarhNpP0FSU8xIWvBiRSKEB6hHWoaGiBPlJ+MHUrhvlA7sCmkq1HCs/p5IEFdqyAPTyZHuq2lvJP7ntWLdPfMTGkaxJiGeLOrGDGoBR2nADpUEazY0BGFJza0Q95FEWJvMCiYEd/rlWVI/KrvHZffmpFg5z+LIg12wB0rABaegAq5AFdQABil4Bq/gzXqyXqx362PSmrOymW3wB9bnDxeYlW4=</latexit>

~!/(kBT )
<latexit sha1_base64="kunjN0PyYGJToeUrlSRcNKJCI5s=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiYq6LLUjcsKfUETwmQ6aYdOZsLMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89YcKo0o7zba2tb2xubZd2yrt7+weH9tFxV4lUYtLBggnZD5EijHLS0VQz0k8kQXHISC+c3M383iORigre1llC/BiNOI0oRtpIgV3xxiGSnojJCF3UJkETts8Du+rUnTngKnELUgUFWoH95Q0FTmPCNWZIqYHrJNrPkdQUMzIte6kiCcITNCIDQzmKifLz+fFTeGaUIYyENMU1nKu/J3IUK5XFoemMkR6rZW8m/ucNUh3d+jnlSaoJx4tFUcqgFnCWBBxSSbBmmSEIS2puhXiMJMLa5FU2IbjLL6+S7mXdvaq7D9fVRrOIowROwCmoARfcgAa4By3QARhk4Bm8gjfryXqx3q2PReuaVcxUwB9Ynz8ptJPK</latexit>

E = 0
<latexit sha1_base64="FqnpYyJCCEkYCdrjTD+IwnTvPEg=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZlRQTdCUQSXFewD2qFk0kwbmmSGJFMoQ//EjQtF3Pon7vwbM+0stHogcDjnXu7JCRPOtPG8L6e0srq2vlHerGxt7+zuufsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8W3utydUaRbLRzNNaCDwULKIEWys1HfdnsBmRDDP7mboGnmVvlv1at4c6C/xC1KFAo2++9kbxCQVVBrCsdZd30tMkGFlGOF0VumlmiaYjPGQdi2VWFAdZPPkM3RilQGKYmWfNGiu/tzIsNB6KkI7mefUy14u/ud1UxNdBRmTSWqoJItDUcqRiVFeAxowRYnhU0swUcxmRWSEFSbGlpWX4C9/+S9pndX885r/cFGt3xR1lOEIjuEUfLiEOtxDA5pAYAJP8AKvTuY8O2/O+2K05BQ7h/ALzsc31X6SeA==</latexit>

E = 0.26
<latexit sha1_base64="aoZ9+xggb/LUlJ3AzTCiYyAmsIk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUiqqBuhKILLCvYBbSiT6aQdOnkwMxFCqL/ixoUibv0Qd/6NkzYLbT0wcDjnXu6Z48WcSWXb30ZpZXVtfaO8Wdna3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTW5yv/NIhWRR+KDSmLoBHoXMZwQrLQ3Maj/Aakwwz26n6ArZVv28MjBrtmXPgJaJU5AaFGgOzK/+MCJJQENFOJay59ixcjMsFCOcTiv9RNIYkwke0Z6mIQ6odLNZ+Ck61soQ+ZHQL1Ropv7eyHAgZRp4ejKPKhe9XPzP6yXKv3QzFsaJoiGZH/ITjlSE8ibQkAlKFE81wUQwnRWRMRaYKN1XXoKz+OVl0q5bzqnl3J/VGtdFHWU4hCM4AQcuoAF30IQWEEjhGV7hzXgyXox342M+WjKKnSr8gfH5Azjhkyw=</latexit>
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E = �0.1
<latexit sha1_base64="UgBISoHrZrVyg/wASwRbwP0e5ak=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4MSQq6EYoiuCygn1AG8pkOmmHTiZhZiKUUH/FjQtF3Poh7vwbJ20W2npg4HDOvdwzJ0g4U9p1v62l5ZXVtfXSRnlza3tn197bb6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN3kfuuRSsVi8aDHCfUjPBAsZARrI/XsSjfCekgwz24n6AqduI5X7tlV13GnQIvEK0gVCtR79le3H5M0okITjpXqeG6i/QxLzQink3I3VTTBZIQHtGOowBFVfjYNP0FHRumjMJbmCY2m6u+NDEdKjaPATOZR1byXi/95nVSHl37GRJJqKsjsUJhypGOUN4H6TFKi+dgQTCQzWREZYomJNn3lJXjzX14kzVPHO3O8+/Nq7bqoowQHcAjH4MEF1OAO6tAAAmN4hld4s56sF+vd+piNLlnFTgX+wPr8ASmmkyI=</latexit>

E = 0.1
<latexit sha1_base64="9k9sCu2x0LYlT0k6KFgOTpjzcb0=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUhU0I1QFMFlBfuANpTJdNIOnUzCzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48ecKe0431ZpZXVtfaO8Wdna3tndq+7X2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJze533mkUrFIPOhpTL0QjwQLGMHaSINqrR9iPSaYp7cZukKO7VYG1bpjOzOgZeIWpA4FmoPqV38YkSSkQhOOleq5Tqy9FEvNCKdZpZ8oGmMywSPaM1TgkCovnWXP0LFRhiiIpHlCo5n6eyPFoVLT0DeTeVK16OXif14v0cGllzIRJ5oKMj8UJBzpCOVFoCGTlGg+NQQTyUxWRMZYYqJNXXkJ7uKXl0n71HbPbPf+vN64LuoowyEcwQm4cAENuIMmtIDAEzzDK7xZmfVivVsf89GSVewcwB9Ynz+6mpLr</latexit>

A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)

E = �0.26
<latexit sha1_base64="G3t8/tsAYXwM/vLxR37KhuYjNvE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN4akiroRiiK4rGAf0IYymU7aoZNJmJkINRR/xY0LRdz6H+78G5M2C209MHA4517umeNFnClt299GYWFxaXmluFpaW9/Y3DK3dxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9IbXmd98oFKxUNzrUUTdAPcF8xnBOpW65l4nwHpAME9uxugSHdtW5azUNcu2ZU+A5omTkzLkqHXNr04vJHFAhSYcK9V27Ei7CZaaEU7HpU6saITJEPdpO6UCB1S5yST9GB2mSg/5oUyf0Gii/t5IcKDUKPDSySyrmvUy8T+vHWv/wk2YiGJNBZke8mOOdIiyKlCPSUo0H6UEE8nSrIgMsMREp4VlJTizX54njYrlnFjO3Wm5epXXUYR9OIAjcOAcqnALNagDgUd4hld4M56MF+Pd+JiOFox8Zxf+wPj8AagNk2M=</latexit>
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✓
⇡

U2 cos(2✓)
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<latexit sha1_base64="d5gVejQQEMw5VN4UcWXjHEDJHwI="></latexit>

E =
✏

U
<latexit sha1_base64="VFz8RtZpb7vpKvm0SCmFmOrmW2E="></latexit>

Planckian dynamics
with peak width ⇠ kBT/~
and independent of U

<latexit sha1_base64="VYAaJKUoU76hX584/TwBiFAFiTo="></latexit>



The complex SYK model

�ImGR(!)
<latexit sha1_base64="/btafezNZH7m/kkNQAcXE4wBJqc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKgNVAkgwVjAAW0H0ITWhcly3tWrHke0gqigLv8LCAEKsfAYbf4PbZoCWI13p6Jx7de89QcSo0o7zbeXm5hcWl/LLhZXVtfUNe3OrrkQsMalhwYRsBkgRRkNS01Qz0owkQTxgpBEMLkZ+44FIRUV4p4cR8TnqhbRLMdJGats7hx4PxGNyzVN4eX8LS57gpIcO2nbRKTtjwFniZqQIMlTb9pfXETjmJNSYIaVarhNpP0FSU8xIWvBiRSKEB6hHWoaGiBPlJ+MHUrhvlA7sCmkq1HCs/p5IEFdqyAPTyZHuq2lvJP7ntWLdPfMTGkaxJiGeLOrGDGoBR2nADpUEazY0BGFJza0Q95FEWJvMCiYEd/rlWVI/KrvHZffmpFg5z+LIg12wB0rABaegAq5AFdQABil4Bq/gzXqyXqx362PSmrOymW3wB9bnDxeYlW4=</latexit>

~!/(kBT )
<latexit sha1_base64="kunjN0PyYGJToeUrlSRcNKJCI5s=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiYq6LLUjcsKfUETwmQ6aYdOZsLMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89YcKo0o7zba2tb2xubZd2yrt7+weH9tFxV4lUYtLBggnZD5EijHLS0VQz0k8kQXHISC+c3M383iORigre1llC/BiNOI0oRtpIgV3xxiGSnojJCF3UJkETts8Du+rUnTngKnELUgUFWoH95Q0FTmPCNWZIqYHrJNrPkdQUMzIte6kiCcITNCIDQzmKifLz+fFTeGaUIYyENMU1nKu/J3IUK5XFoemMkR6rZW8m/ucNUh3d+jnlSaoJx4tFUcqgFnCWBBxSSbBmmSEIS2puhXiMJMLa5FU2IbjLL6+S7mXdvaq7D9fVRrOIowROwCmoARfcgAa4By3QARhk4Bm8gjfryXqx3q2PReuaVcxUwB9Ynz8ptJPK</latexit>

E = 0
<latexit sha1_base64="FqnpYyJCCEkYCdrjTD+IwnTvPEg=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZlRQTdCUQSXFewD2qFk0kwbmmSGJFMoQ//EjQtF3Pon7vwbM+0stHogcDjnXu7JCRPOtPG8L6e0srq2vlHerGxt7+zuufsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8W3utydUaRbLRzNNaCDwULKIEWys1HfdnsBmRDDP7mboGnmVvlv1at4c6C/xC1KFAo2++9kbxCQVVBrCsdZd30tMkGFlGOF0VumlmiaYjPGQdi2VWFAdZPPkM3RilQGKYmWfNGiu/tzIsNB6KkI7mefUy14u/ud1UxNdBRmTSWqoJItDUcqRiVFeAxowRYnhU0swUcxmRWSEFSbGlpWX4C9/+S9pndX885r/cFGt3xR1lOEIjuEUfLiEOtxDA5pAYAJP8AKvTuY8O2/O+2K05BQ7h/ALzsc31X6SeA==</latexit>

E = 0.26
<latexit sha1_base64="aoZ9+xggb/LUlJ3AzTCiYyAmsIk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUiqqBuhKILLCvYBbSiT6aQdOnkwMxFCqL/ixoUibv0Qd/6NkzYLbT0wcDjnXu6Z48WcSWXb30ZpZXVtfaO8Wdna3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTW5yv/NIhWRR+KDSmLoBHoXMZwQrLQ3Maj/Aakwwz26n6ArZVv28MjBrtmXPgJaJU5AaFGgOzK/+MCJJQENFOJay59ixcjMsFCOcTiv9RNIYkwke0Z6mIQ6odLNZ+Ck61soQ+ZHQL1Ropv7eyHAgZRp4ejKPKhe9XPzP6yXKv3QzFsaJoiGZH/ITjlSE8ibQkAlKFE81wUQwnRWRMRaYKN1XXoKz+OVl0q5bzqnl3J/VGtdFHWU4hCM4AQcuoAF30IQWEEjhGV7hzXgyXox342M+WjKKnSr8gfH5Azjhkyw=</latexit>
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E = �0.1
<latexit sha1_base64="UgBISoHrZrVyg/wASwRbwP0e5ak=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4MSQq6EYoiuCygn1AG8pkOmmHTiZhZiKUUH/FjQtF3Poh7vwbJ20W2npg4HDOvdwzJ0g4U9p1v62l5ZXVtfXSRnlza3tn197bb6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN3kfuuRSsVi8aDHCfUjPBAsZARrI/XsSjfCekgwz24n6AqduI5X7tlV13GnQIvEK0gVCtR79le3H5M0okITjpXqeG6i/QxLzQink3I3VTTBZIQHtGOowBFVfjYNP0FHRumjMJbmCY2m6u+NDEdKjaPATOZR1byXi/95nVSHl37GRJJqKsjsUJhypGOUN4H6TFKi+dgQTCQzWREZYomJNn3lJXjzX14kzVPHO3O8+/Nq7bqoowQHcAjH4MEF1OAO6tAAAmN4hld4s56sF+vd+piNLlnFTgX+wPr8ASmmkyI=</latexit>

E = 0.1
<latexit sha1_base64="9k9sCu2x0LYlT0k6KFgOTpjzcb0=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUhU0I1QFMFlBfuANpTJdNIOnUzCzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48ecKe0431ZpZXVtfaO8Wdna3tndq+7X2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJze533mkUrFIPOhpTL0QjwQLGMHaSINqrR9iPSaYp7cZukKO7VYG1bpjOzOgZeIWpA4FmoPqV38YkSSkQhOOleq5Tqy9FEvNCKdZpZ8oGmMywSPaM1TgkCovnWXP0LFRhiiIpHlCo5n6eyPFoVLT0DeTeVK16OXif14v0cGllzIRJ5oKMj8UJBzpCOVFoCGTlGg+NQQTyUxWRMZYYqJNXXkJ7uKXl0n71HbPbPf+vN64LuoowyEcwQm4cAENuIMmtIDAEzzDK7xZmfVivVsf89GSVewcwB9Ynz+6mpLr</latexit>

A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)

E = �0.26
<latexit sha1_base64="G3t8/tsAYXwM/vLxR37KhuYjNvE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN4akiroRiiK4rGAf0IYymU7aoZNJmJkINRR/xY0LRdz6H+78G5M2C209MHA4517umeNFnClt299GYWFxaXmluFpaW9/Y3DK3dxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9IbXmd98oFKxUNzrUUTdAPcF8xnBOpW65l4nwHpAME9uxugSHdtW5azUNcu2ZU+A5omTkzLkqHXNr04vJHFAhSYcK9V27Ei7CZaaEU7HpU6saITJEPdpO6UCB1S5yST9GB2mSg/5oUyf0Gii/t5IcKDUKPDSySyrmvUy8T+vHWv/wk2YiGJNBZke8mOOdIiyKlCPSUo0H6UEE8nSrIgMsMREp4VlJTizX54njYrlnFjO3Wm5epXXUYR9OIAjcOAcqnALNagDgUd4hld4M56MF+Pd+JiOFox8Zxf+wPj8AagNk2M=</latexit>
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E =
✏

U
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Crossing the 
remnant Fermi surface

Planckian dynamics
with peak width ⇠ kBT/~
and independent of U
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Resonant SYK model

Resistivity of a Planckian metal as T ! 0

From the Kubo formula, in the large N limit

� =
Ne2m⇤v2F
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Z 1
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h
ImGR

SYK
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!
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⌘i2
sech2
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⌘

⇢ =
m⇤

ne2
2.71

kBT

~ , using E = ✏/U ,

where

m⇤ =
d VFSH
FS |vF |

,

where d is spatial dimensionality and VFS is the volume enclosed by
the Fermi surface. For a circular Fermi surface, this is the usual m⇤.
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U↵�;��(ka) is a random function of ↵��� (as before)
The random ki dependence of U allows only

interactions resonant in the bare quasiparticle energies
with ✏k1 + ✏k2 = ✏k3 + ✏k4 .
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Resistivity of a Planckian metal as T ! 0
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The random ki dependence of U allows only

interactions resonant in the bare quasiparticle energies
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Resonant SYK model

Aavishkar Patel

Resistivity of a Planckian metal as T ! 0

⇢ =
m⇤

ne2
2.71

kBT

~

Note that all explicit dependence on U has cancelled out!

The number is defined by Ek = ✏k/U as |✏k| ! 0. This is
determined by UV physics, and is very weakly dependent upon the
ratio of the energy width of the interactions, WU , to U .

<latexit sha1_base64="SvY6b9vrma1fMZMXz65zsfXDTWQ="></latexit>

A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)



Resonant SYK model
Take the independent momentum shell limit, WU/U ! 0,

U(k1, k2, k3, k4)U⇤(k5, k6, k7, k8) =

U2
h
�(k1 + k2 � k3 � k4 � k5 � k6 + k7 + k8)

i

⇥
h
�(✏k1 � ✏k2)�(✏k2 � ✏k3)�(✏k3 � ✏k4) + �(✏k5 � ✏k6)�(✏k6 � ✏k7)�(✏k7 � ✏k8)

i

= 0.41 as in a single SYK model,
and we obtain a Planckian metal with

⇢ =
m⇤

ne2
1.11

kBT

~
<latexit sha1_base64="g+QK+OGVHE5ZHPvZlFQrs7ITtX0="></latexit>

Aavishkar Patel A. A. Patel and S. Sachdev, PRL 123, 066601 (2019)



Aavishkar Patel (Harvard        Miller Fellow at Berkeley)  

Planckian metals with a remnant Fermi surface

• Resonant SYK models are compressible and dispersive quantum

systems with ~!/(kBT ) scaling as T ! 0.

• The resonance condition is supported by a RG argument: non-

resonant interactions mainly renormalize the underlying quasi-

particle dispersion ✏k, while resonant interactions have to be

treated self-consistently.

• The resonance is a single ‘fine-tuning’ condition designed to ob-

tain ~!/(kBT ) scaling as T ! 0. However, then many other

nice features follow: we obtain a Planckian metal with remnant

large Fermi surface at ✏k = 0, and an e↵ective mass m⇤
defined

by the dispersion of ✏k, with a resistivity ⇢ ⇠ (m⇤/(ne2))kBT/~
independent of the strength of interactions.
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1. Quantum matter with quasiparticles:  
    random matrix model  

2. Quantum matter without quasiparticles: 
        the complex SYK model

3. Fluctuations, and the Schwarzian

4. Models of strange metals

5. Einstein-Maxwell theory of charged 
         black holes in AdS space

S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010)
S. Sachdev, PRX 5, 041025 (2015)



Holography:
Quantum black holes “look like”  
quantum many-particle systems 

without quasiparticle excitations, 
residing  “on” the surface of the black hole

J. Maldacena, IJTP 38, 1113 (1999); S.S. Gubser, I.R. Klebanov,  and A.M. Polyakov Phys. Lett. B 428, 105 (1998); 
E. Witten,  Adv. Theor. Math. Phys. 2, 253 (1998)   

Quantum 
Black 
holes

• Black holes have an entropy and
a temperature, TH = ~c3/(8⇡GMkB).

• The entropy is proportional to
their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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Work with a theory of Maxwell’s 
electromagnetism and Einstein’s general relativity.  

Include a negative cosmological constant, and 
examine black hole solutions with a net charge 



~x
⇣

Zooming into the near-
horizon region of a 

charged black hole at 
low temperature, yields 

a quantum theory in 
one space (   ) and one 

time dimension
⇣

Work with a theory of Maxwell’s 
electromagnetism and Einstein’s general relativity.  

Include a negative cosmological constant, and 
examine black hole solutions with a net charge 



⇣ ~x
⇣ = 1

charge
density Q

Black hole
horizon

S2
<latexit sha1_base64="rc+dbuaS+IIs7Q2Cx3MkmPGqWfI=">AAAB93icdVDLSsNAFJ3UV62vqks3g63gQsIkNLTLohuXFU1baGOZTCft0MmDmUkhlH6DW125E7d+jgv/xWlaQUUPXDiccy/33uMnnEmF0LtRWFvf2Nwqbpd2dvf2D8qHR20Zp4JQl8Q8Fl0fS8pZRF3FFKfdRFAc+px2/MnVwu9MqZAsju5UllAvxKOIBYxgpSW3entvVwflCjKdmuM4NkQmatSdRk0TCzWQXYOWiXJUwAqtQfmjP4xJGtJIEY6l7FkoUd4MC8UIp/NSP5U0wWSCR7SnaYRDKi+GU5bInHqz/O45PNPmEAax0BUpmKvfh2c4lDILfd0ZYjWWv72F+JfXS1XQ8GYsSlJFI7JcFKQcqhguQoBDJihRPNMEE8H02ZCMscBE6ahKOo+vp+H/pG3rhEzrxq40L1fJFMEJOAXnwAJ10ATXoAVcQAADD+ARPBmZ8Wy8GK/L1oKxmjkGP2C8fQLO7pLG</latexit><latexit sha1_base64="rc+dbuaS+IIs7Q2Cx3MkmPGqWfI=">AAAB93icdVDLSsNAFJ3UV62vqks3g63gQsIkNLTLohuXFU1baGOZTCft0MmDmUkhlH6DW125E7d+jgv/xWlaQUUPXDiccy/33uMnnEmF0LtRWFvf2Nwqbpd2dvf2D8qHR20Zp4JQl8Q8Fl0fS8pZRF3FFKfdRFAc+px2/MnVwu9MqZAsju5UllAvxKOIBYxgpSW3entvVwflCjKdmuM4NkQmatSdRk0TCzWQXYOWiXJUwAqtQfmjP4xJGtJIEY6l7FkoUd4MC8UIp/NSP5U0wWSCR7SnaYRDKi+GU5bInHqz/O45PNPmEAax0BUpmKvfh2c4lDILfd0ZYjWWv72F+JfXS1XQ8GYsSlJFI7JcFKQcqhguQoBDJihRPNMEE8H02ZCMscBE6ahKOo+vp+H/pG3rhEzrxq40L1fJFMEJOAXnwAJ10ATXoAVcQAADD+ARPBmZ8Wy8GK/L1oKxmjkGP2C8fQLO7pLG</latexit><latexit sha1_base64="rc+dbuaS+IIs7Q2Cx3MkmPGqWfI=">AAAB93icdVDLSsNAFJ3UV62vqks3g63gQsIkNLTLohuXFU1baGOZTCft0MmDmUkhlH6DW125E7d+jgv/xWlaQUUPXDiccy/33uMnnEmF0LtRWFvf2Nwqbpd2dvf2D8qHR20Zp4JQl8Q8Fl0fS8pZRF3FFKfdRFAc+px2/MnVwu9MqZAsju5UllAvxKOIBYxgpSW3entvVwflCjKdmuM4NkQmatSdRk0TCzWQXYOWiXJUwAqtQfmjP4xJGtJIEY6l7FkoUd4MC8UIp/NSP5U0wWSCR7SnaYRDKi+GU5bInHqz/O45PNPmEAax0BUpmKvfh2c4lDILfd0ZYjWWv72F+JfXS1XQ8GYsSlJFI7JcFKQcqhguQoBDJihRPNMEE8H02ZCMscBE6ahKOo+vp+H/pG3rhEzrxq40L1fJFMEJOAXnwAJ10ATXoAVcQAADD+ARPBmZ8Wy8GK/L1oKxmjkGP2C8fQLO7pLG</latexit><latexit sha1_base64="rc+dbuaS+IIs7Q2Cx3MkmPGqWfI=">AAAB93icdVDLSsNAFJ3UV62vqks3g63gQsIkNLTLohuXFU1baGOZTCft0MmDmUkhlH6DW125E7d+jgv/xWlaQUUPXDiccy/33uMnnEmF0LtRWFvf2Nwqbpd2dvf2D8qHR20Zp4JQl8Q8Fl0fS8pZRF3FFKfdRFAc+px2/MnVwu9MqZAsju5UllAvxKOIBYxgpSW3entvVwflCjKdmuM4NkQmatSdRk0TCzWQXYOWiXJUwAqtQfmjP4xJGtJIEY6l7FkoUd4MC8UIp/NSP5U0wWSCR7SnaYRDKi+GU5bInHqz/O45PNPmEAax0BUpmKvfh2c4lDILfd0ZYjWWv72F+JfXS1XQ8GYsSlJFI7JcFKQcqhguQoBDJihRPNMEE8H02ZCMscBE6ahKOo+vp+H/pG3rhEzrxq40L1fJFMEJOAXnwAJ10ATXoAVcQAADD+ARPBmZ8Wy8GK/L1oKxmjkGP2C8fQLO7pLG</latexit>

AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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The near-horizon region of a charged black hole has the 
geometry of (1+1)-dimensional anti-de Sitter spacetime. By 
holography, this should map to a zero-dimensional quantum 

system: this turns out to be the SYK model

SYK model and charged black holes



S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010); PRX 5, 041025 (2015)

charge
density Q

S2
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⇣ ~x
⇣ = 1

Black hole
horizon

AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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SYK model and charged black holes

Bekenstein-Hawking entropy of AdS2 horizon

at T = 0 , Ns0 entropy of SYK model.

The same equation determines the Q dependence of s0
for the black hole and for the SYK model.
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@s0
@Q = 2⇡E holds for both the black hole and the SYK model,

where E determines identical fermion spectral functions.
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Charged black holes

T. Faulkner, Hong Liu, J. McGreevy, D. Vegh, PRD 83, 125002 (2011)

• A probe fermion has a near-horizon Green’s function with a
conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E . This
is identical to the complex SYK model.
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Probe fermion in the AdS2 near horizon



charge
density Q

S2
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Gauge field: A = (E/⇣)dt
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SYK model and charged black holes

Holographic Metals and the Fractionalized Fermi Liquid
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We show that there is a close correspondence between the physical properties of holographic metals

near charged black holes in anti–de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the

lattice Anderson model. The latter phase has a ‘‘small’’ Fermi surface of conduction electrons, along with

a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids

are states of matter at nonzero density realizing the near-horizon, AdS2 ! R2 physics of Reissner-

Nordström black holes.

DOI: 10.1103/PhysRevLett.105.151602 PACS numbers: 11.25.Tq, 75.10.Kt, 75.30.Mb

There has been a flurry of recent activity [1–10] on the
holographic description of metallic states of nonzero den-
sity quantum matter. The strategy is to begin with a
strongly interacting conformal field theory (CFT) in the
ultraviolet (UV), which has a dual description as the
boundary of a theory of gravity in anti–de Sitter (AdS)
space. This CFT is then perturbed by a chemical potential
(!) conjugate to a globally conserved charge, and the
infrared (IR) physics is given a holographic description
by the gravity theory. For large temperatures T " !, such
an approach is under good control, and has produced a
useful hydrodynamic description of the physics of quan-
tum criticality [11]. Much less is understood about the low
temperature limit T # !: a direct solution of the classical
gravity theory yields boundary correlation functions de-
scribing a non-Fermi liquid metal [4], but the physical
interpretation of this state has remained obscure. It has a
nonzero entropy density as T ! 0, and this raises concerns
about its ultimate stability.

This Letter will show that there is a close parallel
between the above theories of holographic metals, and a
class of mean-field theories of the ‘‘fractionalized Fermi
liquid’’ (FFL) phase of the lattice Anderson model.

The Anderson model (specified below) has been a popu-
lar description of intermetallic transition metal or rare-
earth compounds: it describes itinerant conduction elec-
trons interacting with localized resonant states represent-
ing d (or f) orbitals. The FFL is an exotic phase of the
Anderson model, demonstrated to be generically stable in
Refs. [12,13]; it has a ‘‘small’’ Fermi surface whose vol-
ume is determined by the density of conduction electrons
alone, while the d electrons form a fractionalized spin
liquid state. The FFL was also found in a large spatial
dimension mean-field theory by Burdin et al. [14], and is
the ground state needed for a true ‘‘orbital-selective Mott
transition’’ [15]. The FFL should be contrasted from the
conventional Fermi liquid (FL) phase, in which there is a
‘‘large’’ Fermi surface whose volume counts both the con-
duction and d electrons: the FL phase is the accepted de-
scription of many ‘‘heavy fermion’’ rare-earth intermetal-

lics. However, recent experiments on YbRh2ðSi0:95Ge0:05Þ2
have observed an unusual phase for which the FFL is an
attractive candidate [16].
Here, we will describe the spin liquid of the FFL by the

gapless mean-field state of Sachdev and Ye [17] (SY). We
will then find that physical properties of the FFL are
essentially identical to those of the present theories of
holographic metals. Similar comments apply to other gap-
less quantum liquids [18] which are related to the SY state.
This agreement implies that nonzero density matter de-
scribed by the SY (or a related) state is a realization of the
near-horizon, AdS2 ! R2 physics of Reissner-Nordström
black holes.
We begin with a review of key features of the present

theory of holographic metals. The UV physics is holo-
graphically described by a Reissner-Nordström black
hole in AdS4. In the IR, the low-energy physics is captured
by the near-horizon region of the black hole, which has a
AdS2 ! R2 geometry [4]. The UV theory can be written as
a SUðNcÞ gauge theory, but we will only use gauge-
invariant operators to describe the IR physics. We use a
suggestive condensed matter notation to represent the IR,
anticipating the correspondence we make later. We probe
this physics by a ‘‘conduction electron’’ ck" (where k is a
momentum and " ¼ " , # a spin index), which will turn out
to have a Fermi surface at a momentum k ' jkj ¼ kF. The
IR physics of this conduction electron is described by the
effective Hamiltonian [4,7]

H ¼ H 0 þ H 1½d; c* þ HAdS (1)

H 0 ¼
X

"

Z d2k

4#2 ð"k + !Þcyk"ck"; (2)

with ck" canonical fermions and "k their dispersion, and

H 1½d; c* ¼
X

"

Z d2k

4#2 ½Vkd
y
k"ck" þ V,

kc
y
k"dk"*; (3)

with Vk a ‘‘hybridization’’ matrix element. The dk" are
nontrivial operators controlled by the strongly coupled IR
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SYK model and charged black holes
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2
2

Gauge field: A =
E
⇣
dt
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Remarkably, the correspondence between charged black holes and the
SYK model also holds for the leading fluctuations at higher temper-
atures: both are described by a ‘Schwarzian’ theory with emergent
SL(2,R) and U(1) gauge symmetries. For the black hole, the Schwarzian
describes the fluctuations of the boundary between AdS2 and AdS4.
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A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)

IEM =

Z
dd+2x

p
g


� 1

22

✓
Rd+2 +

d(d+ 1)

L2

◆
+

1

4g2F
F 2

�
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Solutions of IEM have metric and gauge field (F = dA)

ds2 = V (r)d⌧2 + r2d⌦2
d +

dr2

V (r)
, iµ

 
1� rd�1

0

rd�1

!
d⌧

V (r) = 1 +
r2

L2
+

⇥
2

r2d�2
� M

rd�1
.

where d⌦2
d is the metric of the d-sphere. All parameters of the solution are

determined in terms of the chemical potential µ, and the Hawking temperature

of horizon, T .
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• The total charge in the black hole is

Q =
Rd�1

h

p
2d [(d+ 1)R2

h + (d� 1)L2]

2gF

• The Bekenstein-Hawking entropy remains finite as T ! 0 (sd
is the area of the d-dimensional surface of a unit sphere)

S(T ! 0) = s0 + . . . , s0 =
2⇡sd
2

Rd
h
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Charged black holes

A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)

In the T ! 0 limit, at fixed µ, we obtain a charged black hole
solution with radius r0(T ! 0, µ) = Rh. All properties of this
black hole can be expressed in terms of Rh
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• The total charge in the black hole is

Q =
Rd�1

h
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• The Bekenstein-Hawking entropy remains finite as T ! 0 (sd
is the area of the d-dimensional surface of a unit sphere)
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Charged black holes
In the T ! 0 limit, at fixed µ, we obtain a charged black hole
solution with radius r0(T ! 0, µ) = Rh. All properties of this
black hole can be expressed in terms of Rh
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• In the near-horizon region, we change co-ordinates from r to
⇣ so that

r �Rh =
R2

2

⇣
, R2 =

LRhp
d(d+ 1)R2

h + (d� 1)2L2
.

Then the near-horizon metric becomes AdS2⇥ Sd, with

ds2 = R2
2


�dt2 + d⇣2

⇣2

�
+R2

hd⌦
2
d , A =

E
⇣
dt .

where the dimensionless electric field E is

E =
gFRh

p
2d [(d+ 1)R2

h + (d� 1)L2]

2 [d(d+ 1)R2
h + (d� 1)2L2]

.
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AdS2 ⇥ S2

ds2 = (d⇣2 � dt2)/⇣2 + d~x2

Gauge field: A = (E/⇣)dt
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A. Sen, JHEP 0509, 038 (2005)

• The entropy s0, the charge Q, and the dimensionless
electric field E obey

ds0
dQ = 2⇡E
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The Schwarzian theory and black holes
• Reparameterization invariance is a defining property

of Einstein’s theory of gravity

• In imaginary time, AdS2 is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)
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ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d
with ad� bc = 1.
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A. Kitaev, 2015
J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857                             



• Reparameterization invariance is a defining property
of Einstein’s theory of gravity

• In imaginary time, AdS2 is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)

<latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="8TyBpxjKBFNmszKRbPPOr0okq+M=">AAACAXicbZDNSsNAFIUn9a/GqnXtJlgEFxISRXQpuHFZwf5AG8pkctMOnUzCzE21hL6AK8F3cSc+h6/iymnahbYeGPg4Z4Z754SZ4Bo978uqbGxube9Ud+29mr1/cFivtXWaKwYtlopUdUOqQXAJLeQooJspoEkooBOO7+Z5ZwJK81Q+4jSDIKFDyWPOKBqrOag3PNcr5ayDv4QGWWpQ/+5HKcsTkMgE1brnexkGBVXImYCZ3c81ZJSN6RB6BiVNQJ9HE57pEoOi3HjmnJowcuJUmSPRKd3fjwuaaD1NQnMzoTjSq9nc/C/r5RjfBAWXWY4g2WJQnAsHU2f+fSfiChiKqQHKFDdrO2xEFWVoSrL7GkyDcoijoo/wjE88MnOKS/eKy5npyl9tZh3aF67vuf6DR6rkmJyQM+KTa3JL7kmTtAgjEXkhb9ar9W59LDqtWMtyj8gfWZ8/V06bLg==</latexit><latexit sha1_base64="seTj3vc04OANguavgNU2yOfKbIA="></latexit><latexit sha1_base64="Tgr1IsTsVSCjB5/pQnxVSDYYMEQ="></latexit><latexit sha1_base64="uUGBcTFiIwW10MdfYM+FpJ41zCY="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit><latexit sha1_base64="czR51U4y8WiLwUuYvoW46W/24j8="></latexit>

P. Nayak, A. Shukla, R.M. Soni, S.P. Trivedi, and V. Vishal, arXiv:1802.09547
U. Moitra, S. P. Trivedi, and V. Vishal, arXiv:1808.08239
P. Chaturvedi, Yingfei Gu, Wei Song, Boyang Yu, arXiv:1808.08062
A. Gaikwad, L.K. Joshi, G. Mandal, and S.R. Wadia, arXiv:1802.07746

Semiclassical fluctuations about the
saddle-point of Einstein-Maxwell
theory of a charged black holes in
d � 2 spatial dimensions lead to
the same Schwarzian+phase the-
ory of fluctuations.

<latexit sha1_base64="l2BTaW4Ru1Ey+YX87FEPKePQXMQ="></latexit><latexit sha1_base64="l2BTaW4Ru1Ey+YX87FEPKePQXMQ="></latexit><latexit sha1_base64="l2BTaW4Ru1Ey+YX87FEPKePQXMQ="></latexit><latexit sha1_base64="l2BTaW4Ru1Ey+YX87FEPKePQXMQ="></latexit>

The Schwarzian theory and black holes

https://arxiv.org/search/hep-th?searchtype=author&query=Vishal%2C+V
https://arxiv.org/search/hep-th?searchtype=author&query=Song%2C+W


Charged black holes

S. Sachdev,  arXiv:1902.04078

We write the (d+2)-dimensional metric g of IEM in terms of a two-dimensional

metric h and a scalar field �:

ds2 =
ds22
�d�1

+ �
2 d⌦2

d
.

The Einstein-Maxwell and Gibbons-Hawking actions reduce to and extension of

Jackiw-Tietelbaum gravity (x ⌘ (⌧, ⇣))

IEM =

Z
d2x

p
h


� sd
22

�
d R2 + U(�) +

Z(�)

4g2
F

F 2
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@

dx
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hb�
d K1

The explicit forms of the potentials U(�) and Z(�) are,

U(�) = � sd
22

✓
d(d� 1)

�
+

d(d+ 1)�

L2

◆
, Z(�) = sd�

2d�1 .

The exact saddle point of � relates to Rh the horizon radius at T = 0

�(⇣) = Rh +
R2

2

⇣
, Rh ⌘ L

gF


(d� 1)(µ2

0
2
(d� 1)� dg2

F
)

d(d+ 1)

�1/2
,

while the near-horizon, low T ⌧ 1/Rh metric is AdS2

ds22 =
R2

2R
d�1
h

⇣2


(1� 4⇡2T 2⇣2)d⌧2 +

d⇣2

1� 4⇡2T 2⇣2

�
;R2 =

LRhp
d(d+ 1)R2

h
+ (d� 1)2L2
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Charged black holes

S. Sachdev,  arXiv:1902.04078

The field coupling to R2 is �d

[�(⇣)]d = Rd

h
+

�1

⇣
+ . . . , �1 = dRd�1

h
R2

2,

We choose the boundary of the AdS2 region at bulk co-ordinates (f(⌧), ⇣(⌧))
with the induced boundary metric fixed at (R2

2R
d�1
h

/⇣2
b
)d⌧2 by choosing

⇣(⌧) = ⇣bf
0(⌧) + ⇣3

b

 
[f 00(⌧)]2

2f 0(⌧)
� 2⇡2T 2 [f 0(⌧)]

3

!
+ . . . .

Finally, we evaluate IGH along this boundary curve

I1[f ] = � �

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧} ,

where

� =
4⇡2sd�1

2
,

matches the linear-in-T co-e�cient of the specific heat of the full Reisner-
Nordstorm solution in d+ 2 dimensions.
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The Schwarzian theory and black holes
• The Einstein-Maxwell theory leads to the following

parameters for the Schwarzian+phase theory

K =
dQ
dµ

����
T=0

=
2(d� 1)L2sdR

d�3
h

⇥
d(d+ 1)R2

h + (d� 1)2L2
⇤

(d+ 1)g2F
2

S(T ! 0,Q) = s0 + �T + . . .

� =
4⇡2dsdL2Rd+1

h

2(d(d+ 1)R2
h + (d� 1)2L2)

.
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Quantum matter without quasiparticles

• Planckian dynamics is realized in the ‘solvable’ SYK

models

• Black holes thermalize in a time ⇠ ~/(kBTH), where TH

is the Hawking temperature.

• A Schwarzian theory of a time reparameterization mode,

with SL(2,R) symmetry, describes the quantum dynam-

ics of

– the SYK models

– black holes with near-extremal AdS2 horizons
<latexit sha1_base64="UZx8bcKAyUV9B1apx3Z6lfQCLvs="></latexit><latexit sha1_base64="UZx8bcKAyUV9B1apx3Z6lfQCLvs="></latexit><latexit sha1_base64="UZx8bcKAyUV9B1apx3Z6lfQCLvs="></latexit><latexit sha1_base64="UZx8bcKAyUV9B1apx3Z6lfQCLvs="></latexit>


