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Remarkable recent observation of

‘Planckian’ strange metal transport in cuprates,
pnictides, magic-angle graphene, and
ultracold atoms: the resistivity, p, is

m™* 1

independent of the strength of interactions!



Remarkable recent observation of ‘Planckian’ strange metal transport
in cuprates, pnictides, magic-angle graphene, and ultracold atoms: the
resistivity is associated with a universal scattering time ~ h/(kgT).
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Material n m* Arld | h/(2e* Tr)
107 m3) | (mo) Q/K) | @/K)
Bi12212 p=0.23 6.8 84+1.6 8009 74x14
Bi2201 | p~04 35 7415 g +2 g +2
LSCO p=0.26 7.8 98 +1.7 82x1.0 89+1.8
Nd-LSCO| p=0.24 7.9 12 +4 74+£08 [ 106374 0.7+x04
PCCO x=0.17 8.8 24 +0.1 1.7+0.3 2.1+0.1
LCCO x=0.15 9.0 3003 [ 30045 | 26+0.3
TMTSF | P =11 kbar 14 1.15+£02 | 28+0.3 2804

Slope of T-linear resistivity vs Planckian limit in seven materials.
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Black Holes

Objects so dense that light 1s
gravitationally bound to them.

In Einstein’s theory, the
region inside the black hole
horizon is disconnected from

the rest of the universe.

2GM
2

Horizon radius R =
C
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e The ring-down is predicted by General Relativity to happen in a

STGM
time 2 ~ 8 milliseconds. Curiously this happens to equal
c
h
so the ring down can also be viewed as the approach of a
kTy

quantum system to thermal equilibrium at the fastest possible ratel



e Black holes have an entropy and
a temperature, Ty = he’ /(8nGMEkg).

BlCle e The entropy is proportional to

their surface area.
holes
e They relax to thermal equilib-

rium in a Planckian time ~ A/(kgTy).




e Black holes have an entropy and
a temperature, Ty = he’ /(8nGMEkg).

BlCle e The entropy is proportional to
holes

their surface area.

e They relax to thermal equilib-
rium in a Planckian time ~ A/(kgTy).

Holography:

Quantum black holes “look like”
quantum many-particle systems
without quasiparticle excitations,
residing “on’ the surface of the black hole

J. Maldacena, I|TP 38, I | I3 (1999);S.S. Gubser, |.R. Klebanov, and A.M. Polyakov Phys. Lett. B 428, 105 (1998);
E.Witten, Adv.Theor. Math. Phys. 2,253 (1998)



https://arxiv.org/search/hep-th?searchtype=author&query=Gubser%2C+S+S
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(What are quasiparticles ? ]

e (Quasiparticles are additive excitations:
The low-lying excitations of the many-body system
can be identified as a set {n,} of quasiparticles with
energy &,

E =), Naca+ Za,ﬁ Fopnong + ...

In a lattice system of IV sites, this parameterizes the energy
of ~ e*V states in terms of poly(/N) numbers.



Ordinary metals and quasiparticles

e (Quasiparticles eventually collide with each other. Such collisions even-
tually leads to thermal equilibration in a chaotic quantum state, but the
equilibration takes a long time. In a Fermi liquid, this time diverges as

hES
Teq ™ 9
1 U2(kpT)?

as 1" — 0,

where U is the strength of interactions, and E g is the Fermi energy.

e Similarly, a quasiparticle model implies a resistivity
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p=——5—~U"T" with 7~ T¢q

.:.‘&-\'

/
I\

A

Y

\l
?“:‘-‘ 1

.~." \ !'.\\ .|
AN
{




Ordinary metals and quasiparticles

e (Quasiparticles eventually collide with each other. Such collisions even-
tually leads to thermal equilibration in a chaotic quantum state, but the
equilibration takes a long time. In a Fermi liquid, this time diverges as

hES
Teq ™ 9
1 U2(kpT)?

as 1" — 0,

where U is the strength of interactions, and E g is the Fermi energy.
e Similarly, a quasiparticle model implies a resistivity

m* 1
p = 2—NU2T2 with 7 ~ Teq
nes T

e These times are much longer than the
‘Planckian time’ h/(kgT'), which we will
find in systems without quasiparticle excitations.

h
as 1" — 0.

T Taq > —— : _ =)
V7 kT N




A simple model of a metal with quasiparticles

N
1
_ E( o ET
H—( )1/2 tijC,Cj — [ C, C;

i j=1 i

T T,
] _I_Cjc’i — 5@'

%Zczci =X0,

cic; +cjci =0 , coc

t;; are independent random variables with ¢;; = 0 and |¢;,]? = ¢

Fermions occupying the eigenstates of a
N x N random matrix



A simple model of a metal with quasiparticles

Feynman graph expansion in ¢;; , and graph-by-graph average,
yields exact equations in the large IV limit:

G(r) = —T. <cz-(7)cfg (0)>

1
W) = Y1) = 2
Gliw) = g+ 50 = G0
Gir=0")=0Q.
G(w) can be determined by solving a quadratic equation.
A
plw) =
— 2Im G(w)

—Qt—_,u 0 Qt;u u;



A simple model of a metal with quasiparticles

Let ¢, be the eigenvalues of the matrix ¢;;/ V' N.
The fermions will occupy the lowest N O eigen-
values, upto the Fermi energy Er. The single-
particle density of states is

p(w) — (/N) Za 5((,0 — 504)7 and pg = p(w — O)

A . ~

plw) = Ea level
ing ~1/N
spacing / )




A simple model of a metal with quasiparticles

The grand potential (7") at low T is (from the Sommerfeld expansion)
2
QGU—EW:N<—€mﬂQ+OUﬂ>+”.

where pg = p(0) is the single particle density of states at the Fermi level.
We can also define the many body density of states, D(FE), via

7 = e UD)/T /OO dED(E)e E/T

The inversion from €(7T') to D(F) has to performed with care (it need not commute
with the 1/N expansion), and we obtain

3 N

2N po(E — E 1
D(E)Nexp<7r\/ ol 0)> ., E>Ey, — < po(E—Ep) <N

and D(FE) = 0 for E < Ey. This is related to the asymptotic growth of the partitions
of an integer, p(n) ~ exp(m+/2n/3). Near the lower bound, there are large sample-
to-sample fluctuations due to variations in the lowest quasiparticle energies.



A simple model of a metal with quasiparticles

 Many-body |
level spacing

—\_ ~27Y

g (Quasiparticle A
excitations with

> ing ~
_ spacing 1/N y

There are 2"V many
body levels with energy

N
E = E NaCas
a=1

where n, = 0,1. Shown

are all values of F for a
single cluster of size

N = 12. The ¢, have a

level spacing ~ 1/N.



A simple model of a metal with quasiparticles

Now add weak interactions

_ T T T
_ 1/2 thczcﬂ “ZCGZ 2N)3/2 Z Uijske ¢5€ 7CkCe

7.7 1 ,j,k,e 1

U;;.xe are independent random variables with U;;.xe = 0 and |U;;..¢|2 = U?. We
compute the lifetime of a quasiparticle, 7, in an exact eigenstate (%) of the
free particle Hamitonian with energy ¢,. By Fermi’s Golden rule, for ¢, at the
Fermi energy

Ti - wU2p8/d55d57d55f(55)(1 — f(ey))(1 = f(gs))0(ea + 25 — €y — &5)
WSUQPSTQ
B 4

where pg is the density of states at the Fermi energy, and f(e) = 1/(e¥/T +1) is
the Fermi function.

Fermi liquid state: Two-body interactions lead to a scattering time
of quasiparticle excitations from in (random) single-particle eigen-
states which diverges as ~ T2 at the Fermi level.
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random matrix model

.
2. Quantum matter without quasiparticles:

.

the complex SYK model

~

J

3. Fluctuations, and the Schwarzian
4. Models of strange metals

5. Einstein-Maxwell theory of charged
black holes in AdS space



The complex SYK model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, ). Flores, |.B. French, PA. Mello, A. Pandey, and S.S.M.Wong, Rev. Mod. Phys. 53, 385 (1981))

1
_ Al e
= GNP Z UaB;ys CoCpCyCs + € C5Coq
()4,6,7,5:1 o
CaCs +CgCq =0 | cac; + c;ca = 0ap
1
Q — AT ;rx Ca
N 87
Uap.~s are independent random variables with U,g..s = 0 and |Uyg.~s|? = U?
N — oo yields critical strange metal.

S.Sachdev and |.Ye, PRL 70, 3339 (1993)
A. Kitaey, unpublished; S. Sachdev, PRX 5,041025 (2015)



The complex SYK model

Feynman graph expansion in U,g.~s, and graph-by-graph average, yields
exact equations in the large N limit:

D S.Sachdev and .Ye,
PRL 70, 3339 (1993)




The complex SYK model

The large NV limit is given by the
sum of “melon” Feynman graphs

For long times 7 > 0

A

o (T)C! = —

< ( ) a(0)> ﬁA
el (T)e, — e 2TE
(A eal0) = o2

The parameter £ = C (¢/U) determines
the particle-hole asymmetry,

and has a universal “Luttinger” relation to Q.
In a Fermi liquid,

(cam)ek(0)) = (eh(r)ea(0)) = A/r




The complex SYK model

Solution of these equations, and of the free energy, yields universal results
for the SYK model with ¢ fermion terms. These results are quantitatively
unchanged by adding additional higher ¢ fermion terms:

e At long times, and at T = 0, G(7) ~ |7|722 with A = 1/q (=
indication there are no quasiparticles)

e At general charge O, there is a spectral symmetry determined by a
parameter &:

—2A
—T T >0
~ 1T'=0
G(T) { 6—27r5(_7_)—2A <0 :
e There is a universal ‘Luttinger relation’ between —oo < & < oo and
the total charge 0 < Q < 1 A. Georges, O. Parcollet,
and S. Sachdev, PRB 63,
. 134406 (2001)
627T5 _ Sln(ﬂ-A + (9) R. Davison,Wenbo Fu,
SiIl(T('A — 9) A. Georges,Yingfei Gu,
9 ! 26)) K.Jensen, S.Sachdev, PRB
1 sin 95, 155131 (2017)
QL = 5 o AN (
2 2 ) sin(2wA)



The complex SYK model

Solution of these equations, and of the free energy, yields universal results
for the SYK model with ¢ fermion terms. These results are quantitatively
unchanged by adding additional higher ¢ fermion terms:

e At T' > 0, we obtain a solution with a conformal structure
6—271‘8T7' T 1/2
G(t)=-A , O0< 7 <1/T,
(7) V1 + e—4mE <sin(7rT7')> ! /

where the ‘particle-hole asymmetry’ is determined by £

A. Georges and O. Parcollet PRB 59,5341 (1999)
S.Sachdey, PRX 5,041025 (2015)



The complex SYK model

The equations for the Green’s function can also be solved at non-
zero I'. At e =& =0 we “guess” the solution

7'l P
= B
G(7) 5gn(7) sin(7w1'T)
Then the self-energy is
T |°°
Z _ 2B3 T
(r)=U sgn(7) sin(7w1'T)

A. Georges and O. Parcollet
PRB 59, 5341 (1999)



The complex SYK model

The equations for the Green’s function can also be solved at non-
zero I'. At e =& =0 we “guess” the solution

7'l P
= B
G(7) 5gn(7) sin(7w1'T)
Then the self-energy is
T |°°
Z _ 2B3 T
(r)=U sgn(7) sin(7w1'T)

Taking Fourier transforms, we have as a function of the Matsubara
frequency wy,

Tp—l 1B (8 . Wn, ) A. Georges and O. Parcollet
. L 9 9T PRB 59, 5341 (1999)
G(iw,) = [iBII(p)] - (1 Iz N W, )
2 27Tl
T
Yeing (iwn) = [iU?B’II(3p)]

3p  wny ’
'({1-— —
( 2 * 27TT>



The complex SYK model

(e
2 * 27T

G(iwn) = [iBII(p)] D Wn
b (1 2 | 27TT)
3p-1p [ 3P, Wn
TP~ T | — +
Zsing(iwn) _ [ZUZBSH(S[))] ( 2 27TT>

3p wy ’
L1——
( 2+27TT>

where we have dropped a less-singular term in >, and

S

I(s) = 7°12° cos (7) 0(1 - s).

Now the singular part of Dyson’s equation is A. Georges and O. Parcollet
PRB 59,5341 (1999)

G (twn, ) Xging (twy ) = —1

Remarkably, the I' functions appear with just the right arguments,
so that there is a solution of the Dyson equation at p = 1/2!
S0 the Green’s functions display thermal ‘damping’ at a

scale set by 1" alone, which is independent of U.



The complex SYK model - N

G?YK(@ hw/(kpT)) =

T 1_ 1hw
—Cle™ 4 2rkgT

+¢g> —ImG*(w)[€=0 - J

(2nT)1/2 (3 ihw

4 QWszj
6271.5 o Sln(ﬂ-/4—|—€)
 sin(w/4 — 0)

1/4
C = .
<U2 cos(20) >

i)

. Planckian dynamics
with peak width ~ kgT'/h
_ and independent of U |

-6 -4 -2 0 2 4 6
A. Georges and O. Parcollet PRB 59,5341 (1999)
S. Sachdev, PRX 5, 041025 (2015) hw/(kgT)



The complex SYK model -

G?YK(@ hw/(kpT)) =

1 1hw
(== '
—iCe~ (4 kT Zg)
(27T)1/2 _ (3 ihw 2\
(2 _
4 QWICBT i Zg
6271.5 o Sln(ﬂ-/4 —|— 6)
 sin(w/4 — 0)
1/4
C = .
<U2 cos(29)>
E=—-0.26—

—ImG*(w)[€=0 -

1.0 -

& =0.26

Planckian dynamics

with peak width ~ kgT'/h
and independent of U -

L

-6 -4 -2
A. Georges and O. Parcollet PRB 59,5341 (1999)
S.Sachdey, PRX 5,041025 (2015)

0 2 4

hw/(kGBT)



The complex SYK model

We now examine the behavior of the chemical potential, u, as T — 0 at
fixed Q. For this we relate the long-time ‘conformal” Greens function, (valid
for 7> 1/U) to its short-time behavior. In particular at |w,| > U we have

. 1 noo
G(’Lwn) — iwn (@'wn)Q e e

which implies for the spectral density of the Green’s function, p(€2)

uz—/oo @Qp(ﬁ),

o T

which makes it evident that pu depends only upon the particle-hole asym-
metric part of the spectral density. Next, we can relate the () integrals to
the derivative of the imaginary time correlator

nw=—-0.G(tr=0")—-0,G(r = (1/T)7).



The complex SYK model

We pull out an explicitly particle-hole asymmetric part of G(7) by defining

1
Gr)=e *™1"G.(1) , 0<o< 7

where GG. will be given by a particle-hole symmetric conformal form at low
T and low w. Then we obtain

p o= 2rET |G(r=0")+G(r=(1/T)7)]
+ terms dependent on G,
= —2w&T + terms dependent on G,

It can be shown that all the terms dependent upon GG, have a 1" dependence
that is weaker than linear in 7" provided @ is held fixed. Hence we have

= g — 2w€&T + terms vanishing as T? with p > 1

with pg a non-universal constant. From this relation we obtain



The complex SYK model

with pg a non-universal constant. From this relation we obtain

oL
— — — T —
<8T>Q 2rE 0,

Using a Maxwell relation we then have

1 [0S
— == ] =2 T — 0.
N<0Q)T & # 0 as 0



The complex SYK model

Solution of these equations and corresponding evaluation of the free en-
ergy yields the following universal results (7.e. all results are quantitatively
unchanged by adding additional higher ¢ fermion terms):

e There is a non-vanishing entropy in the zero temperature limit

A. Georges, O. Parcollet, and S. Sachdev, PRB 63, 134406 (2001)



The complex SYK model

Solution of these equations and corresponding evaluation of the free en-
ergy yields the following universal results (7.e. all results are quantitatively
unchanged by adding additional higher ¢ fermion terms):

e There is a non-vanishing entropy in the zero temperature limit

e The saddle point equations imply the relation

dSO
70 9
10 &

Integrating this relation from sg = 0, @ = 0, allows us to compute sg
as a function of O.

A. Georges, O. Parcollet, and S. Sachdev, PRB 63, 134406 (2001)



The complex SYK model

" Many-body
level spacing ~

g&—]\f _ €—N1n2J

rNom—quasipaurtic:l@

excitations with

—NSQ

- Aspacing ~ €

_J

There are 2"V many body levels
with energy E. Shown are all
values of E for a single cluster of
size N = 12. The 1" — 0 state has
an entropy Sqgps = Nsg, where
So < In2 is determined by
integrating

@:27#;.

dQ
At Q=1/2,

G

T

In(2
(2) _ 464848 .

S0

where G 1s Catalan’s constant.

GPS: A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)

W. Fu and S. Sachdev, PRB 94, 035135 (2016)
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The SYK model

S.Sachdev and ].Ye, Phys. Rev. Lett. 70, 3339 (1993)



The SYK model

At frequencies < U, the w

1 can be dropped,

and without it equations are invariant under the
reparametrization and gauge transtormations.
The singular part of the self-energy and the Green’s

function obey

B
/ 07> Saine (71, 72) G (72, 73) = —3(71 — 73)
0

Esing (7-17 7-2) — _U2G2 (7-17 TQ)G<TQ7 7-1)

A. Kitaey, 2015
S.Sachdev, PRX 5, 041025 (2015)



The complex SYK model
5
/o dry X1, T2)G (T2, T3) = —0(T1 — T3)
Z(Tl,TQ) — —U2G2(7‘1,7’2)G(TQ,7’1)

These equations are invariant under

r = f(o)

T.70) = [f' (o) f (o ~1/4 9(01) Yo o
G( 1 2) [f( 1)f( 2)] 9(0_2) G( 1, 2)
T.70) = [f (o) f (o _3/4g(01)N0 o
Y(71,7m2) = [f(01)f (02)] o(02) Yi(o1,02)

where f(o) and g(o) are arbitrary functions.
By using f(o) = tan(nTo)/(7nT) and
g(0) = 72719 we can now obtain

the T > 0 solution from the 7' = 0 solution.
A. Kitaey, 2015

S. Sachdev, PRX 5, 041025 (2015)



The SYK model

Let us write the large N saddle point solutions of S as

GS(Tl_TQ) ~ (7’1—7'2)_1/2

25(7'1—7'2) ~ (7’1—7'2)_3/2.
The saddle point will be invariant under a reperamateri-
zation f(7) when choosing G(11,72) = Gs(11 — 73) leads
to a transformed G(o1,02) = Gs(01 — 02) (and similarly
for ). It turns out this is true only for the SL(2, R)
transformations under which

at + b

- e =1.
f(r) T d ad — be

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.

A. Kitaev



Fluctuations
e The saddle-point

—2wET (11 —72)

V1 + e—4mE <Siﬂ(7TT(€1 - 72))>2A

€

G(Tl_TQ): A

is invariant only under PSL(2, R) transformations which map
the thermal circle onto itself, and an associated gauge trans-
formation

tan(77'T)
tan(7Tf(7)) 4 -
= , ad—bc=1,
T tan(77'T)
C - d
il

—1p(T7) = —igpg + 27ET (1 — f(1))
A. Kitaev, 2015
R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017)



Infinite-range (SYK) model without quasiparticles

After introducing replicas a = 1...n, and integrating out the dis-
order, the partition function can be written as

I p
Z = /DCm(T) eXp —Z/ dr C:lra, (% - ) Cia
1a 0

U? g T e
e > / drdr’ | el (T)ein(r")
ab 0

4

For simplicity, we neglect the replica indices, and introduce the
identity

B
1:/DG(7—177_2)DZ(7_177_2>6XP _N/ dTldTQZ(T17T2) (G(7_277_1)
0

+ % Zci(’@)cj(ﬁ))




Infinite-range (SYK) model without quasiparticles

Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

7 = /DG(Tl,Tg)DE(Tl,Tg) exp(—N.S)
S =1Indet [0(my — 12)(0r, + 1) — X(71, T2)]
+ /dﬁdTQ 2(71, 12)G (12, m1) + (U2 /2)G* (12, 1) G (71, T2)]

At frequencies < U, the time derivative in the determinant is less
important, and without it the path integral is invariant under the

reparametrization and gauge transformations A. Georges and O. Parcollet
PRB 59, 5341 (1999)
L f( ) A. Kitaev, 2015
r=J\o S. Sachdev, PRX 5, 041025 (2015)
—1/4 o)
G(r,m) = [f'(01) [ (02)] "/ (1) G(o1,02)
g(o2)
—3/4 o)
S(11,72) = [f'(00) f'(02)] (1) Y(01,02)

where f(o) and g(o) are arbitrary functions.



The SYK model

Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z = /DG(Tl,Tl)DE(Tl,TQ)G_NS[G’E]

for a known action S|G, 3]. We find the saddle point, G4, ¥, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(r1,72) = [f' (1) f' ()] V4G (f(11) — f(72))e! @) 7000

(and similarly for ). Then the path integral is approximated by
2= [ Dp(rIDo(rIe B/ TN NSl

where Fy oc IV is the ground state energy.

J. Maldacena and D. Stanford, arXiv:1604.07818;

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdey, arXiv.1612.00849;

S.Sachdev, PRX 5, 041025 (2015); J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;
K.Jensen, arXiv:1605.06098; |. Engelsoy, T.G. Mertens, and H.Verlinde, arXiv:1606.03438



Fluctuations

Symmetry arguments, and explicit computations, show that the effective action is

/T /T
Salf.dl= =5 | dr@.¢+ieneT)o, - 15 [ dr{tan(Tf(r). 7).
0 ™ Jo

where f(7) is a monotonic map from [0,1/7] to |0,1/T], the couplings K, v, and £
can be related to thermodynamic derivatives and we have used the Schwarzian:

2
B g/// 3 g//
{97 T} T g/ 2 ( g/ ’

Specifically, an argument constraining the effective at I' = 0 is

at + b

Sar | 1) = 20, 0(r) = 0| =0,

and this is origin of the Schwarzian.

J. Maldacena and D. Stanford, arXiv:1604.07818;
R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017);
A. Gaikwad, L.K. Joshi, G. Mandal, and S.R.WVadia, arXiv:1802.07746



Fluctuations

We use the parameterization

f(r) =7+ €(7), (1)

and express the action in terms ¢(7) and €(7). The energy and density operators
are defined by

B() = i) = ol . 90()

i 65,
- N &Y () 2)

Introducing,

~

o(1) = o(1) +i2nETe(T) (3)
and expanding S.g to quadratic order in ¢ and €, we obtain the Gaussian action

S¢.e KT 2

= —— W

2 Tﬂy
oo KT S e+l Y R —Ar e P+ ()
wn 70 |wn |#0,27T

where w,, is a Matsubara frequency. Note the restrictions on n = 0, &1 frequen-
cies, which are needed to eliminate the zero modes associated with PSL(2, R)

and U(1) invariances.

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017)



Fluctuations

In terms of ¢(7) and e(7), the fluctuations in the ther-
modynamic observables are

5Q(r) = iK¢/(T)
SE(T) — 106 Q(1) = —4%2[e"’(7)+4W2T26’(7)]+¢27TK5T5’(T). (5)

Now we compute the correlators of these observables in the Gaussian action.
We have for the two-point correlator of ¢(7)

(3(r)3(0)) = - 3

:NKW#O w2

1 |1 1\° 1 ©
Sp— e (g A, | — for 0 < T 1

NKT 2( T 2) 04| TUSATSS

and extended periodically for all 7 with period 1/T. Similar for €(7)

AT elwnT
0 —
€M) = Fr D B
|wn |7#£0,27T
2
1 1 1 1 1 5 1 1Y\ .
= Ny |7 a2 (TT - 5) g cos@mIT) o (TT - 5) sin(2r 1)
for 0 < T < 1. (7)

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017)



Fluctuations

We confirm that the correlators of the conserved densities are 7-independent;

their second moment correlators, which define the matrix of static susceptibility
correlators, are given by

1 ( —(0%2Q/0u?)r —(82Q/8u8T)M)

Xs =N\ —T(02Q/0p0T),, —T(62°Q/0T?),

1 ( ((6Q)?)  ((0E — ndQ)sQ) /T )
T\ (0B - usQ)sQ)  ((5F — pn6Q)2) /T

1 K 2nKE
N\ 2rKET (v +4m?E?K)T
From this we obtain the relationship between the couplings K and 7 in the

effective action. After application of some thermodynamic identities, we can
write these as

31, O2F )y
K — — _— — —_— — — _ .
( Op >T - <3T2 ) o =T <<‘9T ) o )

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017)



Fluctuations

We can also evaluate the path integral over the Gaussian action in (4). Here
we consider only the integral over the Schwarzian modes, and consider the phase
modes later. From such a Gaussian integral we find

N~T 1 1
InZ(T) = Nsg + % -5 | ;:2 Tln [4—7;60"21(“"%” — 47r2T2)] (10)

Evaluating the summation using ¢ function regularization we find

E N~T 3 c1d
InZ(T) = —TO—I—NSO—%% —5 n(lT) (11)

where ¢ is a non-universal constant. We can now invert the following equation
Z(T) = / dED,(E)e E/T (12)

to obtain the density of states of the Schwarzian

Dy(E) o eN% sinh (\/ZNW(E - EO)) (13)

Note that the eV N7(E—Eo) component of this is similar to the quasiparticle case,
but the complete expression is very different.

R. Davison,Wenbo Fu,A. Georges,Yingfei Gu, K. Jensen, S. Sachdev, PRB 95, 155131 (2017)



Fluctuations

2.5.1 Partition function

Going beyond the large N limit, and to higher order in 7', the grand partition function is given
by a path integral of the effective action in (1.8)

2(8) = exp (=5%) | grofamis e (<Ll ) (2.87)

where we have divided the integral by the volume of SL(2,R) and U(1) since we should view
SL(2,R) and U(1) as a gauge symmetry. Related partition functions have also been evaluated
recently in Ref. [36].

The Schwarzian path integral over ¢ was evaluated exactly in Ref. [35]. Given the boundary
conditions of ¢(7) and A(7) above (1.8), it is useful to parameterize these fields by

p(r) = 7+2(7)

Mr) = Q%HX() (2.88)

where the ‘winding number’ p is an integer, and % and A are then periodic functions of 7 with
period 3. In the first term in the action (1.8), we can absorb © by a shift in A; then the
remaining dependence on © is only in Schwarzian, and the path integral over © reduces to
precisely that in Ref. [35]. So it remains to only evaluate the path integral over A defined by

/ DA eXp{ N2K N (X(T)H%;)T | (2.89)

Yingfei Gu,A. Kitaey, S. Sachdeyv, and G.Tarnopolsky, to appear



Fluctuations

The path integral Zg(/5) can also be evaluated exactly: it represents a single quantum rotor
in the presence of a field coupling linearly to its angular momentum. Employing (2.88), we
have

Zo(B) = ( f: exp [—QW?K +i€) D/ DA exp[ NQK dr <)\/( ))2} (2.90)

p=—00

The first term in (2.90) is more easily evaluated at very low temperatures, 5J > N, by the
Poisson summation formula. The second term is just the imaginary time amplitude for a ‘free
particle’ of mass 1/(NK) to return to its starting point in a time S [37]. In this manner, we

obtain
Z e 27TNK
V 277 P 2NK 5

n=——aoo

Zo(B) = (

= Z exp[ T ] (2.91)

n=—oo

The integer n clearly has the interpretation of the charge shift in Q) + n in (2.84).
Now we combine the result for the path integral over the Schwarzian in Ref. [35] with (2.91)
to obtain the complete result for Z(5)

Z(B) o exp(—p5Q) < Z exp [—26\7;[( + 27r8n]>

Ny \ Ny
X (%> exp (%) . (2.92)

Yingfei Gu,A. Kitaey, S. Sachdeyv, and G.Tarnopolsky, to appear



Fluctuations

At very low temperatures 8J > N, only the charge n = 0 contributes significantly to the
sum, and then the logarithm of (2.92) yields the leading 1/N correction to the Helmhotz free
energy |7], defined from the canonical partition function

F = Q+pu@Q

_ By - NTs@Q) - T 3Ty« (2.93)

2 2

Note that v is the coefficient of the linear-1" specific heat at fixed Q).
At higher temperatures 1 < 5J < N, we should use the winding number p summation in
(2.90). Then the corresponding expression for Z(() is

Z(B) o exp(—06Q) ( Z exp [_27 éVK(erZ.g)z])

IMNK [ N~v\>? N
x| ; <27%) exp(Z—g). (2.94)

Note that the prefactor of the exponentials is now ~ 372, in contrast to the 3732 in (2.92). At
1 < fJ < N, only the winding number p = 0 term in (2.94) is important, and the logarithm
yields the 1/N correction to the grand potential

N (v + 4m2E2K)T?
2

0=y — + 2T In(J/T) + ... . (2.95)

Now v+ 4m2E? K is co-efficient of the linear-T' specific heat at fixed p [8]. Note also the change
in the co-efficient of the In(J/T") term from 3/2 in (2.93) to 2 in (2.95).

Yingfei Gu,A. Kitaey, S. Sachdeyv, and G.Tarnopolsky, to appear



Fluctuations

2.5.2 Inverse Laplace transform

Finally, we turn to the evaluation of the density of states, D(IE). We will perform the inverse

Laplace transform of (2.85) using the expression in (2.92) for Z(8). In this transform, it is

important that we regard u as independent of g, as should be clear from (2.81) and (2.85).
The inverse Laplace transform of (2.92) proceeds just as in Ref. [35], and we obtain

D(E) x exp (NS(Q)) Y exp (2r€n) sinh (\/QNV(IE “Eo(Q) — n2 /(2NK))) o (2.96)

n

where the prime on the summation indicates that it only extends over values of n for which the
argument of the sinh is real, i.e. for

n® < 2NK(E — E(Q)) . (2.97)

The result (2.96) is plotted in Fig. 2. We can obtain a clearer physical interpretation of (2.96)
by simplifying its dependence on n. We note from (1.7) that

NS(Q) +27&n ~ NS(Q +n), (2.98)

and use (2.84) to obtain one of our main results

D(E) x Y exp (NS(Q + n)) sinh (\/ZNW(]E " Eo(Q) — n? /(QNK))) . (2.99)

This expression has a clear meaning: there is a square-root threshold for each charge sector
Q + n at the energy Eq(Q) + n?/(2NK), which equals Eo(Q +n) at T = 0 by (2.84). The
amplitude of the density of states in each sector is, as expected, the exponential of its entropy
NS(Q+n). Now we can appreciate the role of the ‘shift’ proportional to € in the effective action
in (1.8): it is needed to correct the entropy of the charge sectors from NS(Q) to NS(Q + n).
The sinh form of the density of states in each charge sector is the same as that in the Majorana

SYK model [32,35,7]. Yingfei Gu,A. Kitaey, S. Sachdev, and G.Tarnopolsky, to appear



Fluctuations

20 . . . . .
15]

S 10}
5|
o L=

0 0.01 0.02 0.03 0.04 0.05

E - Eo(Q)
Figure 2: The full line is the density of states in (2.96) for N = 40 with v = K = 27 = 1.
It has square-root thresholds at E — Eq(Q) = n?/(2NK) with n integer. The dashed line is
the approximate form valid when (2.100) holds, and is obtained from (2.101); it corresponds
to ignoring the winding modes in the A path integral in (2.87). Note there is no delta function
at E — Eq(Q) = 0. A delta function is present for the SYK model with unbroken N' = 2

supersymmetry [21,35], and in supersymmetric black holes with AdS, horizons [19,20], and it
accounts completely for the 17" = 0 entropy in these cases.

Yingfei Gu,A. Kitaey, S. Sachdeyv, and G.Tarnopolsky, to appear



Fluctuations

Note that the thresholds in (2.99) are separated by energies of order J/N, and so the
expression (2.99) is best used at E — Ey(Q) of order J/N. At larger energies

J/IN < (E —Eq(Q)) < NJ, (2.100)

we should take the inverse Laplace transform of only the p = 0 term in (2.94). Actually, it
is easier to use the equivalent approximation of converting the n summation in (2.96) to an
integration, to obtain in the regime (2.100)

V2N K (E—Eo(Q))

D(E) o exp (NS(Q))/_\/QNK(E_E = dnexp (2m€n)

x sinh (\/QNV(]E “Eo(Q) — n? /(QNK))) S (2.101)

for E > E¢(Q), and D(IE) = 0 otherwise. This result is shown as the dashed line in Fig. 2. It
vanishes linearly in E — [Eq(Q) at threshold; but (2.100) does not hold near threshold and the
square-root threshold in (2.96) is the correct result. To leading exponential accuracy, we can
evaluate the integral in (2.101) in the saddle-point approximation to obtain

D(E) o exp (NS(Q) + /2N (7 + 4m2€2K)(E — ]EO(Q))> . (2.102)

This is the result expected from the inverse Laplace transform of the grand potential in (2.95).

Yingfei Gu,A. Kitaey, S. Sachdeyv, and G.Tarnopolsky, to appear



Fluctuations

An exact path integral over the effective action leads to the
following physical consequences

e The ground state energy with fermion number NQ + p
(p integer) varies as

P2
E, = FEq -
P 0T ONK
This identifies K with the compressibility K = dQ/du

at ' = 0.

e The low temperature corrections to the entropy are
S(T = 0,Q) = N[so +7T+...} +2n(U/T). ..

This defines 7y as the co-efficient of the linear-in-1" specific
heat (at fixed Q)

D. Stanford and E.Witten, arXiv:1703.04612;A. Kitaev and S. Josephine Suh, arXiv:1711.08467



Fluctuations

An ezxact path integral over the effective action leads to the
following physical consequences

The many-body density of states, D(F), is related to the grand potential,
Q(T) by

7 = SHD/T = /OO dED(E)e E/T

— 0

We obtain

D(E) = i e*™* d(E — E)

p=—00

where VO + p is the integer fermion number,

d(E) ~ exp (N'sg) sinh (\/QNWE) CE>0,eN<yE<N

There are exponentially more low energy states than for the quasiparticle
case, and D(F) self-averages down to energies exponentially small in V.

J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad, S. H. Shenker, D. Stanford, A. Streicher, and M.Tezuka, arXiv:1611.04650;
A.M. Garcia-Garcia and J.J.M.Verbaarschot, arXiv:1701.06593; D. Bagrets, A. Altland, and A. Kameney, arXiv:1702.08902;
D. Stanford and E.Witten, arXiv:1703.04612; A. Kitaev and S.J. Suh, arXiv:1711.08467



The complex SYK model

" Many-body
level spacing ~

g&—]\f _ €—N1n2J

rNom—quasipaurtic:l@

excitations with

—NSQ

- Aspacing ~ €

_J

There are 2"V many body levels
with energy E. Shown are all
values of E for a single cluster of
size N = 12. The 1" — 0 state has
an entropy Sqgps = Nsg, where
So < In2 is determined by
integrating

@:27#;.

dQ
At Q=1/2,

G

T

In(2
(2) _ 464848 .

S0

where G 1s Catalan’s constant.

GPS: A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)

W. Fu and S. Sachdev, PRB 94, 035135 (2016)



Fluctuations

An ezxact path integral over the effective action leads to the
following physical consequences

The many-body density of states, D(F), is related to the grand potential,
Q(T) by

7 = SHD/T = /OO dED(E)e E/T

— 0

We obtain

D(E) = i e*™* d(E — E)

p=—00

where VO + p is the integer fermion number,

d(E) ~ exp (N'sg) sinh (\/QNWE) CE>0,eN<yE<N

There are exponentially more low energy states than for the quasiparticle
case, and D(F) self-averages down to energies exponentially small in V.

J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad, S. H. Shenker, D. Stanford, A. Streicher, and M.Tezuka, arXiv:1611.04650;
A.M. Garcia-Garcia and J.J.M.Verbaarschot, arXiv:1701.06593; D. Bagrets, A. Altland, and A. Kameney, arXiv:1702.08902;
D. Stanford and E.Witten, arXiv:1703.04612; A. Kitaev and S.J. Suh, arXiv:1711.08467



Fluctuations

An ezxact path integral over the effective action leads to the
following physical consequences

e At charge NQ + p, the prefactor of the sinh(/2N~(E — E,)) term is
exp [Nso(Q) + 2mp€| ~ exp [Nso(L + p/N)|

using
dSO
— =27
Q"

Yingfei Gu,A. Kitaey, S. Sachdeyv, and G.Tarnopolsky, to appear
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Fluctuations

An ezxact path integral over the effective action leads to the
following physical consequences

e At charge NQ + p, the prefactor of the sinh(/2N~(E — E,)) term is
exp [Nso(Q) + 2mp€| ~ exp [Nso(L + p/N)|

using
dSO
— =27
Q"

Yingfei Gu,A. Kitaey, S. Sachdeyv, and G.Tarnopolsky, to appear



Many-body Chaos

4.2.  Gravitational contributions to the four-point function

Suppose that we have operators V', W, which are dual to two different fields that are free in AdS,
before coupling to gravity. The gravitational contribution to the four-point function can be computed
as follows. (Some four-point functions were also considered in [3]. These steps are 1dentical to the
ones discussed in [ 16], since the effective action is the same.) We start from the factorized expression

for the four-point function, (V' (¢1) V()W (t3) W (1)) = tZLA zzL . We then insert the reparametrizations
12 "34
(3.11) and (4.5) into (4.4) and expand to linear order in & to obtain

A —
> Blui, uz) 5x>  Blunup) = [8/(741) + &' (u2) — 8(“2“1 é(uz)] -G

i) [2 sin 42 3

We make a similar replacement for t;fA, and then contract the factors of ¢ using the propagator
(4.7). This gives the O(1/C) = O(G) contribution to the four-point function. Note that the bilocal
operator 3 is SL(2) invariant.!” The final expression depends on the relative ordering of the four
points. When uq < u3 < up < uj; we obtain the factorized expression

2
DR TS A28y, ) Blus, ug)) = — (—2+ = )(—2+ o ) (4.9)

FV) (W3 Ws) 2 C tan “i2 tan %34

PTEP 2016, 12C104 J. Maldacena et al.




Many-body Chaos

As discussed in [16], this expression can be viewed as arising from energy fluctuations. Each two-
point function generates an energy fluctuation which then affects the other. Since energy 1s conserved,
the result does not depend on the relative distance between the pair of points. In other words, we can
think of 1t as

1
V1VaW3sWa) gray = O (V1V2) 0 (W3 Wa4) = dg(V1V2)9p{(W3Wa)

= 4.1
—3%,S(M) (.10

95 log Z(B)’
where M 1s the mass of the black hole background, or 8 its temperature, and S(M) or log Z are its
entropy or partition function.'? Both expressions give the same answer, thanks to thermodynamic
identities between entropy and mass.!* If one expands as 12 — 0 we get a leading term going like
u%z, which one would 1dentify with an operator of dimension two. In this case this 1s the Schwarzian
itself, which is also the energy, and it is conserved (3.15). Its two-point functions are constant. !’

It 1s also interesting to evaluate the correlator in the other ordering u4 < uy < u3z < u1. We get

ViWAVo W, A2
(1iwsh; 4>grav_ |:(_2_|_ Uiz )(_2_'_ U34 )—I—

(N Vo) (W3Ws)  2mC tan “42 tan 34
N 27 [Sin(ul—uz%z—u3—u4) _ Sin(u1+u2;u3—u4)] 273 (4 11)

PTEP 2016, 12C104 J. Maldacena et al.




Many-body Chaos

This expression interpolates between (4.9) when u3 = uy and an expression like (4.9), but with
usqs — —2m + u3q, when uz = uy. Note that now the answer depends on the overall separation of
the two pairs. This dependence, which involves the second sine term in the numerator as well as the
uy3 factor, looks like we are exciting the various zero modes of the Schwarzian action, including the
exponential ones. It 1s interesting to continue (4.11) to Lorentzian time and into the chaos region,
which involves the correlator in the out-of-time-order form

A? 2xi B B

2w X C
(V(a)W3(b + )V ()W (1)) ~ %e F > LK o log 5 (4.12)

where a, b ~ B. Here we restored the temperature dependence in (4.11) by multiplying by an overall
factor of % and sending u; — %Tul-.

We can also connect (4.12) to a scattering process. It 1s peculiar that in this setup the two particles
do not scatter since they behave like free fields on a fixed AdS, background. On the other hand,
they create a dilaton profile which gives rise to a nontrivial interaction once we relate the AdS, time
to the boundary time. The net result 1s the same as what is usually produced by the scattering of
shock waves; see Appendix B. Here we see that the gravitational effects are very delocalized; we can

remove them from the bulk and take them into account in terms of the boundary degree of freedom

t(u).

PTEP 2016, 12C104 J. Maldacena et al.




|. Quantum matter with quasiparticles:
random matrix model

2. Quantum matter without quasiparticles:
the complex SYK model

3. Fluctuations, and the Schwarzian

4. Models of strange metals

5. Einstein-Maxwell theory of charged
black holes in AdS space



The complex SYK model

1
_ T
- (2]\7)3/2 Z Uapiys COé 5 CyCs T EZC@Ca

76 775 1 8%

Uap.~s are independent random variables

with UQBW(S — (0 and ‘Ua[gw(s‘z — U?



(2N 3/2 Z Z Uag:vs cmcwcwcuS _tLLC%a Cia

1 o,B,y,0=1 (ij) o
Equivalent to an U t
“eternal traversable wormhole”
between two black holes with e e
AdS,; horizons

J. Maldacena and Xiao-Liang Qi, arXiv:1804.00491



Generalized SYK models

.‘.
(2N) 3/2 Z Z Uapivs( )Ck k3 B%ksy Ckad

ko «,8,7v,0=1
-+ E chkacka
ko

Uap:~s(kq) is a random function of aBvd (as before)
€, has a range of values of width W.

The large NV limit is still given by the sum of “melon” diagrams.

1 G
iw — € — 2k, 1w)

P—

G(k,iw) =




A lattice SYK model

2N 3/2 Z Z Uaﬁ Y0 Cza zﬁcfwcw - tLL Cicy joz

1 o,B,y,0=1

Choose U on-site, A

and the same on all sites;
yields ‘incoherent metal’
with no Fermi surface

for t°/U < kT < U with

G(k, w) — GSYK(E, hw/(kBT))

independent of k.
There is linear-in-1" resistivity
but only with bad metal
behavior with p > h/e?, and
co-efficient dependent upon U':

h kT

pr\J

e 12 /U

(i) «

9,6 @
5@
D @

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017);
Pengfei Zhang, PRB 96, 205138 (2017); Debanjan Chowdhury,Yochai Werman,

Erez Berg, T. Senthil, PRX 8, 031024 (2018); Aavishkar A. Patel, John McGreevy,
Daniel P.Arovas, Subir Sachdev, PRX 8,021049 (2018)

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999)



A lattice SYK model

(2N) 3/2 Z Z Ui,asive C%acjﬁcwczé - txx% Cja

t o «a,B,7,0=1

g Choose U on-site,

yields ‘incoherent metal’
with no Fermi surface

for t°/U < kT < U with

G(k, w) — GSYK(E, hw/(kBT))

independent of k.
There is linear-in-1" resistivity
but only with bad metal
behavior with p > h/e?, and

h kT
2 12/U

ION

~

and independent between sites;

co-efficient dependent upon U':

(i) «

9,0 €
3G
D @

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017);
Pengfei Zhang, PRB 96, 205138 (2017); Debanjan Chowdhury,Yochai Werman,

Erez Berg, T. Senthil, PRX 8, 031024 (2018); Aavishkar A. Patel, John McGreevy,
Daniel P.Arovas, Subir Sachdev, PRX 8,021049 (2018)

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999)



Coupled SYK Islands

Low ‘coherence’ scale

s 1/ /(T /n)sat t 2
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: entropy density, s, are
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S SO<E£> )

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)
See also A. Georges and O. Parcollet PRB 59, 5341 (1999)




Coupled SYK Islands

Low ‘coherence’ scale
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Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)
See also A. Georges and O. Parcollet PRB 59, 5341 (1999)



A Kondo-SYK model

Mobile electrons (c) coupled to SYK quantum
islands (f ) with exchange interactions.

e . D
Has a regime where the

c electrons form a
marginal Fermi liquid
with a linear-in-1'
resistivity dependent upon
interaction strength, and a
small Fermi surface
which does not count

the f electrons.
g W,

o
AR

DOE

A

Similar results for many earlier ‘marginal Fermi liquid’ and holographic models

Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8, 031024 (2018)
Aavishkar A. Patel, John McGreevy, Daniel P.Arovas, Subir Sachdev, PRX 8, 021049 (2018)



Generalized SYK models

.‘.
(2N) 3/2 Z Z Uapivs( )Ck k3 B%ksy Ckad

ko «,8,7v,0=1
-+ E chkacka
ko

Uap:~s(kq) is a random function of aBvd (as before)
€, has a range of values of width W.

The large NV limit is still given by the sum of “melon” diagrams.

1 G
iw — € — 2k, 1w)

P—

G(k,iw) =




Generalized SYK models

P
(2N) 3/2 Z Z Uapsys(Ka) €y oChy 5Chan Chas

ko «,8,7v,0=1
-+ E chkacka
ko

Uap:~s(kq) is a random function of aBvd (as before)
€, has a range of values of width W.

The large NV limit is still given by the sum of “melon” diagrams.

éa )

For many generic models in this class, iw/(kpT') scaling
of SYK holds for W#/U <« kgT < U, and
Fermi liquid theory is recovered for kgT < W?/U.

. _J

Xue-Yang Song, Chao-Ming Jian, and L. Balents, PRL 119,216601 (2017)

Pengfei Zhang, PRB 96,205138 (2017)
Debanjan Chowdhury, Yochai Werman, Erez Berg, T. Senthil, PRX 8,031024 (2018)
Aavishkar A. Patel, John McGreevy, Daniel P.Arovas, Subir Sachdev, PRX 8, 021049 (2018)

See also Antoine Georges and Olivier Parcollet PRB 59, 5341 (1999)




A lattice SYK model

1 N
H — (ZN)S/Q Z Z Ua5;75(ka)

ka (){7/8,7,5:1

.‘.
-+ E chkacka
ko

T T
ClyaChoBChs~yChas

Uap:~vs(kq) is a random function of a3vd

€, has a bandwidth W.

Rewriting of lattice model of incoherent
and bad metal in momentum space

U(ky, ko, ks, ky)U*(ks, ke, k7, kg) =

U2[5(k1+k2—k3—k4—k5—k6+k

O OO
%O?)O
BEGLE

\]
_|_
I

oo

~—



Resonant SYK model

Interactions with €g, + €x, # €k, + €5, are non-resonant: we
“Integrate these out” in a RG procedure, and assume that their
main effect is a renormalization of the quasiparticle dispersion ¢y,
which we have already accounted for.

A.A. Patel and S. Sachdev, PRL 123,066601 (2019)



Resonant SYK model

Interactions with €g, + €x, # €k, + €5, are non-resonant: we
“Integrate these out” in a RG procedure, and assume that their
main effect is a renormalization of the quasiparticle dispersion ¢y,
which we have already accounted for.

Keep only the
interactions resonant in the bare quasiparticle energy
with €, + €r, = €x, + €, and account for them with a
self-consistent SYK-like analysis.

A.A. Patel and S. Sachdev, PRL 123,066601 (2019)



Resonant SYK model

Interactions with €g, + €x, # €k, + €5, are non-resonant: we
“Integrate these out” in a RG procedure, and assume that their
main effect is a renormalization of the quasiparticle dispersion ¢y,
which we have already accounted for.

Keep only the
interactions resonant in the bare quasiparticle energy
with €, + €r, = €x, + €, and account for them with a
self-consistent SYK-like analysis.

This is precisely the effective Hamiltonian method, when low
energy states are separated from high energy states by a gap; we

are assuming it can also apply in a gapless system.
A.A. Patel and S. Sachdev, PRL 123,066601 (2019)



Resonant SYK model

.‘.
(2N) 3/2 Z Z Uapiys )Ck %k B %ksy Ckad

ko o,fB, 775 1
_I_E :ekckacka
k

Uap:~s(kq) is a random function of a0 (as before)
The random k; dependence of U allows only
interactions resonant in the bare quasiparticle energies

with €g, + €x, = €, + €x,-

U(k17k27k37 k4>U*(k57 k67 k7’ kS) —
U2{5(/€1+/€2—]€3_k4_k5_k6‘|‘k7+k8)}

X {5(6]{1 + €Cko — €Ly — €k4) =+ 5(€k5 -+ €ke — Ckr — eks)}

This implies off-site interactions with correlations

which decay with a power-law in space.
Aavishkar Patel A.A.Patel and S. Sachdev, PRL 123,066601 (2019)




Resonant SYK model

Conformal Green’s function at 17" > 0 must have the form

<
1/2
G(e, 1) ~ e 2me1T ( L )) / ,

sin(nT'7
- J

-

27782T7'6—27T53T7'€—27T54T7' —2w&1T'T

e — €
) . 1f
SYK behavior in a E, = Ce, /U
Planckian metal as T" — 0 and

with a remnant Fermi surface:
G(k, w) - GSYK(Gka hw/(kBT)),
with &, = (Dek/U

\ </ A.A.Patel and S. Sachdey, PRL 123,066601 (2019)




Incoherent metal

For long times 7 > 0

<ck(7)cl(0)> = e

<c}; (7)cr (O)> — ¢ ¢ F

The parameter £ is independent of £,
and determined by the total density

™
LS



Planckian metal
with remnant Fermi surface

For long times 7 > 0

(en(r)ef0)) = morlv 2
(chren(0)) = eV 2

The particle-hole asymmetry changes as
we cross the Fermi surface

5 Aavishkar Patel A.A. Patel and S. Sachdev, PRL 123,066601 (2019)



The complex SYK model -

G?YK(@ hw/(kpT)) =

1 1hw ,
—iCe ™ b (Z B 2kl i 18)
1/2 7 '
(27T I’<§— ihiw +i5)

4 QWICBT
6271.5 o Sln(ﬂ-/4—|—0)
 sin(w/4 — 0)
1/4
C = .
<U2 cos(29)>
E=-0.26—
E=-01—=

N
€
&E=0C—=
—ImG*(w)[€=0 - UJ
& =0.1
& =0.26

Planckian dynamics l

with peak width ~ kpT/h

——

and independent of U

-6 -4 -2
A. Georges and O. Parcollet PRB 59,5341 (1999)
S.Sachdey, PRX 5,041025 (2015)
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The complex SYK model - N

G?YK(@ hw/(kpT)) =

T 1_ 1hw
—Cle™ 4 2rkgT

i)

(2nT)1/2 (3 ihw

i)

—ImGR(w) £=0

0+

& =0.26

4 QWICBT
6271.5 o Sln(ﬂ-/4 —|— 6)
 sin(w/4 — 0)
1/4
C = .
<U2 cos(29)>
& =—-0.26

Crossing the )
remnant Fermi surface

[

—

\

g_/// e

Planckian dynamics l

with peak width ~ kgT'/h |—
and independent of U J—

-6

-4 -2

A. Georges and O. Parcollet PRB 59,5341 (1999)

S.Sachdev, PRX 5, 041025 (2015)

0 2 4

hw/(lSBT)



Resonant SYK model

Uap:~vs(ke) is a random function of a8vd (as before)
The random k; dependence of U allows only
interactions resonant in the bare quasiparticle energies
with e, + €x, = €k, + €x,-

s Resistivity of a Planckian metal as 7" — 0 A
From the Kubo formula, in the large N limit
Ne? > d -
o N [ [ 1 Gl (e )] s ()
\_ _J

A.A. Patel and S. Sachdev, PRL 123,066601 (2019)



Resonant SYK model

Uap:~vs(ke) is a random function of a8vd (as before)
The random k; dependence of U allows only
interactions resonant in the bare quasiparticle energies
with e, + €x, = €k, + €x,-

s Resistivity of a Planckian metal as T" — 0

From the Kubo formula, in the large N limit

Ne m* UF > de W\ 12 o [ W

m G (e 7) | seeh® (57)

o = / / mGSYK €7 )| sec T
k T

neQ ]2 . using & = Ce/U ,
N y
where
o dVgs
flgFS vp|’

where d is spatial dimensionality and Vrg is the volume enclosed by

Kthe Fermi surface. For a circular Fermi surface, this is the usual m~*. S




Resonant SYK model

g Resistivity of a Planckian metal as T — 0

a4 1)
m* kBT

= —2.71C —

k,O ne? h

Note that all explicit dependence on U has cancelled out!

J

The number C is defined by & = Cer/U as |ex| — 0. This is
determined by UV physics, and is very weakly dependent upon the

Gatio of the energy width of the interactions, Wy, to U. P

® 0>

. Y3+

. Ba2+ "_ 9 "_ ®
5 J

AC , -- . --- R
[ L

b & 3.8872 A

>a 3.8227 A

A.A. Patel and S. Sachdev, PRL 123,066601 (2019)

Aavishkar Patel



Resonant SYK model
(T

ake the independent momentum shell limit, Wy /U — 0,

U(kla k27 k37 k4)U* (k57 k6’ k7’ k8) —
U2 [6(kn + ks — ks — ka — ks — o + k7 + ks)|

8 [5(€k1 — €k2)5(€k2 - €k3)5(€k3 - €k4) T 5(€k5 - €k6)5(€k6 N €k7)5(€k7 B ekS)}

C = 0.41 as in a single SYK model,
and we obtain a Planckian metal with

m* kBT
— 1.11 ——
['0 ne? h J

le) Cu?2+.Cus+ ; ______ ____’
® o ‘_':-_I_ ...... g
Y3
o P .111.6802 A
L.
B — O
O i
te [T
i e,
b [ 3.8872 A

3.8227 A

Aavishkar ratel A.A. Patel and S. Sachdeyv, PRL 123,066601 (2019)




(Planckian metals with a remnant Fermi surface)

e Resonant SYK models are compressible and dispersive quantum
systems with Aw/(kgT) scaling as T" — 0.

e The resonance condition is supported by a RG argument: non-
resonant interactions mainly renormalize the underlying quasi-
particle dispersion €, while resonant interactions have to be
treated self-consistently.

e The resonance is a single ‘fine-tuning’ condition designed to ob-
tain Aw/(kpT) scaling as T' — 0. However, then many other
nice features follow: we obtain a Planckian metal with remnant
large Fermi surface at €, = 0, and an effective mass m™ defined
by the dispersion of €, with a resistivity p ~ (m*/(ne?))kgT/h
independent of the strength of interactions. ‘

We  Aavishkar Patel (Harvard —> Miller Fellow at Berkeley)

_i_;_,_J

A.A. Patel and S. Sachdev, PRL 123,066601 (2019)



|. Quantum matter with quasiparticles:
random matrix model

2. Quantum matter without quasiparticles:
the complex SYK model

3. Fluctuations, and the Schwarzian

S.Sachdey, Phys. Rev. Lett. 105, 151602 (2010)
S.Sachdey, PRX 5,041025 (2015)

4. Models of strange metals

7

\.

5. Einstein-Maxwell theory of chargedw
black holes in AdS space

J




e Black holes have an entropy and
a temperature, 1’y

e The entropy is proportional to
their surface area.

e They relax to thermal equilib-
rium in a Planckian time ~ A/ (kT ).

Holography:

Quantum black holes “look like”
quantum many-particle systems
without quasiparticle excitations,
residing “on’ the surface of the black hole

J. Maldacena, I|TP 38, I | I3 (1999);S.S. Gubser, |.R. Klebanov, and A.M. Polyakov Phys. Lett. B 428, 105 (1998);
E.Witten, Adv.Theor. Math. Phys. 2,253 (1998)



https://arxiv.org/search/hep-th?searchtype=author&query=Gubser%2C+S+S

Work with a theory of Maxwell’s

# clectromagnetism and Einstein’s general relativity.
Include a negative cosmological constant, and

examine black hole solutions with a net charge




Work with a theory of Maxwell’s

# clectromagnetism and Einstein’s general relativity.
Include a negative cosmological constant, and

examine black hole solutions with a net charge

G

Zooming into the near-
horizon region of a
charged black hole at
low temperature, yields
a quantum theory in
one space (C) and one
time dimension




SYK model and charged black holes

charge
density O

rBlack hole\ AdS, x G2

__horizon ===}, 2 _ (dC2 — dt?) /¢ + di?
Gauge field: A = (£/()dt

S| ——> N

The near-horizon region of a charged black hole has the
geometry of (1+1)-dimensional anti-de Sitter spacetime. By
holography, this should map to a zero-dimensional quantum

system: this turns out to be the SYK model



charge

AdSz > SQ density O
ds? = (al(2 — dt2)/C2 + d?
Gauge field: A = (£/()dt

3lack hole
horizon

e I ——
Bekenstein-Hawking entropy of AdSs horizon

at T' =0 < Nsg entropy of SYK model.
- y

g—SQO — 27€ holds for both the black hole and the SYK model,

where £ determines identical fermion spectral functions.

S.Sachdey, Phys. Rev. Lett. 105, 151602 (2010); PRX 5, 041025 (2015)



Charged black holes
Probe fermion in the AdS; near horizon

e A probe fermion has a near-horizon Green’s function with a
conformal structure

—27wET'T
G(r)=—-A c ( L

\/1 + 6—471‘5

where the ‘particle-hole asymmetry’ is determined by £. This
is identical to the complex SYK model.

1/2
)> , 0<7<1/T,

sin(7w’l'T

T. Faulkner, Hong Liu, J. McGreevy, D.Vegh, PRD 83, 125002 (201 1)



SYK model and charged black holes

charge

AdSQ > SQ density O
ds? = (d¢? — dt?) /(% + dT?
Gauge field: A = (£/()dt

Black hole
horizon

PHYSICAL REVIEW LETTERS 105, 151602 (2010)

S

Holographic Metals and the Fractionalized Fermi Liquid

Subir Sachdev

Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
(Received 23 June 2010; published 4 October 2010)

We show that there is a close correspondence between the physical properties of holographic metals
near charged black holes in anti—de Sitter (AdS) space, and the fractionalized Fermi liquid phase of the
lattice Anderson model. The latter phase has a ‘““small” Fermi surface of conduction electrons, along with
a spin liquid of local moments. This correspondence implies that certain mean-field gapless spin liquids
are states of matter at nonzero density realizing the near-horizon, AdS, X R? physics of Reissner-
Nordstrom black holes.



SYK model and charged black holes

o Horizon] total
charge O I
V AdSQ X SZ
P .2 .
ds? — R% (dC CZ dt ) | R%dﬂg [Schwarzmnj AdS4
E

Gauge field: A = Z dt

—

Remarkably, the correspondence between charged black holes and the
SYK model also holds for the leading fluctuations at higher temper-
atures: both are described by a ‘Schwarzian’ theory with emergent
SL(2,R) and U(1) gauge symmetries. For the black hole, the Schwarzian
describes the fluctuations of the boundary between AdSs and AdSy.



Charged black holes

d(d +1
Ipv = /dd+2 [ oY (Rd—|—2‘|‘ (L2 )> +

(Black hole
horizon I

of radius rg
N\ )

Solutions of Ig); have metric and gauge field (F' = dA)

ds? = V(r)dr? + r2dQ32 + o (1o )4
= T — T
d V(?“) ) %

r? B2 M

V( )_1+ﬁ+r2d—2 pd—1"

where dQ2 is the metric of the d-sphere. All parameters of the solution are
determined in terms of the chemical potential 1, and the Hawking temperature

of horizon, T A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)



Charged black holes

In the T" — 0 limit, at fixed u, we obtain a charged black hole
solution with radius ro(T" — 0,u) = Rp. All properties of this
black hole can be expressed in terms of Ry,

e The total charge in the black hole is

_ Ry V2d[(d+ )R} + (d - 1)L7]

’1295’

Q

A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)



Charged black holes

In the T" — 0 limit, at fixed u, we obtain a charged black hole
solution with radius ro(T" — 0,u) = Rp. All properties of this
black hole can be expressed in terms of Ry,

e The total charge in the black hole is

R\ /2d[(d+1)R? + (d — 1)L?]
K2R

Q =

e The Bekenstein-Hawking entropy remains finite as T" — 0 (s4
is the area of the d-dimensional surface of a unit sphere)

QWSd

S(T%O):SQ—F... ;s So = Rd

K2

A. Chamblin, R. Emparan, C.V. Johnson, and R.C. Myers, PRD 60, 064018 (1999)



Charged black holes

In the T" — 0 limit, at fixed u, we obtain a charged black hole
solution with radius ro(T" — 0,u) = Rp. All properties of this
black hole can be expressed in terms of Ry,

e In the near-horizon region, we change co-ordinates from r to
( so that

RZ LR
r—Rp,=="2 |, Ry= ki .
Vd(d+1)R2 + (d —1)2L2

G

Then the near-horizon metric becomes AdSs x Sg4, with

—dt? + d¢?
CQ

where the dimensionless electric field £ is

E

ds® = R;

_ grR/2d[[d+ DRE + (=1L

& 20d(d+ 1)R? + (d — 1)2L7]



Charged black holes

total S 2
- ~ charge QO
e
. =~ 7.2 2 2\ /2 =2
of radius Ry, BN — dt°)/C“ + dx
_and entropy so Gauge field: A = (£/()dt
x

e The entropy sg, the charge O, and the dimensionless
electric field £ obey

dS()
—— =27&€
0

A.Sen, JHEP 0509, 038 (2005)



The Schwarzian theory and black holes

e Reparameterization invariance is a defining property
of Einstein’s theory of gravity

e In imaginary time, AdSs is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)

ds? = (d1? + d(?)/¢? is invariant under

a(t +1iC) + b
c(t+i()+d

T with ad — bc = 1.

v

"
,

5

- —_—
- )

A. Kitaev, 2015
J- Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857



The Schwarzian theory and black holes

e Reparameterization invariance is a defining property
of Einstein’s theory of gravity

e In imaginary time, AdSs is the homogeneous hyper-
bolic space: two-dimensional surface of constant neg-
ative curvature. Its metric is invariant under SL(2,R)

Semiclassical fluctuations about the
saddle-point of Einstein-Maxwell
theory of a charged black holes in

d > 2 spatial dimensions lead to
the same Schwarzian+phase the-
ory of fluctuations.

P. Nayak, A. Shukla, R.M. Soni, S.P. Trivedi, and V.Vishal, arXiv:1802.09547
U. Moitra, S. P.Trivedi, and V.Vishal, arXiv:1808.08239

P. Chaturvedi,Yingfei Gu,VWVei Song, Boyang Yu, arXiv:808.08062

A. Gaikwad, L.K. Joshi, G. Mandal, and S.R.Wadia, arXiv:1802.07746


https://arxiv.org/search/hep-th?searchtype=author&query=Vishal%2C+V
https://arxiv.org/search/hep-th?searchtype=author&query=Song%2C+W

Charged black holes

We write the (d + 2)-dimensional metric g of Igs in terms of a two-dimensional
metric h and a scalar field ®:

d32

ds’ = - + 2 dO)3 .

The Einstein-Maxwell and Gibbons-Hawking actions reduce to and extension of
Jackiw-Tietelbaum gravity (x = (7,())

Ipy = /d%\f { —LOIRy + U(®) + gt F?
497
IGH — —S—Z diE\/ hbq)d /Cl
™ Jo
The explicit forms of the potentials U(®) and Z(P) are,
U(@):—Sd dd—1)  d(d+1)® 2(®) = 5,021
212 ® L2 ’ |

S. Sachdev, arXiv:1902.04078



Charged black holes

The exact saddle point of ® relates to R the horizon radius at 7' = 0

- R3 L [(d=1)(p2R2d—1) — dg%)]"?
GRS e e T s

while the near-horizon, low T' < 1/ R, metric is AdS,

R2R4-1 &
o  Lioliy 22 F2N\ 72
dss = 2 {(1 — 4 T(*)dT* = 47T2T2C2} ,
where IR
Ry = d

Vd(d+1)R2 4+ (d —1)%2L?

The field coupling to Re is &

b
DO =R+ —2+... , & =dRV7'R2,

S. Sachdev, arXiv:1902.04078



Charged black holes

The field coupling to Ro is ®¢

b
®(0)]? = RY + ?1 +... , ® =dRV'R2

We choose the boundary of the AdSs region at bulk co-ordinates (f(7),((7))
with the induced boundary metric fixed at (RZR{~'/¢?)dr? by choosing

()
2/ (7)

() =G f (1) + ¢ ( — 22T [f/(T)]S) o

Finally, we evaluate Io gy along this boundary curve

N
I f] = ~12 dr {tan(nT f(7)), T},
™ Jo
where
A2 s 4P
Y= 5 ;
K

matches the linear-in-T' co-efficient of the specific heat of the full Reissner-

Nordstorm solution in d + 2 dimensions.
S. Sachdeyv, arXiv:1902.04078



The Schwarzian theory and black holes

e The Einstein-Maxwell theory leads to the following
parameters for the Schwarzian+phase theory

e _2(d - 1)L2s4R$ 5 [d(d + 1)R? + (d — 1)2L?]
dp | p—g (d+1)g3k?

S(T'—0,9) =59 +T + ...

y = 47T2deL2Rg+1

k2(d(d+ 1)R; + (d —1)2L2)




(Quantum matter without quasiparticles)

e Planckian dynamics is realized in the ‘solvable’ SYK

models

e Black holes thermalize in a time ~ h/(kgTy), where Ty
is the Hawking temperature.

e A Schwarzian theory of a time reparameterization mode,
with SL(2,R) symmetry, describes the quantum dynam-

ics of

— the SYK model

S

— black holes wit!

n near-extremal AdS» horizons



